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PREFACE 


The purpose of the authors has been to present the funda- 
mentals of reinforced concrete design as simply and completely 
as possible. The method of the transformed section, more familiar 
in European than in American texts, is used for the development 
of the theory as it is believed to be by far the clearest and most 
logical approach. It has the great advantage that instead of 
leaving the student with a mass of formulas which are often difficult 
to visualize, it impresses on his mind the basic concepts of the 
subject and frees him from dependence on texts and equations. 

The usual formulas are presented as the basis of diagrams and 
tables, indispensable as time-savers in practice. The computa- 
tions that illustrate the application of the theory are arranged 
systematically in the form usual in office work, with parallel 
comments in the text. This manner of presentation enables the 
reader to grasp the problem as a logical whole and gives the stu- 
dent a clear idea of the proper manner of presenting design calcu- 
lations and results. It is hoped that this arrangement will free 
the instructor from the drudgery of detailed presentation of 
designs and enable him to devote the class hour to general dis- 
cussion of the important features. 

The computations cover a wide range of construction: retain- 
ing walls, slab and beam bridges, floors, columns and footings for 
buildings, and the hingeless arch. It is hoped that the discussion 
paralleling these examples will serve to make plain many matters 
not usually explained in text books. 

Enough is included about the modern theories of concrete, 
formwork, drawing and detailing to give a good background of 
knowledge in matters where real proficiency can come only with 
experience. 

By combining the viewpoint of the teacher and the practicing 
engineer the authors have endeavored to direct the work of the 
student to practical ends with no sacrifice of theory. While the 
book is primarily for the student of engineering, it is believed 
’ that it will prove useful to the practitioner by reason of its compact 
and complete presentation of specific problems with discussion 
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of the reasons for the various operations. Unless he is a specialist 
in this field he will find particularly useful the articles dealing with 
the analysis of rigid frames by the slope deflection method and 
those treating of arch design. 

It is assumed that the reader is conversant with the principles 
of applied mechanics and understands the elements of design in 
steel and wood, such knowledge being almost a necessity as a 
preliminary to the study of reinforced concrete. However, for 
the sake of completeness and for an aid to rapid review, these fun- 
damental principles are outlined briefly and simply in the text. 

The authors wish to express their appreciation to the many 
friends who have aided their work. It has been their intention 
to give full credit in the text to all to whom they stand indebted 
for material and for ideas. With the passage of time a great 
deal of fundamental information has become common property 
and the sources are too often not recorded. It is hoped that no 
borrowings have been inadvertently and wrongfully assumed to 
belong in that class. 


Ls etre 
W. W. C. 
Boston, Mass., August, 1926. 


A HINT TO THE STUDENT 


The engineer thinks in pictures at all stages of the analysis and 
design of structures. It is a practice the student should carefully 
cultivate. 

As a basis for work in reinforced concrete design there are two 
fundamental pictures to be fixed in mind: that of a free rigid 
body at rest acted on by a system of coplanar forces, conforming 
to the conditions 2X = 0, ZY = 0 and 2M = 0; that of the 
free body at rest formed by isolating a portion of a reinforced con- 
crete member for purpose of analysis. Form the habit of ex- 
pressing the problems of design simply and clearly in terms of 
these basic diagrams. 

The process of studying this or any other technical book consists 
in committing to memory with great exactness a series of abstract 
laws and building up in mind a series of definite pictures of the 
force systems, the structures and so on, which furnish concrete 
expressions of these laws. 

Read through any article of this text for the first time with the 
purpose of seeing the general outlines of the picture there pre- 
sented. Do not try to fill in the details word by word at 
first. If the meaning of a sentence is not clear, pass on to the 
next. The explanation of the difficulty may be there. After 
the outline is seen, perhaps dimly, read through the article again 
with more attention to detail. Use scratch paper and _ pencil 
liberally. Make many sketches. No problem can be understood 
until all the elements are clearly placed. A book with empty 
margins has never been properly studied. Here should show 
neat notes and sketches in amplification and explanation. When 
a statement or equation is obscure determine what would be a 
correct statement and compare with that given. 

This book should be studied in connection with the larger refer- 
ence works in this field, such as 

“Concrete Plain and Reinforced,’’? Taylor, Thompson and 
Smulski. 

“Principles of Reinforced Concrete Construction,” Turneaure 


and Maurer. 
V 
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“Reinforced Concrete and Masonry Structures,” Hool and 
Kinne.! 

The first two books contain much valuable information on the 
many tests that have been made to verify theoretical reasoning. 
These test data should be carefully studied. 

Lastly — do not fail to read carefully Professor Geo. F. Swain’s 
little book on “How to Study.’ 


H. 8. 
1 McGraw-Hill Book Co. 
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INTRODUCTION TO 
REINFORCED CONCRETE DESIGN 


CHAPTER I 
INTRODUCTION 


1. The design of reinforced concrete structures involves two 
major problems: first, the determination of the type and general 
features of the structure required for the purpose in hand; second, 
the detailed proportioning of the various members, such as slabs, 
beams, columns and footings, which make up the whole. For 
example, the engineer who is planning a reinforced concrete fac- 
tory must study the requirements of the manufacturing process 
to be housed therein and lay out a building whose arrangement 
as regards floor plan, column spacing, story height, lighting, 
elevator service and so on, makes possible the utmost efficiency 
of production. The factory must be fitted to the manufacturing 
process. The general layout being settled, the engineer next 
proportions the reinforced concrete skeleton and records this 
design in the structural drawings. It is evident that these two 
major problems are closely interrelated; that decisions as to 
details of arrangement must constantly be based upon knowledge 
of the possibilities, imitations and economical use of the structural 
materials. Furthermore, the designer is responsible not only 
for the adequacy and strength of the structure but also for its 
durability, economy and good appearance. 

It is not within the scope of this book to consider the first of 
these major problems of design nor to do more than introduce the 
reader to the elements of the second. Experience in active 
practice is necessary to give the knowledge and judgment neces- 
sary for the successful planning of structures since that requires 
familiarity with construction methods and with the costs of labor, 
of material, and of finished structures in whole and in detail. 


This elementary text is limited to a brief outline of the methods 
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of making strong and durable concrete, and to a somewhat more 
thorough study of the application of the principles of theoretical 
mechanics to the proportioning of structural members, in con- 
formity to the general usage of modern practice. 

2. Joint Committee. In the United States modern practice 
has been standardized to conform fairly closely with the recom- 
mendations made by a “ Joint Committee on Standard Specifi- 
cations for Concrete and Reinforced Concrete,” composed of 
representatives from five national engineering groups. The first 
Joint Committee was organized in 1904 and ended its existence 
on the presentation of its third and final report in 1916. In 1919 
the present Joint Committee was organized and has presented 
two reports, a ‘‘ Tentative Specification ” in 1921 which was in the 
nature of a progress report, and in 1924, one entitled ‘‘ Standard 
Specifications for Concrete and Reinforced Concrete.” It is 
understood that a revision of this last in the light of the current 
discussion may be expected in a year or two. None of these 
reports have official authority but stand simply as the recommenda- 
tions of the individuals making up the committee. This latest 
document differs so much from the 1916 report and makes so 
many recommendations that are considered radical by conserva- 
tive designers that its rules should not be followed as a whole, at 
present, without due study. . 

Portions of the 1916 and 1924 reports are reprinted in this text 
and in its appendix, and some consideration is given to certain 
of the questions raised by their varying requirements. When- 
ever the Joint Committee is mentioned in the pages that follow, 
reference is to the present committee and its current (1924) report, 
unless otherwise stated. 

3. Concrete and Reinforced Concrete. Concrete is artificial 
stone made by cementing together into a solid mass a mixture of 
inert material such as sand and broken stone, gravel or other 
aggregate. The cementing material almost universally used for 
reinforced concrete work is Portland cement, the only exception of 
note being the alumina cements recently put on the market. Both 
these cements are extremely fine powders, made from definite 
but differing proportions of argillaceous and calcareous materials, 


d The American Society of Civil Engineers, American Society for Testing 
Materials, American Railway Engineering Association, American Concrete 
Institute and the Portland Cement Association. 
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which, when wet with the proper amount of water, become chemi- 
cally active and harden. 

Concrete is easily given any desired shape by pouring the wet 
mixture of materials into suitable forms where the mass hardens. 
When the various ingredients are properly proportioned and 
mixed together the resulting product is hard, durable, strong in 
compression and shear, very weak in tension, brittle, and, when 
not reinforced, adapted for use only in relatively massive members 
subject to compression. In combination with steel rods properly 
placed to resist the tensile stresses, concrete may be used for all 
types of structural members. This reinforcement is made possible 
by the adhesion of the concrete to the steel which prevents slipping 
between the two materials, and forces the member to act as a 
unit as it deforms under load. 

Experience has shown that, generally speaking, steel embedded 
sufficiently in concrete is fully protected against corrosion and 
against fire. The required depth of-protective concrete covering 
varies with the shape of the piece, the aggregate and the intensity 
of the exposure. 

4. Historical Note. There are in existence today examples of 
concrete construction dating back to Roman times and even 
earlier. The cement used by these early builders was not a true 
cement but a mixture of hydrated lime and volcanic ash, a product 
known today as slag or Puzzolan cement. The first true hydraulic 
cementing material, that is, one that hardens under water, was 
made about 1756 by the English engineer, John Smeaton, as a 
result of his searches for a proper binding material for building 
the third Eddystone Lighthouse. This product is known today 
as hydraulic lime. Another Englishman, James Parker, in 1796, 
made the first natural cement by calcining and grinding an argil- 
laceous limestone. In 1824 Joseph Aspdin of Leeds patented 
Portland cement, a much superior product, though crude judged 
by the more refined products of today. The name Portland was 
chosen on account of the resemblance of the hardened cement to 
the building stone quarried on the Isle of Portland. The industry 
did not begin to develop actively either in England or on the 
continent until about the middle of the last century. 

In the United States natural cement was first made in 1818 
by Canvas White and Portland cement in 1872 by David O. 
Saylor. The manufacture of Portland cement lagged behind 
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that of its lower priced rival until the modern method of manu- 
facture (burning the cement clinker in rotary kilns) was introduced 
in 1892. Quickly the production of Portland cement mounted 
until now it ranks as one of the ten leading industries, an increase 
that tells eloquently of the increase in reinforced concrete con- 
struction. 

In 1908, Bied in France and Spackman in the United States 
took out patents covering a high-alumina cement that so far sur- 
passes Portland cement in several important respects that its 
advent may mark an advance comparable to that made by the 
introduction of Portland cement. The development of the new 
product took place however in France where it has been manu- 
factured in increasingly large quantities since the war. Since 1924 
it has been made in this country by a single company.! 

The beginnings of reinforced concrete go back to 1850 when the 
Frenchman, Lambot, constructed a small boat of that material. 
In England, W. B. Wilkinson patented a true reinforced concrete 
floor slab in 1854. Seven years later Francois Coignet published 
his statement of the principles of the new construction. In the 
same year, 1861, Joseph Monier, a Parisian gardener, used metal 
frames as reinforcement for garden tubs and pots, and before 1870 
had taken out a series of patents. There was comparatively little 
construction however until the German engineers, Wayss and 
Bauschinger, investigated and reported on the Monier system in 
1887. From that time the use of reinforced concrete spread 
rapidly, the greatest developments in theory and practice being 
made by Austrian engineers. Melan’s system, employing struc- 
tural steel shapes as reinforcement, was developed in the early 
90’s, at the same time as that of Hennebique, whose methods, of 
all the pioneers, probably most nearly resemble those of today. 

In the United States the pioneer was W. E. Ward, who built 
a reinforced concrete house in Port Chester, New York, in 1872. 
Thaddeus Hyatt published the results of tests on various types of 
beams in 1877. About the same time E. L. Ransome and his co- 
workers were beginning their work on the Pacific coast, erecting 
several notable buildings in California in the two following decades. 
The Melan system was introduced into this country from Europe 
in 1894. Edwin Thacher began his distinguished career as a 
bridge builder with a Melan type arch in 1896. 


1 The Atlas Lumnite Cement Co., New York City. 
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During all this period structures of reinforced concrete had been 
modelled largely on those of the more familiar wood and steel. 
In 1906 Mr. C. A. P. Turner of Minneapolis devised the girderless 
or flat slab type of floor, the Mushroom floor, as he termed it. 
This innovation marked a great step forward in utilizing the 
materials in the most advantageous and economical manner, 
recognizing to the full the monolithic character of the structure. 
At this date the extensive use of reinforced concrete was in full 
swing, a use that has increased tremendously and still increases 
from year to year. 

In so new and rapidly developing a field as that of reinforced 
concrete it was inevitable that construction should often be in 
advance of theory. This was notably the case with the flat slab 
floor which is still designed by methods largely “rule of thumb.” 
For the most part however the fundamental principles may be 
considered as definitely known and agreed upon, having proved 
themselves by a long series of satisfactory structures which in 
many cases have endured extremely large overloading with few 
signs of distress. However, there are still many details to be 
determined and the status of the theory is far less clearly settled 
than is that of steel design. 


CHAPTER II 
CONCRETE MATERIALS 


5. Concrete is “a compound of gravel, broken rock or other 
aggregate, bound together by means of hydraulic cement, coal 
tar, asphaltum, or other cementing materials. Generally when a 
qualifying term is not used Portland cement concrete is under- 
stood.”! In order to secure satisfactory concrete it is usually 
necessary to separate the aggregates into two portions by” S1Ze; 
hence the Joint Committee definition: ‘a mixture of Portland 
cement, fine aggregate, coarse aggregate and water.’”’ The 1924 
report deals only with Portland cement concrete. ; 

6. Reinforced Concrete. Plain concrete, being brittle and 
weak in tension, is suitable only for relatively massive members 
subject to compression. Combination structural members made 
of concrete reinforced by steel bars, placed so as to carry the tensile 
stresses, are sturdy and reliable. The name reinforced concrete 
cannot be applied to a combination piece of steel and concrete 
unless both materials assist in carrying the load and the whole 
acts as a unit. Of the three fundamental types of structural 
members, beams, columns, and ties, only beams and columns can 
ever be said to be of reinforced concrete. 

The advantages of reinforced concrete as a structural material 
are evident, each element making up for the deficiencies of the 
other, the steel supplying the tensile strength and toughness and 
the concrete supplying the compressive strength besides protecting 
the steel from corrosion and from fire. 

7. Portland Cement. The usual description of Portland 
cement is “the product obtained by finely pulverizing clinker 
produced by calcining to incipient fusion an intimate and properly 
proportioned mixture of argillaceous and calcareous materials 
with no additions subsequent to calcination except water and 
calcined or uncalcined gypsum.” It differs from natural cement 
(“the finely pulverized product resulting from the calcination of 
an argillaceous limestone at a temperature sufficient only to drive 


1 Definition adopted in 1923 by the American Concrete Institute. 
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off the carbonic acid gas ”) in being slower setting, much stronger, 
more uniform and reliable. Portland cement is to a very consider- 
able degree a standardized article of commerce and practically all 
brands can be depended upon to satisfy the standard tests.1 It 
is customary, however, on all work of importance to submit the 
cement to test. 

8. Alumina Cements. The new high-alumina cements are 
made by reducing to a powder a fused mixture of bauxite (alumi- 
num ore) and limestone. Concrete made with these cements sets, 
that is, changes from a plastic to a stiff state, in about the same 
time as Portland cement concrete and then proceeds to harden 
and gain in strength very rapidly, attaining in 24 hours a compres- 
sive strength equal to or greater than that gained by Portland 
cement concrete in 28 days. This 24-hour strength is, approxi- 
mately, 75 per cent of that reached at 28 days. This rapid gain 
in strength is accompanied by a considerable development of heat, 
sufficient to protect the mass from freezing until high strength is 
attaimed under weather conditions which would entirely prevent 
Portland cement from setting or hardening. Another important 
advantage, that which led to the development of this cement in 
France, is that concrete made with alumina cement apparently 
resists the action of sea water and alkalis which often disintegrate 
Portland cement concrete. 

It is probable that the limited supplies of raw material suitable 
for making high alumina cements will always keep their cost in 
North America far above that of Portland cement. Conse- 
quently, they will be used only for a limited class of work where 
their high strength and quick hardening justify the increased 
expenditure. At present there is no reason to believe they will 
ever replace Portland cement for ordinary construction. 

9. Fine Aggregate. “Fine aggregate shall consist of sand, 
or other approved inert materials with similar characteristics, or 
a combination thereof, having clean, hard, strong, durable un- 
coated grains and free from injurious amounts of dust, lumps, soft 
or flaky particles, shale, alkali, organic matter, loam or other 


1 “Standard Specifications and Tests for Portland Cement,” (Serial Des- 
ignation C9-21) issued by the American Society for Testing Materials and 
adopted as standard by the United States Government, the American Engi- 
neering Standards Committee, ete. Reprinted in Appendix II of the 1924 
Joint Committee Report. 
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deleterious substances.” (Joint Committee.) Generally fine 
aggregate is considered to consist of particles smaller than one- 
quarter of an inch in diameter. 

The size and grading of an aggregate are studied by means of 
standard sieves,! made of wire cloth, the smaller sizes of which 
(No. 4 and finer) are designated by the number of openings 
per linear inch and the larger sizes by dimension of openings. 
The Joint Committee recommends that not less than 85 per cent 
of the fine aggregate shall pass the No. 4 sieve (size of opening, 
0.187 in.), and not more than 30 per cent nor less than 10 per cent 
the No. 50 sieve. From this specification it is plain that sand 
made up of grains all of one size is not satisfactory. This is be- 
cause a graded sand will compact more than a uniform one, the 
smaller grains fitting in between the larger, thereby giving a denser 
and stronger mortar. 

The fine aggregate may be tested for the presence of fine silt, 
loam, clay and other water-soluble material by the decantation 
test? and for organic impurities by the colorimetric test.* In 
the decantation test the fine aggregate is placed in a pan and 
sufficient water is added to cover the sample. The pan and its 
contents are agitated vigorously for 15 seconds, and then after 
waiting 15 seconds to allow the heavier suspended particles to 
settle, the water is poured off. This operation is repeated until 
the wash water is clear. The Joint Committee limits the loss 
in weight by this test to 3 per cent in general. The colorimetric 
test consists in placing a sample of the material in a bottle 
partly filled with a sodium hydroxide solution which turns brown 
if organic matter is present, the depth of shade measuring the 
amount of the impurity. The limit set as a “ standard color ” 
is that produced by tannic acid when present in the proportion 
of one part in 4000. 

The most useful tests are those of the strength of mortar (de- 


1 See “Standard Method of Test for Sieve Analysis of Aggregates for Con- 
crete’? (Serial Designation C41-24) of the American Society for Testing 
Materials, reprinted in Appendix VIII of the 1924 Joint Committee Report. 

* “ Tentative Method of Decantation Test for Sand and other Fine Aggre- 
gates” (Serial Designation D136-22T) of the American Society for Testing 
Materials, reprinted in Appendix IX of the 1924 Joint Committee Report. 

’ “Standard Method of Test for Organic Impurities in Sand for Concrete” 
(Serial Designation C40-22) of the A.S.T.M., reprinted as Appendix X of 
the 1924 Joint Committee Report. 
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fined as a mixture of cement, fine aggregate and water) or of 
concrete made with the given fine aggregate. The Joint Com- 
mittee specifies that ‘“ fine aggregate shall be of such quality that 
mortar briquettes, cylinders or prisms, consisting of one part by 
weight of Portland cement and three parts by weight of fine 
aggregate - - - will show a tensile or compressive strength at ages 
of 7 and 28 days” preferably “not less than 100 per cent ” of 
that of 1 : 3 standard Ottawa sand mortar of the same plasticity 
made with the same cement.! 

It is still common in some localities to specify that the sand 
grains shall be sharp and to test the cleanliness of the sand by 
rubbing a little of it in the palm. Sharpness of grain, however, 
is not a necessary characteristic at all, nor are the feeling and 
appearance of sand sufficient guides to its quality. Unless it is 
known that any given sand has been used successfully in con- 
crete work, it should be carefully tested as here described. 

10. Coarse Aggregate. ‘‘ Coarse aggregates shall consist of 
crushed stone, gravel or other approved inert materials with 
similar characteristics, or combinations thereof, having clean, 
hard, strong, durable, uncoated particles, free from injurious 
amounts of soft, friable, thin elongated or laminated pieces, 
alkali, organic or other deleterious matter.’ (Joint Committee.) 
“ Coarse aggregate shall range in size from fine to coarse’’ in 
general within the limits indicated by the table on the following 
page. 

The maximum size of coarse aggregate is rarely over 3 inches, 
14 in. or 1 in. being the usual limit set for reinforced concrete 
work. In massive construction larger stones are often placed in 
the mass by hand or derrick, care being taken that these larger 
pieces, or ‘‘ plums,” are not too close together nor too near the 
face of the concrete. The Joint Committee uses the term rubble 
concrete for that in which are embedded stones larger than three 
inches and less than 100 pounds in weight, and cyclopean concrete 
for that with stones weighing more than 100 pounds. 

1 For testing methods, see the American Society for Testing Materials 
Specification C9-21 referred to in footnote, page 7, and also ‘ Tentative 
Methods of Making Compression Tests of Concrete” (Serial Designation 
C39-21T) of the A.S.T.M., reprinted as Appendix XII of the 1924 Joint 
Committee Report. The standard Ottawa sand is a natural sand from 
Ottawa, Illinois, screened to pass a No. 20 sieve and retained on a No. 30 
sieve. It is used as a standard on account of its uniformity. 
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11. Water. ‘‘ Water for concrete shall be clean and free from 
injurious amounts of oil, acid, alkali, organic matter or other 
deleterious substance.” (Joint Committee.) 

12. Reinforcement. The reinforcement for concrete usually 
consists of steel rods, round and square, sometimes made up in the 
form of wire fabric for use in slabs. For columns and arches the 
reinforcement often consists of built-up members of structural 
steel shapes. The following standard sizes of bars are in use and 
none others should ever be called for: 


Size of bar in inches 


Area 
in square inches 


Round Square 


Ne ane oe 0.049 
Sia ae alae eed 0.110 
aA D MEE VA 0.196 
rent ene 1 0.250 
EY sie” es a ea ee 0.306 
2 / ag, scm heg ten ana 0.441 
ME MEDS Og a 0.601 
PEL Pa AS a es 0.785 

1.000 

i 1.265 
1 1.562 
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In European practice plain bars are commonly used. In the 
United States preference is given to deformed bars that are rolled 
with small projections to engage the concrete and prevent slipping 
between the two materials. Many styles of such rods are made. 
Square twisted bars are also used. 

The Joint Committee specifications provide for three grades of 
bars rolled from billet steel, structural, intermediate and hard, 
and also for bars rolled from steel rails, giving preference to inter- 
mediate grade billet steel. 


1 The Joint Committee specifies that steel shall conform to the requirements 
of the American Society for Testing Materials as follows: ‘‘ Standard Speci- 
fications for Billet-Steel Concrete Reinforcement Bars’’ (Serial Designation 
A15-14), “Standard Specifications for Rail-Steel Concrete Reinforcement Bars” 
(A16-14), ‘Standard Specifications for Structural Steel for Bridges’’ (A7—24), 
“Standard Specifications for Structural Steel for Buildings” (A9-24), ‘“‘Tentative 
Specifications for Cold-drawn Steel Wire for Concrete Reinforcement’? (A82— 
21T). Cast iron used in composite columns shall conform to “ Standard 
Specifications for Cast Iron Pipe and Special Castings’? (A44-04). These 
several specifications are reprinted as appendices to the Joint Committee 
report 1924. 


CHAPTER III 
PROPORTIONING CONCRETE 


13. All reinforced concrete design proceeds on the assumption 
that the concrete is of definite strength and uniform quality. 
Until recently the realization of this assumption has been a diffi- 
cult and costly matter of laboratory study and unremitting 
expert supervision, something warranted only on important 
projects. Most of the concrete made has been, and still is, very 
variable in quality, and this variability has made it necessary to 
assume low strength on which to base design stresses. Demon- 
stration of the practicability of attaining uniformity caused the 
1924 Joint Committee to specify modern methods of control of 
concrete making and also higher working stresses. This results 
in a lowering of the previously uneconomical high factor of safety 
which had been indicated as advisable because of more or less 
careless and ineffective construction methods. Obviously it is 
of the utmost importance that the concrete measure up to the 
standards set by the design specifications. A vast amount of 
research is being carried on and marked advance has been made 
towards mastering the art and science of making good concrete, 
progress so definite that it 1s now possible to study the available 
aggregates and proportion, or design, the mix with considerable 
accuracy to attain a certain specified strength. 

A thorough study of concrete is beyond the scope of this text. 
A brief discussion is given to enable the student to understand the 
main principles of modern concrete making, with references to 
guide him to the sources of information should he wish to gain 
enough understanding of the subject to enable him to apply the 
principles successfully. 

14. Theories of Proportioning. Until within a few years the 
only accepted principles governing the proportioning of concrete 
were three: 


That for any given combination of aggregates, strength, impermeability and 
durability increase with increased proportions of cement, the consistency 
remaining the same; 
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That for any given aggregates, the proportion of cement being fixed and 
consistency being constant, maximum strength, impermeability and dura- 
bility are obtained with that combination of ingredients giving the densest 
mixture; 

That the quality of the concrete is best when mixed with enough water to 
give a plastic or mushy consistency, an excess of water resulting in a weak 
concrete. 


Accordingly four general methods, with variations, were de- 
veloped, each aiming to determine the proportions of the several 
ingredients that result in a mass containing the maximum amount 
of solid matter per unit volume: 


Method of Void Determinations; 
Method of Arbitrary Proportions; 
Method of Mechanical Analysis; 
Method of Trial Mixes. 


Many investigators today doubt the theory of maximum 
density, notably Professor Duff A. Abrams ! who in 1918 advanced 
the Water-Ratio theory, urging that the strength of concrete of 
workable consistency is fixed by the amount of water used per bag 
of cement. The recommendations of the Joint Committee in 
1916 were based upon the theory of maximum density; those of 
1924 are that “‘ the engineer shall determine by tests of the avail- 
able aggregates in advance of use the proportions necessary to 
produce concrete of the desired strength. Where this is imprac- 
ticable ” the engineer is given as a guide a set of tables of required 
proportions of variously sized aggregates for various required 
strengths. These tables were prepared by Professor Abrams in 
accordance with his theory. Presumably the methods of test 
intended are also those of Professor Abrams. Several million 
cubic yards of concrete have been proportioned in accordance 
with the water-ratio theory during the past three years to the full 
satisfaction of the engineers, contractors and owners involved. 

As has been indicated the water-ratio theory is rapidly winning 
wide adherence in this country. Recent simplifications in its 
application make it certain that there will be a great increase in 
its use. The days of carelessly made concrete are ending, for 

1 In charge of the Structural Materials Research Laboratory, Lewis In- 
stitute, Chicago. Professor Abrams’ researches in concrete have been carried 
out through the coédperation of Lewis Institute and the Portland Cement 
Association. 
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concrete makers are learning how to make good concrete with 
economy. 

Another theory worthy of note is that of Mr. L. N. Edwards 
who proportions the cement to the surface area of the aggregates. 
While this theory has not had wide application it seems more 
than probable that it will play its part in the final solution of the 
problem of proportioning. 

It cannot be urged too strongly that a brief outline of methods 
such as that given in this text gives a deceptive air of simplicity 
to a complicated problem. Extended reading such as is suggested 
by the references at the end of this chapter, and actual work with 
concrete in the laboratory are essential to any real comprehension 
of the subject. 

15. Proportioning by Void Determination. For maximum 
density the interstices or voids between the stones forming the 
coarse aggregate should be completely filled by the fine aggregate, 
and all remaining voids by the cement paste, which also, if it is 
to perform its function as a glue binding the whole mass together, 
must coat completely every particle. Practically never, however, 
is the cement content determined by study of the voids in either 
the fine aggregate or in the combined aggregate. Instead the 
cement is made to bear that ‘ratio to the total aggregate which 
experience has proved to be sufficient for ensuring the desired 
strength. The strongest possible concrete with the given material 
and assumed cement-aggregate ratio is then assured (assuming 
the theory and method to be correct) by taking slightly more 
than enough fine aggregate (5 per cent to 10 per cent excess) to 
fill the voids in the coarse aggregate, this excess being necessary 
because the measured voids are increased by the wedging apart of 
the stones by the mortar. 

16. Arbitrary Proportions. Measurements show that much 
of the aggregate in everyday use contains approximately 50 per 
cent of voids. This early suggested the simple 1 to 2 ratio of fine 
and coarse aggregates which is so commonly used. The cement is 
combined in the proportions which tests have seemed to show 
necessary for obtaining the required strength, for example, 1 part 
cement to 43 parts of fine and coarse aggregates, measured sepa- 
rately, for a strong concrete for columns, a mix usually expressed 
as 1-13-8. Most of the concrete-in this country has been mixed 
in such proportions as 1-2-4, 1-3-6, etc., as fixed by ordinary 
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practice and usage. Where good judgment has been shown in 
choice of aggregates and in workmanship the result has been good 
sound concrete. To speak of these proportions as Arbitrary is 
something of a misnomer. It would be more accurate to speak 
of proportioning by the Assumption of Average Void Conditions. 
Obviously when the aggregates vary much from the assumed 
average, as when they are poorly screened and there is considerable 
overlapping of sizes, the resulting mixes will be unsatisfactory. 
Where a job is large enough to support laboratory tests more 
careful proportioning will unquestionably result in stronger and 
more economical concrete. Furthermore, aggregates of unknown 
quality not only should be tested before being used as described 
above (Arts. 9-10) but also they should be subjected to a screen 
test before deciding on proportions for work of any importance. 
17. Mechanical Analysis. In 1907 William B. Fuller and 
Sanford E. Thompson made public ! a method of combining vari- 
ous aggregates to give the densest mixture by means of sieve 
analyses of the materials. The grading of any aggregate may be 
recorded graphically by a curve as in Fig. 1, the abscissa of any 
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point indicating the size and the ordinate indicating the per- 
centage of the material finer than that size. Messrs. Fuller and 
1 “The Laws of Proportioning Concrete,’ Transactions Am. Soc. C. E., 


Volume LIX, page 67, 1907. A full description of this method is given in 
“Concrete, Plain and Reinforced,” 3rd Edition, Taylor & Thompson. 
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Thompson showed that when any concrete aggregates are com- 
bined so that the resulting mixture is the densest possible for that 
material, the grading curve for that mixture is, very closely, the 
combination of a straight line and an ellipse. Furthermore they 
showed “that a curve of substantially the same form would fit 
different materials ”’ and gave data for constructing this maximum 
density curve for a variety of aggregates: crushed rock, gravel and 
sand. Knowing thus the ideal curve, any given aggregates may 
be analyzed, their grading curves plotted and, by cut and try 
methods, the proportions determined that will result in the curve 
most closely approximating the ideal. The accuracy with which 
this may be done depends upon the number of separate sizes into 
which the aggregates are divided. In this method the cement 
sometimes is considered as part of the sand; sometimes its curve 
is plotted and used in combination with those of the coarser 
materials. It is more important that the actual grading curve 
fit the ideal in the sand-cement portion than in that of the coarse 
aggregate. For best results the actual curve should intersect 
the theoretical approximately on the 40 per cent line. 
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Example 1. Reference to Fig. 2. Here the dot and dash line represents 
the combination of the materials in the proportions stated, the measurements 
being by weight. In this case it was decided to make the actual curve coin- 
cide with the ideal at the 0.25 in. opening, about 37 per cent. So all of stone B 
plus about 3%; of stone A makes up that part of the combination coarser than 
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this size, about 63 per cent of the total. The theoretical curve calls for 32 
per cent of the mixture to be larger than 1 in. but this proportion makes the 
curve between 0.25 in. and 1 in. lie well above Fuller’s curve. So a larger 
proportion of stone B, 37 per cent, was taken. Then 
0.94 A + B = 0.94 A + 37 = 68 per cent 
A = 28 per cent 
and cement + sand = 100 — (A + B) = 85 per cent. 


It was assumed that 1 part of cement to 10 parts of aggregate by weight, 
measured separately, would give the requisite strength. So 

cement = ;; of total = 9 per cent 
and sand = 35 — 9 = 26 per cent 


giving for final proportions by weight 9-26-28-37 or closely 1-3-3-4. The 
following weights were assumed: 


cement 94 Ibs./cu. ft. Stone A105 lbs./cu. ft. 
sand 108 lbs./eu. ft. Stone B 104 lbs./cu. ft. 
The proportions by volume are: 
; 94 | OF hy, Ie 
1:3 X jog: 3 X ion? * X joa 
or 1-2.61-2.68-3.62. 


Problem 1. (a) Plot the grading curve for a combination of aggregates 
aand c in proportions 1-3-6. (b) In what proportions must these two mate- 
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rials be combined so that the grading curve shall cut the Ideal Curve where it 
crosses the No. 4 sieve size? (c) What will be the proportions of each ma- 
terial for a 1-6 mix, the fine and coarse aggregates being measured separately? 

Ans. (a) See plot. (b) 38 per cent of the total must be fine material. 


eyel—1. 7-43 
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Problem 2. Curve d gives the grading of a mixture of sand c and a coarse 
aggregate, all particles of which are coarser than the No. 4 sieve. Plot the 
grading curve for that coarse aggregate. 


Ans. Curve 6 on plot. 

18. Trial Mixes. The 1916 Joint Committee recommended 
that “the proportions should be carefully determined by density 
experiments, and the grading of the fine and coarse aggregates 
should be uniformly maintained, or the proportions changed to 
meet the varying sizes. For reinforced concrete construction, 
one part of cement to a total of six parts of fine and coarse ag- 
gregates, measured separately, should generally be used. For 
columns richer mixes are preferable. In massive masonry or 
rubble concrete a mixture of 1:9 or even 1:12 may be used. 
These proportions should be determined by the strength or other 
qualities required in the construction at the critical period of use.” 

Density experiments are easily made by determining the heavi- 
est of a series of trial mixes of equal volume, made with varying 
proportions of the ingredients, the cement ratio alone being fixed. 
It is important that all of these trial batches be of the same working 
consistency and compacted in the container in a uniform manner. 
Sometimes dry aggregates alone are combined and studied in this 
way. 

This is a very useful method of proportioning and one especially 
easy of application in checking the daily work in the field. It is 
generally used as a check on the method of Mechanical Analysis. 

The 1916 Joint Committee Report gives the following table of 
the ultimate compressive strength that may be expected from 
different mixtures: 


CoMPRESSIVE STRENGTHS OF DirFERENT Mixtures or CONCRETE 


In lbs. per sq. in. at an age of 28 days, testing cylinders 8 in. in diameter 
and 16 in. long, made, stored, and tested under laboratory conditions. 


Aggregate ie ss th Be IG Cae OW e i 19% 
Granite, trap rock...... 3300 2800 2200 1800 1400 
Gravel, hard limestone 

and hard sandstone...} 3000 2500 2000 1600 1300 
Soft limestone and sand- 

StOMGH ask. Tees 2200 1800 1500 1200 1000 
Cinders eke. tne 800 700 600 500 400 


* Combined volume fine and coarse aggregate measured separately. 
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19. The Water-Cement Ratio Theory. Professor Abrams 
states that ‘with given concrete materials and conditions of 
test the quantity of mixing water used determines the strength 
of the concrete, so long as the mix is of a workable plasticity.’”! 
The equation expressing this relation he found to be for average 
conditions: 


S = es (Curve A in Fig. 3)? 
where 
S = compressive strength of concrete at 28 days 


volume of mixing water 
volume of cement 


x = water ratio = (an exponent here). 


If rigid control is lacking the concrete may be expected to be 
weaker as expressed by 


_ 14,000 


S OF 


(Curve B in Fig. 3). 


It must be kept in mind that these equations hold only for a 
workable mix. The limitations in the application of the water- 
ratio theory indicated in the following quotation are largely met 
by the requirement that the concrete must be of workable con- 
sistency. “So far as these tests indicate, it may be concluded 
that the expression 14,000 divided by 7 raised to a power equal to 
the water-cement ratio, is a fair measure of the strength of con- 
crete, provided that at least one-third of the aggregate is sand 
(that is smaller than a No. 4 sieve) and that the quantity of coarse 
aggregate of any one size is not less than one-third as great as that 
of the next larger size. Other tests not included in the investiga- 
tion indicate also that the sand should not be more than half the 
total aggregate in order to meet this criterion.” (From Technical 
News Bulletin, U. S. Bureau of Standards, quoted in Concrete, 
June, 1925.) 

Two and a half gallons of water are sufficient for the hydration 
of a sack of cement, usually taken to be 1 cubic foot in volume, a 


1 Design of Concrete Mixtures, Bulletin 1, Structural Materials Research 
Laboratory, Lewis Institute, Chicago. 

2 The diagrams and tables in this article and the next are from the pam- 
phlet ‘‘ Design and Control of Concrete Mixtures,” published by the Portland 
Cement Association. 
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water ratio of one-third. Inspection of Fig. 3 reveals how quickly 
strength diminishes as the quantity of mixing water is increased. 
This long recognized fact first found quantitative expression in 
this. work of Professor Abrams. 


Water-gallons per sack of cement 
3.00 3.75 4.50 5.25 6.00 75 7.50 8.26 9.00 9. 10.6 
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From Design and Control of Concrete Mixtures. Portland Cement Association 
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The size and grading of the aggregates enter into the problem 
through the relation between these factors and the amount of 
water required to produce a workable mix. For the study of 
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aggregates Professor Abrams developed a measure of their size 
and grading which he named the Fineness Modulus. This 
modulus (or measure of fineness) is 745 of the sum of the per- 
centages of the material coarser than the opening of each of the 
following standard series of sieves: 100, 50, 30, 16, 8, 4, 2, 3, 14. 
Hach sieve in this series has an opening twice the width of the 
preceding one. The method of calculating the fineness modulus 
is illustrated by the following table: 


TypicaL S1EvE ANALYSES oF AGGREGATES 


Per cent coarser than each sieve 
Fineness | Range 


Aggregate modulus | in size 
100 50 30 16 8 4 3 a 1} 

SOT We eee 100 90 70 55 35 20 0 0 0 3.70 0-3 in 
Sandy. e.4 38:2 100 85 65 40 20 0 0 0 0 3.10 0-4 
pando 286 o< 95 75 60 30 0 0 0 0 0 2.60 0-8 
Screenings..... 85 80 75 35 25 0 0 0 0 3.00 0-4 
SMONO sso. co Soc; 100 100 100 100 100 100 100 40 0 7.40 $14 
Pebbles 25,2525 + < 100 100 100 100 100 100 70 30 0 7.00 4-1} 
Pebbleg? o..0 100 100 100 100 100 100 45 15 0 6.60 4-1* 


* 1 and 2-inch sieves are used in determining size of aggregate but not used in calculating fine- 
ness modulus. 


The fineness modulus increases with the coarseness of the 
aggregate and the same fineness modulus may be secured from 
an infinite number of different aggregates. The interesting fact 
here is that different aggregates with the same fineness modulus 
require equal amounts of mixing water for equal plasticity, and 
when so used produce concretes of equal strength. In practice, 
then, the problem is to find the most economical aggregate com- 
bination to use with the given water-cement ratio for the required 
strength. 

Proportioning by the water-cement ratio theory is easy for one 
who has had sufficient experience in actual concrete making to 
be able to judge its workability and know what changes to make 
in the aggregate combination to improve quality. A good con- 
crete foreman with no knowledge at all of the intricacies of fine- 
ness modulus and aggregate grading can be given all necessary 
instructions in a very few words. All he need be told is this: 
Use 7.5 gallons (or whatever the desired quantity may be, making 
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allowance for moisture contained in the aggregate) of water for 
each bag of cement and no more; make the aggregate proportions 
such that every batch is workable and will give a good dense 
concrete with a good surface without honeycombing (large voids). 
While this is sufficient for small jobs, larger operations, where an 
inspector is constantly employed, require more careful study for 
economy. Some who have done much work by this method state 
that the best aggregate combination is that which is the most 
dense when mixed dry, something very easily determined in the 
field by finding which one of several aggregate combinations gives 
the greatest weight in any given container, when compacted in a 
standard manner. More elaborate studies are desirable when the 
yardage is great enough to make it profitable, and the methods 
for this are treated in the next article. 

19a.. Proportioning by the Water-Cement Ratio Theory. Professor Abrams 
has systematized the data he has obtained by his study of aggregate in such 
a way that they can be used as a guide for proportioning. The Portland 
Cement Association, which joins with Lewis Institute in supporting Pro- 
fessor Abrams’ research, is active in educating engineers in the use of this 
method, and consequently there is a rapidly increasing body of experience by 
which it may be judged. The material in this article is largely a rephrasing 
of their pamphlet ‘‘ Design and Control of Concrete Mixtures ”’ and is illus- 
trated by cuts from that publication. 

The recent work of John G. Ahlers and of Messrs. MacMillan & Walker! 
makes it plain that the somewhat complicated computations that follow are 
by no means an essential part of the water-cement ratio method. The en- 
gineer’s concern is with the strength, durability and good appearance of the 
concrete. Accordingly his specifications for the guidance of the contractor 
need give accurate directions only for the securing of the water-cement ratio 
required for the desired strength, and for the proper workability, indicated 
largely by the slump test. The contractor desires to use the most economical 
combination of aggregates that produces concrete which can be easily placed, 
that is, workable concrete. The best proportions may be determined by 
studies such as are outlined in this article; nearly the same result may be 
reached by determining the combination of dry aggregates which is the densest, 
or by a series of trial batches. 


1 “ New Experiences in Concrete Control,” John G. Ahlers, Proceedings, 
American Concrete Institute, 1926. In the same volume F. R. MacMillan, 
a member of the Joint Committee, and Stanton Walker describe the applica- 
tion of this method to the making of the concrete for the new office building 
of the Portland Cement Association, Chicago. Both articles make practically 
the same simplification of the Abrams theory. Essentially the same method 
was proposed by the Committee on Field Methods of the American Concrete 
Institute in the 1924 Proceedings. Mr. MacMillan was a member of this 
committee. 
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Maxmoum PerMissinLE VALUES OF Fineness Moputus or AGGREGATES* 
a Ea a ai eat ak 


Real Sj 
Mix ize of Aggregates 


(Cement: 


Agegre- 0-8 | 04 | 0 | OF | OF | O14 | 0-2 | 03 0-6 
gate) 


Le 2.45 | 3.05 | 3.85 | 4.65 | 5.00 | 5.40 | 5.80 | 6.25 | 7.05 
1S 2.55 | 3.20 | 3.95 | 4.75 | 5.15 | 5.55 | 5.95 | 6.40 | 7.20 
1G 2.65 | 3.30 | 4.05 | 4.85 | 5.25 | 5.65 | 6.05 | 6.50 | 7.30 
fe 5 2.75 | 3.45 | 4.20 | 5.00 | 5.40 | 5.80 | 6.20 | 6.60 | 7.45 
1:4 2.90 | 3.60 | 4.40 | 5.20 | 5.60 | 6.00 | 6.40 | 6.85 | 7.65 
1:3 3.10 | 3.90 | 4.70 | 5.50 | 5.90 | 6.30 | 6.70 | 7.15 | 8.00 
ee 3.40 | 4.20 | 5.05 | 5.90 | 6.30 | 6.70 | 7.10 | 7.55 | 8.40 
ee 3.80 | 4.75 | 5.60 | 6.50 | 6.90 | 7.35 | 7.75 | 8.20 | 9.10 


* For mixes other than those given in the above table, use values given for the next leaner mix. 

For maximum sizes of aggregates other than those given under ‘‘ Size of Aggregates,’’ use the 
values given under the next smaller size. 

The table is based on the requirements for sand-and-pebble (gravel) aggregate composed of 
approximately spherical particles, in ordinary uses of concrete in reinforced concrete structures. 
For other materials and in other classes of work the maximum permissible value of the fineness 
modulus for an aggregate of a given size is subject to the following corrections: 

1. For crushed stone or slag, reduce values given in table by 0.25. 

For pebbles consisting of flat particles, reduce the values given by 0.25. 

If stone screenings are used as the fine aggregate, reduce the values given by 0.25. 
If top course of concrete roads is finished by hand, reduce the values given by 0.25. 
If finishing of road is done by mechanical means no reduction should be made. 

6. In work of massive proportions, such as where the smallest dimension is larger than 10 times 
the maximum size of the coarse aggregate, additions may be made to values given in the table as 
follows: for 3-in. aggregate 0.10; for 1}-in. aggregate 0.20; for 3-in. aggregate 0.30; for 6-in. aggre- 
gate 0.40. 

Sand having a fineness modulus lower than 1.50 is undesirable as a fine aggregate in ordinary 
concrete mixes. Natural sands of such fineness are seldom found. 

Sand or sereenings used for fine aggregate in concrete must not have a higher fineness modulus 
than that permitted for mortar concretes of the same mix. 

Crushed stone mixed with both finer sand and coarser pebbles requires no reduction in fineness 
modulus ptovided the quantity of crushed stone is less than 30 per cent of the total volume of the 


aggregate. 

The relation between fineness modulus and strength is shown by Fig. 4. 
Here the increase in the fineness modulus is accomplished by using more of 
the coarse material. Coarse aggregates require less water per sack of cement 
for a given consistency than fine aggregates, which is indicated by the rise of 
the curves to a maximum beyond which there is too much coarse material to 
make it possible to secure a workable mix with the given proportions of cement, 
the cement paste being insufficient to fill the voids. Increasing the amount 
of cement makes possible a working consistency with less water, resulting in 
higher strength. The maximum permissible values of the fineness modulus 
for various aggregates and mixes is given in the above table. 


SU trea he 
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Consistency, or degree of plasticity, is measured by the slump test. The 
procedure is to fill with concrete an open-ended truncated cone, placed up- 
right on a flat surface, and measure the height of the mass of concrete after 
the metal form is withdrawn. The difference between the original height of 
12 inches and the measured height is the slump. 
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The 1924 Joint Committee specifies ‘‘ the quantity of water used shall be 
the minimum necessary to produce concrete of a workability required by the 
engineer. The consistency of the concrete shall be measured by the slump 
test as described in “‘ Tentative Method of Test for Consistency of Portland- 
cement Concrete. . .”’ (Serial Designation D138-22T) of the A.S.T.M. (Re- 
printed as Appendix XI of the 1924 Joint Committee Report.) The slump for 
the different types of concrete shall ”’ preferably not be greater than indicated 
by the following table: 


Types of concrete and mortar Maximum slump in 


inches 

Mass conerete ys ai cen ae Ee en eee roioe 3 
Reinforced concrete: 

Thin vertical sections and columns............... 6 

Heavy sections... = aoc ee eee 3 

Thin confined horizontal sections................ . 8 
Roads and pavement: 

Hand=tinishedtect...0: cn se ae eee roe 3 

Machine=-finished=.. --. ete eee eee 1 
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The relation between the fineness modulus, maximum size of aggregate, 
strength and mix is shown graphically in Fig. 5 which is based on curve B 
in Fig. 3. The proportions are here given in terms of the Real Mix, that is 
the volume of cement and the volume of the mixed aggregates, measured dry 
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and compacted in a standard manner. There is considerable variation of 
volume with varying degrees of compactness and the designation of a 1-2-4 
or a 1—1.2—2.6 mix is a very indefinite mode of indicating concrete proportions 
unless information is added as to the manner in which the volumes are to be 
measured. The volume of the fine aggregate may vary widely with different 
amounts of contained moisture. A given volume of dry sand sometimes 
contains as much as 25 per cent to 30 per cent more material than the same 
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volume of damp sand (see Plate I).1_ For laboratory study the dry material 
is placed in a container and tamped (or “‘rodded”’) in a uniform manner’ 
with the result that equal volumes of the same aggregate so measured contain 
equal amounts of material within about 1 per cent. Proportions such as 
1-2-4 expressed in terms of volumes of dry material measured by this standard 
method are termed the Nominal Mix. 

It is evident that neither the Real nor the Nominal Mix is convenient for 
use in the field, since the material in bin or stock pile contains more or less 
moisture and is measured in a loose condition. Proportions stated in terms of 
the aggregates in the condition found on the job and measured loose are called 
the Field Mix. It is necessary that the engineer be able to express the Real 
Mix found by laboratory studies as a Field Mix for use of the man on the job. 

The tables prepared by Professor Abrams as a guide to the proportions of 
various aggregates required to give definite compressive strengths with con- 
crete of specified consistencies were reprinted by the Joint Committee as an 
appendix to their report. One of these tables is printed in Appendix A. They 
give the Nominal Mix and correction must be made to obtain the Field Mix. 

In important work it is not enough to take the mix from these tables. The 
aggregates should be tested and the proper proportions determined by means 
of the designing data given in this article, the results being checked by com- 
pression tests on cylinders. 

The necessity of waiting 28 days for results is often a serious difficulty. 
Seven-day tests are coming into use as a guide to the 28-day strength. 
The relation between the 7-day and the 28-day strength (S7 and Sos) is Sos = 
S; + 30VS; according to studies made by W. A. Slater. It is possible that 
comparative tests between Portland cement concrete and that made with the 
new alumina cements will eventually be made, enabling 24-hour tests on 
aggregates with the quick-hardening cements to be used as a guide for design- 
ing Portland cement concrete mixes. 

Parallel with more scientific methods of proportioning concrete there are 
being developed more exact methods for the field, notably more exact devices 
for measuring the materials. The uncertainty due to the bulking of loose 
moist sand is now often met by measuring the sand and water together by the 
so-called inundation method, taking advantage of the fact that when there is 
an excess of water over that required to fill the voids the sand volume is 
closely the same as when measured dry and loose. This is shown by Plate I 
where the bulking effects of varying percentages of water are recorded. The 
procedure in designing a mix is illustrated by the following example: 


Example 2. It is desired to proportion the concrete for a reinforced con- 
crete building. The city code places the 28-day compressive strength at 


1 “ Effect of Moisture in Sands,” R. R. Litehiser in ‘“‘ Concrete,” January, 
1925. 

2 “Standard Method of Test for Unit Weight of Aggregate for Concrete” 
(Serial Designation C29-21) A.S.T.M. Reprinted as Appendix XV of the 
1924 Joint Committee Report. 

3“ Relation of Seven-Day to Twenty-eight-Day Compressive Strength of 
Mortar and Concrete,” Proceedings of the American Concrete Institute, 1926, 
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Errect or Moisture upon Sanps 


No. 1—Coarse Sand 0-#4 
Fineness Modulus = 2.65 


Tube 1 2 3 4 5 6 7 8 9 
Dry Dry Loose | Loose | Loose | Loose | Loose | Loose | Li 
Rodded | Loose = © wheels 
%, Water (by wet.).. 0 0 1 2 5 7 10 15 174 
Co alinag 25 oS sits 0 8.5 18.2 EXO | SIE Sn | ER | OS 0 
% Loss per Cu. Ft.. 0 7.8 155 23.2 29.3 26.0 | 25.3 21.0 0 
Wet. per Cu. Ft. ; 
(Incl. water). . 115.0 Ib. | 106.0 98.3 90.5 | 85.5 | 91.5 | 94.6 | 104.5 136.0 
Wet. Dry Sand in 1 
(CTE 1 Cee eee 115.0 Ib. | 106.0 97.3 88.4 | 81.4] 85.1] 86.0] 90.9 115.0 


All percentages based on Tube No. 1 — Dry, Rodded Sand. 


INUNDATED SANDS 
Note uniform level of sands regardless of original water content. 


PLATE I! 
1 From a paper in ‘‘Concrete,” Jan., 1925, by R. R. Litehiser, entitled 
“The Effect of Moisture in Sands in Proportioning Concrete Mixtures,” 
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2000 lbs./sq. in. The concrete will be sufficiently plastic to flow into place 
around the reinforcing rods if it has a slump of 6 to 7 inches.! 

Solution. The first step is to get together the necessary information regard- 
ing the aggregates, noting their quality and testing the fine aggregate for 
impurities as above described. 


Summary or Data REGARDING AGGREGATES 


Per cent coarser than each sieve 
Fineness | Range 


Aggregate Sa 
modulus | in size 
100 50 30 16 8 4 3 2 y 
Sandner al 85 70 55 25 15 0 0 0 0 2.50 0-4 
Stonesen. cena 100 | 100} 100} 100} 100} 100} 70 30 0 7.00 4-1} 


Weight of 1 cubic foot, damp and loose as in 


Stockepilers sera hee emcee ees Sand 90 lbs. Stone100lbs. 
Weight of same quantity of material whendried.. “ 87 OS 
Weight of 1 cubic foot of dry material, rodded in 

Standard manners eee ee erent er rere “108 “N05 


Assuming that only ordinary care will be given to the making of this con- 
crete, curve B in Fig. 3 is used for determining the water ratio, in this case 
0.90 or 62 gallons of water per sack of cement. Referring to Fig. 5, slump 
6-7 inches, the intersection of the 2000 lbs./sq. in. curve with that for 14 inch 
size shows the maximum permissible fineness modulus to be 5.8 and the Real 
Mix, 1-4.4. 

It is evident that the fineness modulus of a mixture is the weighted mean 
of the moduli of the separate aggregates. Let x represent the proportion of 
the fine aggregate; then 


252+7(1—2) =58 
7-58 


so = 027. 


or 


Accordingly, 27 per cent of the total volume of the aggregates measured 
separately must be fine aggregate and 73 per cent coarse. A sample of the 
aggregates mixed in these proportions is now prepared and its unit weight 
determined as 123 lbs. /cu. ft. 

The Real Mix, already found, is in terms of the volume of mixed aggregates, 
4.4 cubic feet to each cubic foot of cement. In order to know how many 
cubic feet of aggregate measured separately are required to make 4.4 cubic 
feet of mixture the yield (or shrinkage factor) must be computed, that is the 


1 Examples 2 and 3 and Problem 3 are taken from the Portland Cement 
Association pamphlet, ‘‘ Design and Control of Concrete Mixtures,”’ 
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volume occupied by a total of 1 cubic foot of the separate materials when 
combined in the proportions found necessary. The yield is: 


Weight of 1 cu. ft. measured separately _ 0.27 X 108 + 0.73 XK 105 
Unit weight of mixture Ay 123 
= 0.86 cu. ft. 


Since it requires 1 cubic foot of the separate materials to give 0.86 cubic foot 
of mixture, to give 4.4 cubic feet requires 4.4 + 0.86 = 5.12 cubic feet of 
material measured separately, 27 per cent being sand and 73 per cent stone. 
The nominal mix, therefore, is 


1 —§.12 X 0.27 — 5.12 X 0.73 = 1 — 1.38 — 3.74 


based on dry rodded material. 

To obtain the Field Mix it must be remembered that the Nominal Mix 
gives the amount of material needed per sack of cement. Expressing this 
nominal mix in terms of weight gives: 


94 — 1.38 X 108 — 3.74 X 105 = 94 — 149 — 392, 


Since 1 cubic foot of sand in the stock pile contains 87 pounds of sand and 1 
cubic foot of stone 98 pounds, the Field Mix is . 


1 —- = — —+ =1-1.71 — 4.00. 


The total amount of mixing water required per sack of cement is 0.90 < 
7.5 = 6.75 U.S. gallons. Allowance should be made for the water contained 
in the aggregate and also for that which will be absorbed by it, average figures 
for which are as follows: 


Average sand, pebbles, crushed limestone... . 1 per cent by weight 
PUTA) BIO OVAMIGE ere k. vcvalate seyoyes ho lode eve shiye 0.5 per cent by weight 
ROKOUS SANGStONe. = Ae eee sos ae ae 7 per cent by weight 
Very light and porous aggregate may be as 

jase. S Miclas Been eee een ieee 25 per cent by weight 


Assuming 1 per cent absorption, water must be added in amount 0.01 (149 + 
392) = 5.41 Ibs. or 0.65 gal. per sack of cement. From the moisture content 
already determined the total of contained water per sack of cement is 1.71 < 
3 + 4.00 * 2 = 13.13 Ibs. or 1.58 gal. The total mixing water that must 
be added per sack of cement accordingly is 6.75 + 0.65 — 1.58 = 5.82 gal. 

It may be found that the mixture designed, when used with some aggregates, 
will be too rough or harsh to work easily, and a smoother mixture of the same 
strength may be desired. The usual custom in this case is to add sand. This 
may be done without affecting the strength so long as the water ratio is not 
changed. However, the addition of sand will cause the mix to become drier, 
and in order to increase the plasticity without affecting the strength more 
cement and water in the required ratio must be added. 

The effect of adding a quantity of sand can be calculated by following the 
methods described. The present mix has a fineness modulus of 5.8. In- 
creasing the sand to 35 per cent will reduce the stone to 65 per cent and change 
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this fineness modulus to 5.4. Then from Fig. 5, with a fineness modulus of 
5.4 and a desired strength of 2000 lb. per sq. in. at 28 days, 6 to 7 in. slump, the 
new mix is found to be 1: 4.0. With this new mix, the yield, Nominal Mix, 
Field Mix, etc., can be calculated in the manner previously outlined. 


Example 3. It is desired to compute the quantities of materials required 
to make a cubic yard of the concrete proportioned in Ex. 2. 

Solution. The quantity of cement is obtained from Fig. 6, the figure for a 
Real Mix of 4.4, being 5.8 sacks. Then since 1 sack is usually considered to 
have a volume of 1 cu. ft., 


EEZOUSE. xn = 0.37 cu. yd. of damp loose sand 
26 = 0.86 cu. yd. of damp loose stone 


the required quantities for making one cubic yard of concrete, no allowance 
being made for waste. 
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Problem 3. A contract calls for a Field Mix of 1-2-4. What is the probable 
strength of the concrete with a slump of 6 to 7 inches? 


Data. Study of the aggregate to be used gives the following in- 
formation: 


A COMPARISON 3l 


SS See ee eee ee eee 


Crushed 

cone Stone 
Weight of 1 cu. ft. damp and loose.............. 90 100 
Weight of same material when dry............. 86 98 
Weight of 1 cu. ft. of dry rodded material........ 110 108 
BMEMESSMOCULUS.« . sco hae ee es oak ohias os 3.2 6.8 
SHAE ee Se a ge er La ee a 0-4. 0-14” 
Weight of 1 cu. ft. of the dry materials mixed in 

proportions used, and rodded................ 124 lbs. 


Suggestion. Start with the Field Mix, converting the volumes to weights, 
and compute successively the Nominal Mix (dry, rodded, separate materials) 
and Real Mix (dry, rodded, combined materials). 

Answer. 1800 lbs./sq. in. The Nominal Mix is found to be 1-1.56-3.63 
and accordingly the sand is 30 per cent of the mix. The Real Mix is 1-4.5. 
The fineness modulus of the combined aggregates is 5.72. 


20. A Comparison. The 1916 Joint Committee and many 
building codes place the average 28-day strength for ordinary 
1-6 or 1-2-4 concrete at 2000 pounds per square inch, the measure- 
ments being made by loose volume. It seems certain the Joint 
Committee proportions refer to dry material although it is not so 
stated. Compacting the aggregates by rodding would reduce 
the proportions to about 1-1.9-3.8 or 1-5.7 Nominal Mix. The 
1924 Joint Committee specifies a somewhat richer mix if this 
strength of 2000 pounds per square inch is desired. The table 
from that report (Appendix A) gives the average proportions of 
1-1.7-3.4 or 1-5.1, for ordinary 2000 pounds per square inch 
concrete, 6-7 inch slump, made with the usual size materials for 
reinforced concrete construction. 

To make this comparison on the basis of Field Mix account 
must be taken of the bulking effect of moisture on the fine aggre- 
gate as well as upon the difference between loose and rodded 
measurements. The moisture content of sand on the job is often 
5 per cent, so for the coarse sand in Plate I, 115 + 81.4 = 1.42 
cubic feet of damp loose sand must be taken to obtain as much 
sand as there is in 1 cubic foot dry and rodded; for the coarse 
aggregate of Ex. 2, 105 + 98 = 1.07 cubic feet. Assuming this 
amount of bulking to be possible in the field the 1916 Joint Com- 
mittee nominal mix of 1-1,9-3.8 is equivalent to a field mix of 
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1-1.9 X 1.4-3.8 X 1.1 = 1-2.7-4.2 or 1-6.9. In the same way the 
1924 Joint Committee nominal mix corresponds to a field mix of 
1-1.7 X 1.4-3.4 X 1.1 = 1-2.4-3.7 = 1-6.1. For smaller sized 
ageregates the 1924 Joint Committee calls for a still richer mix. 

The actual amount of bulking of wet sand depends on the man- 
ner of handling. The data in Plate I were obtained by pouring 
sand slowly into the several containers and the bulking is very 
much more than occurs when sand is shovelled from a pile into 
barrows. So the figures given above are useful only to emphasize 
by exaggeration the fact that applying the tabular proportions to 
field measurements is on the safe side. 

21. Conclusion. It is not possible to say whether or no the 
generalization of the Water-Cement Ratio will stand finally as the 
unquestioned law of concrete strength but there is no doubt but 
that it marks a very long step ahead in our knowledge. In fact 
it is not an exaggeration to say that it is working a revolutionary 
change in concrete making with a great betterment of product. 
The theory of aggregate analysis with the Fineness Modulus as 
the standard is not at all a matter of the same order. While it has 
proved an extremely valuable method of analysis its use is not 
essential to the application of Professor Abrams’ major theory. 
Unquestionably there remains much to be learned concerning 
the action of aggregates. To many the weak point in the new 
theory is the proviso that it holds only with workable mixes. 
Workability is a somewhat indefinite standard but one that im- 
plies to the practical man a rather narrow range of possible varia- 
tion. There is argument as to whether the slump test really 
measures workability which is a function of both the wetness and 
the grading of the mix. The fact that quite generally it is neces- 
sary to add more sand than called for by the theory is a real diffi- 
culty. The leading investigators in this field agree in their 
recognition of the fundamental importance of the proportion of 
water used in concrete but in other points there are differences 
of opinion. 

Probably the best place to turn to for information concerning 
progress is to the series of the Proceedings of the American Con- 


crete Institute. Other rather random references are given in the 
list that follows, 
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REFERENCES DEALING WITH THE MAKING OF CONCRETE 


Johnson’s Materials of Construction. 

Mills’ Materials of Construction. 

Proceedings of the American Concrete Institute. All recent issues, especially 
that of 1926. 

Bulletins of the Structural Materials Research Laboratory, Lewis Institute, 
Chicago. 

The New Methods of Proportioning Concrete in Theory and Practice. 
By R. B. Young. In Proc. Boston Soe. of Civil Engrs., March, 1921. 

Proportioning Concrete on Job by Exact Methods. By R. B. Young and 
T. V. McCarthy. Engineering News-Record, March 17, 1921. 

Placing 410,000 cu. yds. of Concrete on Ontario’s Niagara Power Development. 
By A. C. D. Blanchard and R. B. Young. Engineering News-Record, 
April 6-13, 1922. 

Report on Field Tests of Concrete used on Construction Work. By W. A. 
Slater and Stanton Walker. Proceedings of the American Society of 
Civil Engineers, Vol. LI, 1925. 

Strength Specifications used for Large Concrete Bridge. Great Miami River 
Bridge of C. C. C. & St. L. Ry. at Sidney, Ohio. By J. B. Huntley. 
Engineering News-Record, October 11, 1923. 

“Tnundation used on Wacker Drive.’’ Concrete, Sept., 1925. 

“ Specifying by Water-Ratio in Practice.” Concrete, Jan., 1926. 

Producing Concrete of Uniform Quality, By R. B. Young, and Water-Ratio 
Specification for Concrete, By F. R. McMillan and Stanton Walker. 
Proceedings Am. Soc. C. E., Sept., 1926. 


CHAPTER IV 
MANUFACTURE AND PROPERTIES OF CONCRETE 


22. Concrete differs from other structural materials which 
come to the job as finished products in that it is manufactured 
where it is used. Good quality of concrete is the first essential for 
the permanence and solidity of the structure in which it is placed 
and accordingly its manufacture is a heavy responsibility upon the 
engineer. Structural steel is a standardized article of commerce, 
made under rigid supervision, and it can be bought in the open 
market with confidence that it will pass the rigid requirements 
of the American Society for Testing Materials. However on all 
important work involving large tonnage the engineer provides for 
careful inspection and tests of the steel. How much more essen- 
tial is it that the engineer select with care the manufacturer of his 
concrete, the contractor, and hold him rigidly to the best methods 
of modern workmanship to ensure that the structural concrete 
be of the requisite strength and quality. 

The preceding chapter outlined the best methods of propor- 
tioning concrete; the present chapter is concerned with the best 
methods of the actual manufacturing process itself. It consists 
largely of quotations from the 1924 Joint Committee report which 
give an excellent summary of the best practice. It should be 
realized that in some particulars these requirements are rather 
more strict than can be easily enforced on small jobs. 

23. Mixing Concrete. (Arts. 31-34, Joint Committee.) 


(a) ‘‘ Machine Mixing. The mixing of concrete, unless otherwise author- 
ized by the Engineer, shall be done in a batch mixer of approved type which 
will insure a uniform distribution of the materials throughout the mass so 
that the mixture is uniform in color and homogeneous. The mixer shall be 
equipped with suitable charging hopper, water storage, and 2 water-measuring 
device controlled from a case which can be kept locked and so constructed that 
the water can be discharged only while the mixer is being charged. It shall 
also be equipped with an attachment for automatically locking the discharge 
lever until the batch has been mixed the required time after all materials are 
in the mixer. The entire contents of the drum shall be discharged before 
recharging. The mixer shall be cleaned at frequent intervals while in use. 

34 
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The volume of the mixed material per batch shall not exceed the manufac- 
turer’s rated capacity of the mixer.” 

“The mixing of each batch shall continue not less than one minute after all 
the materials are in the mixer, during which time the mixer shall rotate at a 
peripheral speed of about 200 ft. per min.” 

There is a considerable gain in strength if the mixing is carried on for a 
longer interval. The 1916 Joint Committee recommended 14 minutes. 

(b) “ Hand-Mixing. When hand-mixing is authorized by the Engineer 
it shall be done on a water-tight platform. The cement and fine aggregate 
shall first be mixed dry until the whole is of a uniform color. The water and 
coarse aggregate shall then be added and the entire mass turned at least three 
(3) times, or until a homogeneous mixture of the required consistency is 
obtained.” 

(c) “ Retempering. The retempering of concrete or mortar which has 
partly hardened, that is, remixing with or without additional cement, aggre- 
gate, or water, will not be permitted.” 


24. Depositing Concrete. (Arts. 35-44, Joint Committee.) 


(a) “General. Before beginning a run of concrete, hardened concrete and 
foreign materials shall be removed from the inner surfaces of the mixing and 
conveying equipment.”’ 

(b) “ Approval. Before depositing concrete débris shall be removed from 
the space to be occupied by the concrete; forms shall be thoroughly wetted 
(except in freezing weather), or oiled. Reinforcement shall be thoroughly 
secured in position and approved by the Engineer.” 

(c) “ Handling. Concrete shall be handled from the mixer to the place 
of final deposit as rapidly as practicable by methods which prevent the separa- 
tion or loss of the ingredients. It shall be deposited in the forms as nearly 
as practicable in its final position to avoid rehandling. It shall be so deposited 
as to maintain until the completion of the unit, a plastic surface approxi- 
mately horizontal. Forms for walls or other thin sections of considerable 
height shall be provided with openings, or other devices, that will permit the 
concrete to be placed in a manner that will avoid accumulations of hardened 
concrete on the forms or metal reinforcement. Under no circumstances shall 
concrete that has partly hardened be deposited in the work.” 

(d) ‘“‘ Chuting. When concrete is conveyed by chuting, the plant shall 
be of such size and design as to insure a practically continuous flow in the 
chute. The angle of the chute with the horizontal shall be such as to allow 
the concrete to flow without separation of the ingredients.1_ The delivery end 
of the chute shall be as close as possible to the point of deposit. When the 
operation is intermittent, the spout shall discharge into a hopper. The chute 
shall be thoroughly flushed with water before and after each run; the water 
used for this purpose shall be discharged outside the forms.” 


1 “ An angle of 27°, or one vertical to two horizontal, is the minimum slope 
which is considered permissible. Chuting through a vertical pipe is satis- 
factory when the lower end of the pipe is maintained as nearly as practicable, 
to the surface of deposit and the pipe full.” (Joint Committee.) 


86 MANUFACTURE AND PROPERTIES OF CONCRETE 


(e) “Compacting. Concrete, during and immediately after depositing, 
shall be thoroughly compacted by means of suitable tools. For thin walls or 
inaccessible portions of the forms, where rodding or forking is impracticable, 
the concrete shall be assisted into place by tapping or hammering the forms 
opposite the freshly deposited concrete. The concrete shall be thoroughly 
worked around the reinforcement, and around embedded fixtures, and into 
the corners of the forms.” 

Experiment has shown that thorough rodding of laboratory specimens 
increases their strength as much as 100 per cent. 

(f) ‘“ Removal of Water. Water shall be removed from excavations before 
concrete is deposited, unless otherwise directed by the Engineer. Any flow 
of water into the excavation shall be diverted through proper side-drains 
to a sump, or be removed by other approved methods which will avoid wash- 
ing the freshly deposited concrete. Water vent pipes and drains shall 
be filled by grouting, or otherwise, after the concrete has thoroughly 
hardened.” 

(g) ‘‘ Protection. Exposed surfaces of concrete shall be protected from 
premature drying for a period of at least seven (7) days after being deposited.” 

The proper protection of fresh concrete from drying out is second in im- 
portance only to its proportioning as to water content. This is especially a 
vital matter when concrete surfaces are exposed to wear. 

(h) “ Temperature of Concrete. Concrete when deposited shall have a 
temperature of not less than 40° Fahr. nor more than 120° Fahr. In freezing 
weather suitable means shall be provided for maintaining the concrete, at a 
temperature of at least 50° Fahr. for not less than 72 hours after placing, or 
until the concrete has thoroughly hardened. The methods of heating the 
materials and protecting the concrete shall be approved by the Engineer. 
Salt, chemicals, or other foreign materials shall not be mixed with the concrete 
for the purpose of preventing freezing, unless approved by the Engineer.” 


Many disastrous failures have occurred through neglecting to 
protect fresh concrete from freezing. With proper care concrete 
construction may be carried on with perfect safety in the coldest 
weather if approved methods are followed. There are many 
reasons for requiring the engineer’s approval, as in this specifica- 
tion. Overheating certain aggregates injures them. Neglect to 
provide moisture as well as heat in enclosed spaces weakens the 
concrete by too rapid drying. Fresh concrete that is set will not 
continue to harden if too cold. Ignorance of this fact may lead 
to too early removal of forms. The use of salt in the mixing 
water is apt to be injurious and is to be condemned. No chemical 
anti-freeze mixture should be used without the most searching 
investigation of its effects on all the important qualities of con- 


1 The Portland Cement Association publishes a very good pamphlet on 
“Concrete Work in Cold Weather.” 
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crete. The advantages of the new alumina cements for cold 
weather concreting have already been pointed out. 

At the present time there is a large amount of concrete work 
done in the winter, resulting in large savings of the waste hitherto 
inherent in the industry when carried on as a seasonal occupation. 


(v1) “ Depositing Continuously. Concrete shall be deposited continuously 
and as rapidly as practicable until the unit of operation, approved by the 
Engineer, is completed - - - .” 

(j) “‘ Bonding. Before depositing new concrete on or against concrete 
which has set, the forms shall be retightened, the surface of the set concrete 
shall be roughened as required by the Engineer, thoroughly cleaned of foreign 
matter and laitance, and saturated with water. The new concrete placed in 
contact with hardened or partly hardened concrete, shall contain an excess of 
mortar to insure bond.! To insure this excess mortar at the juncture of the 
hardened and the newly deposited concrete, the cleaned and saturated sur- 
faces of the hardened concrete, including vertical and inclined surfaces, shall 
first be slushed with a coating of neat cement grout against which the new 
concrete shall be placed before the grout has attained its initial set.” 


25. Depositing Under Water.? (Arts. 47-52, Joint Committee.) 


(a) “General. The methods, equipment, and materials to be used shall 
be submitted to and be approved by the Engineer before the work is started. 
Concrete shall be deposited by a method that will prevent the washing of the 
cement from the mixture, minimize the formation of laitance, and avoid flow 
of water until the concrete has fully hardened. Concrete shall be placed so 
as to minimize segregation of materials. Concrete shall not be placed in 
water having a temperature below 35° Fahr.” 

(b) ‘ Proportions. Concrete to be deposited under water shall contain 
12 bbl. (7 bags) or more of Portland cement per cubic yard of concrete in place.”’ 

(c) ‘“ Coffer-dams. Coffer-dams shall be sufficiently tight to prevent flow 
of water through the space in which the concrete is to be deposited. Pumping 
will not be permitted while concrete is being deposited nor until it has fully 
hardened.” 


1 Even so the joint is a plane of weakness, particularly as regards water- 
tightness. 

2 “ Concrete should not be deposited under water if practicable to deposit 
in air. There is always uncertainty as to results obtained from placing 
concrete under water. Where conditions permit, the additional expense and 
delay of avoiding this method will be warranted. It is especially important 
that the aggregate be free from loam and other material which may cause 
laitance. Washed aggregates are preferable. Coarse aggregate consisting 
of washed gravel of a somewhat smaller size than that used in open-air con- 
crete work will give best results. Concrete should never be deposited under 
water without experienced supervision. Many failures, especially of struc- 
tures in sea water, can be traced directly to ignorance of proper methods or 
lack of expert supervision.” (Joint Committee.) 
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(d) “ Depositing Continuously. Concrete shall be deposited continuously, 
keeping the top surface as nearly level as possible, until it is brought above the 
water, or to the required height. The work shall be carried on with sufficient 
rapidity to prevent the formation of layers.” 

(e) “ Method. The following methods” are used for depositing concrete 
under water: 

“ Tremie. The tremie shall be water-tight and sufficiently large to permit 
a free flow of concrete. It shall be kept filled! at all times during depositing. 
The concrete shall be discharged and spread by raising the tremie in such 
manner as to maintain as nearly as practicable a uniform flow and avoid 
dropping the concrete through water. If the charge is lost during depositing 
the tremie shall be withdrawn and refilled.” 

“ Drop-bottom Bucket. The bucket shall be of a type that cannot be dumped 
until it rests on the surface upon which the concrete is to be deposited. The 
bottom doors when tripped shall open freely downward and outward. The 
top of the bucket shall be open. The bucket shall be completely filled, and 
slowly lowered to avoid back-wash. When discharged, the bucket shall be 
withdrawn slowly until well above the concrete.” 

“ Bags. Bags of jute or other coarse cloth shall be filled about two-thirds 
(2) full of concrete and carefully placed by hand in a header-and-stretcher 
system so that the whole mass is interlocked.” 

(f) ‘ Laitance. Great care shall be exercised to disturb the concrete as 
little as possible when it is being deposited in order to avoid the formation of 
laitance. On completing a section of concrete, the laitance shall be entirely 
removed before work is resumed.” 


26. Placing Reinforcement. It is of the greatest importance 
that reinforcing bars be accurately placed and held securely so 
that they will not be dislodged by the rough treatment neces- 
sarily incident to the placing of the concrete. An error of 1 inch 
in the vertical position of slab steel may easily double the stresses 
and result in serious cracking. Small errors in the location of 
beam reinforcement may cause large increases over the figured 
stresses. 

Conservative engineers are more and more specifying the use 
of some approved type of bar support, several varieties of which 
are on the market. The best of these devices hold the steel 
securely at the proper distance from the forms with proper spacing 
and clearances. A common method for supporting slab steel is 
to place the bars on precast concrete blocks of the right height. 


1 “ The tremie may be filled by one of the following methods: (1) Place the 
lower end in a box partly filled with concrete, so as to seal the bottom, then 
lower into position; (2) plug the tremie with cloth sacks or other material, 
which will be forced down as the pipe is filled with concrete; (3) plug the end 
of the tremie with cloth sacks filled with concrete.’ (Joint Committee.) 
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These blocks are not so good as some of the patented supports 
but are satisfactory for much work. Beam steel may be sup- 
ported from the bottom of the forms or it may be hung in the 
stirrups by means of light bars, called loop bars, which run under 
the hooks of the stirrups and are supported from the slab forms. 

Vertical steel in columns and walls usually requires temporary 
support at the top to keep it in correct alignment during pouring. 
In the design of such vertical steel consideration should be paid 
to its need for stiffness in supporting itself before and during the 
placing of the concrete. 

Usually, where it is possible, reinforcement is made up into units 
before placing in the forms. This can almost always be done with 
column steel and usually with beam steel. Where a large amount 
of negative reinforcement (that is, reinforcement extending over the 
supports in the top of continuous beams) interlaces with column 
hooping it must be placed piece by piece. Slab steel can seldom 
be handled by units. Loose negative reinforcement, that. is, 
straight top bars not connected with those in the bottom of the 
slab, must often be placed during pouring. However, this should 
be done only under careful and experienced supervision. Such 
top bars can usually be made up into units with the spacer bars 
(often called temperature reinforcement) and this is advisable 
because a unit is less likely to be pushed too deeply into the con- 
crete than are separate rods. 

Near cities and on large jobs in almost any location the bending 
of the reinforcement is usually done in the yard or shop of the 
reinforcing contractor and the steel is delivered on the job in 
bundles all bent and tagged. When it is bent on the job it should 
be done in a field shop and not in place. 

27. Durability of Concrete and Reinforced Concrete.! The 
durability of concrete is manifestly of primary importance. Time 
has proved that when made from good materials, properly pro- 
portioned, mixed, placed and cured, concrete is well nigh ever- 
lasting, even under conditions of severe climatic exposure. Dura- 
bility means, however, not only inherent permanence and resist- 
ance to weathering but also resistance to wear and to the chemical 
attack of substances that may in any manner be brought in con- 
tact with the concrete. 


1 See paper by Prof. A. H. White, “‘ Cause of Disintegration of Concrete ” 
in the Canadian Engineer, Oct. 6, 1925. 
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If a surface is to be exposed to wear the concrete must be of 
hard aggregate, carefully proportioned for great density and 
strength, and kept warm and moist for a curing period of from 10 
days to three weeks. Certain applied concrete hardeners may be 
advantageous here. They will accomplish little that may not 
be done without them but their use may prove economical. 

Good Portland cement concrete exposed to the action of sea 
water in general remains unaffected when protected from abrasion. 
Permeable concrete may disintegrate badly, especially in the 
parts lying between low and high water, this action being much 
more rapid when frost action aids the destruction. Waters 
charged with alkalis of the sulphate type, such as are common in 
many regions of Western North America, cause serious disinte- 
gration of Portland cement concrete even when it is of the best 
quality. Alkalis of the carbonate and chloride types are far less 
destructive. Accordingly alkali ground waters must be kept from 
contact with concrete if it is to endure. Thorough drainage and 
the use of waterproof coatings are beneficial here. Rich mixes 
should be used; the Joint Committee specifies that for Portland 
cement concrete exposed to sea water between tide levels or ex- 
posed to alkali water, a minimum of 7 bags of cement be used for 
each cubic yard of concrete. Concretes made with the new quick- 
hardening high alumina cements are not attacked by sea water 
or alkalis. 

Concrete reinforced with steel is far more susceptible to deterio- 
ration by weather and the action of sea water and alkali than plain 
concrete because of the destructive effects that follow the corrosion 
of improperly protected reinforcement. Steel increases in volume 
when it corrodes and cracks or splits off the concrete covering 
with consequent increase in the rate of destruction. If the steel 
is embedded a sufficient distance in concrete of good quality, as 
provided by the usual rules, it is secure against corrosion. For 
structural members in sea water, the reinforcement is required by 
the Joint Committee to be at least 3 inches from the surface except 
at corners where 4 inches is prescribed. Somewhat less protection 
is required for alkali exposure. For ordinary construction the 
Joint Committee specifies: 

“ Metal reinforcement in wall footings and column footings shall have a 
minimum covering of 3 in. of concrete. At surfaces of concrete exposed to 


the weather, metal reinforcement shall be protected by not less than 2 in. of 
concrete.” (Art. 67.) 


WATERPROOFING 4l 


Concrete is often used where it is exposed to the action of oils, 
of sewage or of various chemicals. The effect of all such liquids, 
must be carefully considered and suitable protective measures 
adopted when needed. 

Concrete made from most of the usual types of aggregates is an 
excellent fire-resistive and fireproofing material, the rate of ther- 
mal conductivity being so low that properly covered steel is 
thoroughly protected. A certain amount of spalling and surface 
calcination is inevitable in a severe fire but properly made with 

_ proper materials a reinforced concrete structure should stand an 
ordinary fire without material structural damage. For fire- 
proofing cover the Joint Committee specifies: 

“Metal reinforcement in fire-resistive construction shall be protected by 
not less than 1 in. of concrete in slabs and walls, and not less than 2 in. in 
beams, girders, and columns, provided aggregate showing an expansion not 
materially greater than that of limestone or trap-rock is used; when imprac- 
ticable to obtain aggregate of this grade the protective covering shall be 1 in. 
thicker and shall be reinforced with metal mesh, having openings not exceed- 


ing 3 in., placed 1 in. from the finished surface.”’ 


“Tn structures where the fire hazard is limited, the metal reinforcement 


shali not be placed nearer the exposed surface than # in. in slabs and walls, 


or 14 in. in beams, girders, and columns.” (Art. 68.) 


It should be noted that common practice is that indicated by the 
second paragraph quoted. 

The corrosion of steel reinforcement by electrolytic action 
occasionally takes place but in general no special precautions 
need to be taken on this account.! It is worthy of note that the 
use of salt in the mixing water increases the conductivity of con- 
crete and enormously increases electrolytic action when it takes 
place. Stray electric currents are rarely a source of trouble 
except in structures in contact with sea water. 

Another source of damage to concrete is the percolation of 
water. Accordingly means should be taken to prevent this by 
proper drainage and waterproofing, being careful to avoid any 
arrangement that permits accumulation of water. 

28. Waterproofing. It is perfectly possible to make concrete 
water-tight up to heads of 70 feet or more provided cracks do not 
develop due to stress, temperature or to the opening up of con- 
struction joints. Structures below ground are relatively little 


1 Technologic Papers of the Bureau of Standards, No. 18, “Electrolysis 
in Concrete.” 
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affected by temperature but those exposed to the weather are very 
_likely to develop leaks through construction joints no matter how 
well these joints are made. Continuous metal dams across such 
joints are probably the best means for minimizing this difficulty. 
Stress cracks can be lessened by reducing the stresses. In rein- 
forcing water-tight work it is particularly important that steel be 
used wherever bending would tend to cause tension and hence 
cracks, whether the steel is needed for stability or not. 

The following directions for obtaining water-tight concrete are 
given by the Portland Cement Association: 


1. All portions of the structure should be strong enough to resist the head 
of water, either internal or external, to which the concrete may be subjected. 

2. Use clean, well graded aggregates. 

3. Use a relatively rich mixture, such asa 1:2: 3, or 1: 13:3. 

4. Use the minimum amount of mixing water that will give a workable, 
plastic consistency; not over 6 gallons per sack of cement. 

5. Mix the concrete at least 14 minutes after all materials are in the mixer. 

6. Place the concrete carefully in layers 6 to 12 inches deep, spading or 
rodding it thoroughly to prevent the formation of stone pockets or voids. 

7. If possible place the concrete in one continuous operation to avoid 
construction joints. If placing is interrupted, be sure to get a good bond 
between the fresh concrete and that placed previously. 

8. Keep the concrete warm and damp for the first ten days. 


“ Concrete Data for Engineers and Architects.” 


However, waterproof concrete is more expensive to manufacture 
and place than ordinary commercial concrete and it is often 
cheaper to apply a waterproofing to ordinary concrete than to 
make better concrete. 

There are two main types or methods for waterproofing con- 
crete: integral and applied. Integral waterproofing consists in 
introducing some substance into the mix to make the concrete 
denser with fewer voids for the percolation of water, or to in- 
corporate some material which is water-repelling. For example, 
clay makes a lean concrete less permeable by reducing the voids 
but it does not add to strength. It is doubtful if any product 
will reduce the voids of a rich mix. There is doubt concerning 
the permanency of many of the water-repelling substances. Some 
of them reduce strength. In many cases additional cement is 
the best and cheapest integral waterproofing excepting perhaps 
hydrated lime which makes the mix “ fatter,” that is, lubricates 
it so that it is more readily compacted into a dense mass, 
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The other type, applied waterproofing, is made up of pore 
fillers, plasters and membranes. The pore fillers are less used 
than formerly except for damp-proofing. Some of the floor 
hardeners and certain proprietary paints and compounds are 
undoubtedly effective for this purpose. 

The plaster type of waterproofing is somewhat of a cross between 
the integral and the applied types. A cement plaster made with 
an integral waterproofing agent is applied to the inside surface 
of walls and floors in thicknesses usually from % inch to 1 inch, 
forming a satisfactory finish for plastered walls or wearing surface 
for floors. It is largely and effectively used in basements and pits. 

All of the foregoing methods are ineffective however in prevent- 
ing leakage through cracks. For the standpipe type of structure 
or any other which is liable to cracks there remains only the mem- 
brane waterproofing. This is built up of fabric and asphalt or 
tar in manner similar to roofing and is somewhat flexible. The 
membrane must be: protected from abrasion by a heavy concrete 
or brick covering and so it is very difficult to repair. It is much 
more expensive than any other mode of waterproofing. While a 
plaster surface cracks with the concrete it is very easy to repair 
and the leaks are of course very easily found. 

Whatever the method of waterproofing used the protection must 
form a continuous surface around pits under boilers and so on, 
and the concrete must be structurally sufficient to resist all stresses 
due to water pressure. 

29. Strength of Concrete. The strength of concrete is very 
variable, depending on many factors, and it requires skilled 
workmanship and control to secure even reasonable uniformity in 
quality. Average values for the 28-day compressive strength for 
. various mixes are given in Article 18. This table gives results 
to be expected with specimens made and stored in accordance 
with standard laboratory practice. A test piece obtained by 
drilling a core from the concrete in place on the job should not 
be expected to give as great strength. In comparing test results 
it is important to note whether the test specimen was a cube 
or a cylinder since cubes show materially higher strength than 
cylinders on account of the lack of opportunity for free fracture 
along the inclined planes of maximum shear." 


1 See Bulletin 16, Structural Materials Research Laboratory, Lewis In- 
stitute, Chicago. 
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The tensile strength of concrete is small, averaging about 10 
per cent of the compressive strength. It is common to neglect 
it in design. The shearing strength is approximately 60 per cent 
to 80 per cent of the compressive strength. 

Working stresses for design are generally expressed as percent- 
ages of the 28-day compressive strength of cylinders. At this 
time the concrete has attained approximately two-thirds of the 
strength it will have at six months and about one-half of that at 
three years. Working stresses 25 per cent higher than those used 
in design for concrete 28 days old are usual for computing the safe 
loads for old structures and in designing for future additions. 
The average strength to be expected from various mixes and the 
classes of construction where they are employed may be roughly 
summarized as follows: 


1 2 3000-3300#/sq. in. | Reinforced columns. 


fas 
= 
lH 
(cx) 


2500-2800#/sq. in. | Reinforced columns and _ highly 
stressed members. 


1:2:4 2000-2200#/sq. in. | The standard mixture for reinforced 
concrete slabs, beams, columns, 
bridges, arches, and ordinary water- 


tight work. 

iP oeEs Bis 1600-18004/sq. in. | Foundation walls, plain concrete, re- 
taining walls, piers, abutments, 
machine foundations. 

Hobs) 2 (Gl ce 1300-14004/sq. in. | Unimportant mass work. 


30. Elastic Properties of Concrete and Steel. Concrete is not 
an elastic material, strain increasing faster than stress from the 
very first and permanent deformation occurring under low stress. 
On the average the stress-strain curve in compression may be 
taken as approximately a parabola with vertex at the point of 
ultimate strength and axis vertical, stress being plotted vertically 
and strain horizontally. Within the range of working stresses 
this curve does not deviate greatly from a straight line and it is 
universally the custom to assume that the modulus of elasticity 
is a constant for working stress conditions, The values of the 
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modulus given by different authorities differ greatly, 3,000,000 
pounds per square inch being perhaps the most accepted average 
for ordinary 1-2-4 concrete at 28 days. As the concrete ages it 
gets harder and stiffer and the modulus increases. In design 
computations a lower value than the actual is used for reasons that 
will appear in the discussion of the mechanics of reinforced con- 
crete. The Joint Committee recommendations for the design 
modulus are given in Appendix B. Alumina cement concrete has 
a considerably higher modulus than Portland cement concrete of 
the same proportions. 

Strictly speaking there is no elastic limit for concrete. The 
term is often used inexactly however to indicate the limit of stress 
that may be applied repeatedly without causing increase in 
permanent deformation. This limit is about 50 per cent of the 
ultimate; loads beyond this limit and below the static ultimate 
when applied repeatedly, cause continually:t increasing deformation, 
and, finally, rupture. 

The modulus of elasticity of steel is taken as 30,000,000 pounds 
per square inch for all grades of steel in all computations of rein- 
forced concrete. This value is slightly higher than the average 
given by tests. 


Problem 4. (a) A certain concrete has an ultimate compressive strength 
of 2200 Ibs./sq. in. with a corresponding strain of 0.0018. Compute the value 
of the modulus of elasticity for a stress of 700 lbs./sq. in. This modulus is 
the slope of the chord connecting the given stress with the origin and is called 
the secant modulus. 

(6) Compute the value of the initial modulus (that is, the slope of the tan- 
gent to the curve at the origin or point of zero stress) for this concrete. 

Answers. (a) 2,260,000 Ibs./sq. in. (6b) 2,440,000 
Ibs./sq. in. Note: Facility in the use of the parabola 
is best gained by discarding the classic equation y”? = 
4 px and substituting (see Fig. 7), 


O71 3 Ob == D2 : D? 
which may be better expressed in words, using the 


terminology of the surveyor: “ offsets vary as the 
squares of the distances.” 


31. Contraction and Expansion of Reinforced Concrete. On 
hardening in air concrete shrinks about 0.0005 of its length due 
apparently to the drying out. Hardened in water it expands 
slightly but if later removed from water it shrinks nearly the same 
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as though originally hardened in the air. In consequence of this 
shrinking compressive stresses are set up in any embedded steel 
which are generally ignored so far as the principal reinforcement 
is concerned. When any mass of concrete is not free to contract 
on shrinking or with temperature fall it becomes necessary to 
provide reinforcement to compel the formation of many small 
cracks in place of a few large ones. For this purpose small de- 
formed rods of high carbon steel with a cross-sectional area of 
0.002 to 0.005 of that of the concrete are conservatively used. 
“ Expansion from a rise of temperature rarely causes trouble 
except at angles where the lengthening of the surface may produce 
a buckling.” The coefficient of expansion for concrete has an 
average value of about 0.000006 per degree Fahrenheit. The 
1924 Joint Committee recommends the use of 0.5 per cent of steel 
to prevent the opening of construction joints. (Article 72.) 

32. Coefficient of Expansion. Steel and concrete change in 
length with temperature variations very nearly the same amount 
so that there is practically no stress set up on this account tending 
to break the bond between the two materials. The coefficient of 
expansion for steel is 0.0000065 per degree Fahrenheit. 

33. Bond between Concrete and Steel. It would be impossible 
to reinforce concrete with steel rods but for the adhesion of the 
concrete to the steel so that there is no slipping between the two 
materials as the combined member deforms under load. In 
design care must be taken that there is no excessive tendency for 
the steel to slip from the grip of the surrounding concrete since in 
general a small movement will result directly or indirectly in the 
destruction or serious damage of the piece. This bond, or resist- 
ance to sliding, is of two kinds: an adhesion between the two 
materials and a sliding resistance that develops after the adhesion 
is broken and movement begins. Tests made at the Structural 
Materials Research Laboratory! by pulling out ordinary plain 
round rods from 8 inch by 8 inch concrete cylinders of different 
ages, where the only resistance to the pull was the force de- 
veloped by bond on the surface of the rod, showed that there was 
no slip until the bond stress reached an average value of about 10 
per cent to 15 per cent of the compressive strength of the concrete, 
and that the maximum bond resistance, reached when the slip 


1 Reported in Bulletin 17, “ Studies of Bond between Concrete and Steel,” 
by Duff A. Abrams. 


WEIGHT OF REINFORCED CONCRETE 47 


was about 0.01 inch, equalled approximately 24 per cent of the 
concrete strength. Earlier tests made at the University of Illinois! 
showed that square bars give results about 75 per cent of those 
obtained with plain round bars. The same series of tests proved 
that deformed bars begin to slip at about the same bond stress as 
plain rounds and that the resistance to sliding offered by the 
bearing of the projecting lugs on the concrete, while considerably 
larger than that for the plain bars, does not become effective until 
a considerable slip has occurred. “ The large slip and the high 
bearing stresses developed in the later stages of the tests show the 
absurdity of seriously considering the extremely high values that 
are usually reported to be the true bond resistance of many types 
of deformed bars.’”’ The reputed value of square twisted bars as 
offering high bond resistance was also denied by these tests, these 
bars showing lower bond stresses at small slips than the rounds 
and developing high resistance only at extremely large slips. 
“The use of deformed bars of proper design may be expected to 
guard against local deficiencies in bond resistance due to poor 
workmanship and their presence may properly be considered as 
an additional safeguard against ultimate failure by bond. How- 
ever it does not seem wise to place the working bond stress for 
deformed bars higher than that used for plain bars.”’ 

34. Weight of Reinforced Concrete. It is usually specified 
that the weight of reinforced concrete shall be assumed at 150 
pounds per cubic foot. Several important building codes allow 
the more convenient figure of 144 pounds per cubic foot which is 
perhaps somewhat lighter than the average reinforced concrete. 


1 Bulletin 71, “‘ Tests of Bond between Concrete and Steel,” also by Duff 
A. Abrams. 
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35. Since concrete is manufactured in a plastic or semi-fluid 
state, it must of necessity be confined in a mould or form until it 
has set or hardened sufficiently to hold its shape and in many cases 
support its own weight. Under certain circumstances forms may 
be omitted. Such cases are the bottoms of foundations and ground 
floors and sometimes the sides of footings or walls. This ordinarily 
means that an earth surface acts as a form. Forms represent 10 
to 25 per cent of the final cost of a concrete structure. This cost 
may vary considerably with design, and therefore forms must be 
considered by the designer although their detailed layout is 
commonly left to the contractor or field engineer. 

36. Requirements. The first essential of forms is that they 
must be carefully built to the required dimensions and made of 
sufficient strength to hold their shape and alignment under the 
load of the wet concrete and any construction loads which may 
come upon them. They must also be sufficiently tight to prevent 
the escape of water, for escaping water carries with it much of 
the finest and most effective cement. A second essential is that 
they be designed to facilitate as far as possible easy removal. 

The requirements of the finished concrete surface must often 
be considered. Forms for footings or other substructure work 
may be of the roughest construction. Forms for ordinary building 
work must be of dressed stock to give a satisfactory appearance. 
For ornamental work, cornices, etc., the forms must be built with 
great care and the outlines should be designed with a view to 
reasonable construction. Offsets in mouldings should be % inch, 
1} inch or some other stock lumber size, no offsets less than 2 
inch being practical in ordinary commercial construction. It 
should be remembered that sharp corners are always liable to 
spalling when forms are stripped. This is one of the reasons why 
triangular fillets are usually used at all corners of beams and col- 
umns. Construction joints are seldom completely obliterated, so 
they should be made where they will show the least, or located 
with a view to symmetry. 
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: Courtesy Blaw-Knoz Co., Pittsburgh, Pa. 


PLATE II 


StrreL Cotumn ForM 


This illustration shows a steel form for a typical round column as used in 
flat slab construction. It also shows posts for slab forms with levelling 


wedges at the bottom. (49) 
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37. Materials. Wood is still the most common form material, 
spruce and pine being most used. (See Plates H-V.) Certain 
woods, notably hemlock, are unsuitable for nice work because 
they stain the concrete. Partially seasoned stock is usually used, 
for fully dried lumber swells too much when wet. For all except 
substructure work lumber should always be planed on at least 
one face and one edge, and usually it is dressed on all four sides. 

Steel forms for concrete have a considerable and perhaps growing 
use. They are more expensive in first cost than wood, but more 
substantial for rehandling, so that if steel forms can be used 
enough times, they are cheaper than wood. Steel gives a smoother 
concrete surface than wood, without board marks, but the joints 
of the panels show in the finished work. Steel is used generally 
for concrete chimney forms, for circular columns and flat slab 
column capitals. It is also used for slab-forms both in the shape 
of domes and pans for ribbed floors and in panels, sometimes rein- 
forced with wood ribs, for plain slabs and walls. 

Plaster and glue forms are used for ornamental work, usually 
the province of the architect rather than the engineer. Outlines 
so elaborate as to require such special forms should be designed 
in consultation with someone experienced in special form work. 

38. Design. Concrete forms are usually built by rule of thumb, 
although experience has shown that careful designing saves money 
on a good sized job. In computing the size of form members re- 
quired for strength, account must be taken of the fact that con- 
crete will exert a hydrostatic head of about 125 pounds a cubic 
foot until set. The capacity of the concrete plant must be known 
therefore to design forms, since they must be figured for a head 
equal to the depth which will be poured during the time of initial 
set. It is not common practice to design ordinary concrete mem- 
bers for the use of stock widths of lumber although there would 
seem to be economy in so doing for many jobs. 

39. Construction. Building a form for concrete is just the 
opposite of the older carpentry problems, for it is building outside 
a surface instead of inside. The ordinary concrete form is a sur- 
face of boards, plank, or steel plate supported by joists and posts 
with the neeessary braces. 

Posts and braces are usually adjusted to length with a pair 
of wedges. (See Plate II.) This allows the strain to be taken 
off for removal. There are three steps in the use and cost of a 
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WOAG'F~4 
Courtesy Aberthaw Construction Co., Boston, Mass. 


PLATE III 


Woop Forms 


In the lower portion of this plate are shown form panels as made up in the 
shop on the job ready for erection. In the background some forms are in 
place. Note the posts left in place under the beams of floors which have 
already been stripped. 
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concrete form: making, erecting and removing. The making, 
including material, is the most’ expensive step; consequently, 
economy is effected by reusing as many times as possible. To 
facilitate this, forms are usually made up in panels of convenient 
sizes. Beams and column sides and beam bottoms are usually 
. single panels, and slab forms are divided into'panels of a convenient 
size for handling. ~(See Plates III and IV.) Where there is little 
chance for reuse and large plane surfaces are to be formed, it is 
sometimes cheaper to build forms like an ordinary joist floor. 
To improve surfaces, prevent absorption and facilitate removal, 
a coating of mineral oil is sometimes used on form surfaces of the 
better grade that are to be 5 
reused. Column and wall 
forms should have clean- 
out doors in the base so 
that all shavings and other 
débris in the bottom of the 
forms may be removed be- 
fore pouring concrete. 
The time that forms 
must remain in place will 
vary with the kind of the 
members, the weather and na ae Ce ee 7 ae pes 
the character of the con- Prats 
crete. The minimum time 
will vary from 48 hours for walls and columns to 7 days for slabs 
and 10 days for beams at a standard 70 degree average setting 
temperature. This time should be increased if members are car- 
rying load beside their own weight. Lower temperature delays 
setting. Figure 8 gives an idea of the time of setting at different 
temperatures compared with the time required at 70 degrees. The 
time forms remain in place should be at least that required for 
normal 70 degree set increased by the ratio of setting time at the 
average temperature to the setting time at 70 degrees, the time 
when the temperature is below 40 degrees not being considered. 
It is sometimes desirable to leave forms in place to prevent pre- 
mature drying of the concrete. 
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Courtesy Blaw-Knox Co,, Pittsburgh, Pa. 


,PLATE IV, 
Stas Forms 


In the foreground is the top of a column form like that in Plate II. The 
slab forms shown are of steel plate except those for the dropped panel around 
the column, which are wood. The wooden rail at the left is to support a run- 
way on which to distribute concrete on the floor. 


Courtesy Aberthaw Construction Co., Boston, Mass. 


PLATE V 
BreaM AND CoLuMN Forms 


Wooden forms for exterior columns and spandrel beams are here shown in 
place, also some reinforcing for a two-way flat slab. (53) 


CHAPTER VI 
BEAMS 


40. The ordinary formulas used for steel and timber beams 
apply only to members of homogeneous material and accordingly 
are not directly applicable to composite beams of steel and con- 
crete. The special formulas which have been devised for rein- 
forced concrete are numerous and somewhat complicated but 
simple of solution with the help of the charts and tables in common 
use. Unfortunately the beginner finds them a serious obstacle 
as he attempts to get an understanding of the few basic principles 
of reinforced concrete design and he often falls into the fatal habit 
of using them blindly. More unfortunately still, he often be- 
comes dependent upon formulas and incapable of solving problems 
without a list of them at hand. It is to his advantage, therefore, 
to master the fundamental principles of composite beams before 
attempting to use, or even to derive these special formulas, with 
their involved notation, and before attacking problems that 
bring in the confusing details of actual design. This is easily done 
since nearly all problems of stress in reinforced concrete members 
may be solved by the ordinary methods made familiar to the 
student by his study of structural pieces of homogeneous material, 
methods and formulas being made applicable by transforming 
the steel-concrete section into its equivalent in the one material, 
concrete. Anyone who has mastered the method of the “ trans- 
formed section ” not only understands the derivation and use of 
the standard reinforced concrete formulas but also is independent 
of them and their necessary accompaniments, tables and plots, 
an independence conducive to self-confidence and often very 
desirable in emergencies. This process is fully illustrated in the 
succeeding articles. In the examples given it should be noted that 
all practical considerations, such as choice and spacing of bars, are 
ignored in order that attention may be centered on the principles 
involved. Experience has shown that it is important that the 
student avoid raising such questions during this preliminary 
study. 
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41. Kinds of Reinforced Concrete Members. Every struc- 
tural member of reinforced concrete belongs to one of three classes: 
beams,’ subject only to bending, caused by loads that act perpen- 
dicular to the longitudinal axis, or by applied couples or by both 
transverse loading and applied couples; compression members, 
carrying loads whose lines of action coincide with the longitudinal 
axis and which cause uniform compression on any section normal 
to that axis; members subject to both direct compression and 
bending. Since the concrete of a purely tension member does not 
assist in carrying the load such a piece cannot logically be said 
to be one of reinforced concrete. 

42. Beams of Homogeneous Material. The relation that 
exists between the internal fiber stresses of a homogeneous rect- 
angular beam and the external forces may be found in the follow- 
ing manner.? Consider the end supported beam AB (Fig. 9a-b) 
shown for convenience in a horizontal position, with the known 
external forces acting perpendicular to the longitudinal axis and 
in the plane of the vertical axis, thus ensuring bending alone, 
without direct stress or torsion. The beam‘as a whole is at rest 
under the action of the outer forces. Therefore the portion of 
the beam to the left of the plane section mn (Fig. 9c) is also in 
equilibrium, the balanced system of forces acting thereon being 
the external forces applied to that part of the beam and the in- 
ternal fiber stresses exerted on it by the part of the beam to the 
right of mn. Considering each of these forces to be represented 
by its resultant, this force system is co-planar and the conditions 
of equilibrium for such a system give certain information regarding 
the unknown fiber stresses. The condition ZY = 0 shows that 
the total shearing stress along mn (V in Fig. 9c) equals the result- 
ant of the external forces to the left of the section, that is, the 
internal shear equals the external shear. The condition 2M = 0 
(taking moments about any point in the plane mn) shows that 


1 The strict limitation of the term “‘ beam” adopted in this text is not in 
accordance with everyday usage which applies the word loosely to any member 
whose loading is either largely or entirely transverse. The strict usage is 
desirable for clearness of analysis. 

2 For a general and rigorous derivation of the common beam theory the 
reader is referred to the standard texts on strength of materials. The purpose 
here is to review important principles and emphasize the main points of the 
argument. ; 
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there must be a counter-clockwise moment acting on this part of 
the beam to counterbalance the clockwise moment of the external 


(c) (d) (e) 


T 2 Unloaded position T 2 


f 


Rae 
Neutral Plune 


x 


Fie. 9 


forces. Since only the horizontal (or 
X) components of fiber stress can 
have moment about a point in plane (h) 

mn this counter-clockwise moment 

must be that of a compressive and a tensile force, represented 
by C and T respectively in Fig. 9c. Since =X = 0 these two 
forces must be equal (C = T) and the moment of the internal 
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fiber stresses is, accordingly, a couple, equal to C-a or T-a 
where a is the arm of the couple, the distance between the 
resultant compression and resultant tension. This couple is the 
resisting moment (1/7 R), equal in value and opposite in direction 
to the external bending moment (BM), at the section. 

Having gained all the information possible from the principles 
of statics, resource next must be had to direct observation of the 
actual beam under load, the loaded and unloaded positions being 
represented in Fig. 9f, with the deflection greatly exaggerated. 
Careful measurements show that any normal section, such as 1 
or 2, is practically a plane section in the loaded as well as in the 
unloaded beam. Examination of the positions taken by these 
two planes in the bent beam shows that one horizontal fiber ex- 
tending from section to section remains unchanged in length and 
that the fibers above are all shortened and those below lengthened. 
Therefore the amount of the deformation in any fiber varies di- 
rectly with its vertical distance fromthe fiber which remains un- 
changed in length (Fig. 9g). This makes possible the drawing of 
the strain diagram for the fibers at the section mn (Fig. 9d) which 
will be a continuous straight line crossing the section at an 
unknown distance (x) from the top. 

Experiment has also shown that within the elastic limit of the 
material there is a fixed relation between strain and stress, that 
stress (pounds per square inch) 

strain (inches per inch) 
of elasticity (pounds per square inch) or in the usual notation 


= a constant named the modulus 


a f . It is also true that for timber and steel the modulus of 
e 


elasticity in compression may be taken as equal to that in tension. 
It is now possible to draw the stress diagram (Fig. 9¢) each ab- 
scissa of the strain curve being multiplied by EH to obtain that of 
the stress diagram with the result that it also is a straight line 
(bcd). The compressive fiber stress on the section, therefore, is 
represented by the solid seen in side elevation as abe (compare 
Fig. 9h) and the tensile force by that projected as cde. Since the 
total compression equals the total tension, area abc = area dce. 


Since the angles at c are equal ab = de and x = ac = ce = 53 


or, in words, the maximum unit compressive stress equals the 
maximum unit tensile stress and the neutral fiber is at mid- 
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depth. This is a very important fact to keep in mind; that the 
neutral axis (which is the trace of the neutral plane with the plane 
of a right section) passes through the center of gravity (or cen- 
troid) of the cross-section. The resultant compression and the 
resultant tension evidently act through the centroids of the tri- 
angles by which they are respectively represented and the lever 
arm of the resisting moment couple equals 


h. 


colto 


a= 


The total compression equals the average compressive unit stress 
multiplied by the area over which the compression acts; thus 


C=T=3fXdX4th 


and the resisting moment equals 


2h 


MR = C ta = Bog Sst xt Xx eh 3 


= § fol’, 


which is the familiar expression derived by substituting the values 
for a rectangular cross-section in the general form of the relation, 
ey 
C 

The moment of resistance (the couple formed by the internal 
fiber stresses) developed at any section of a beam equals the bend- 
ing moment (the moment of the external forces acting on the 
beam to the right or to the left of the section) at that section, and 
so the expression 


BM = MR = 1 foh? 


gives a direct relation between the maximum fiber stress in a beam 
and the external loads, making it possible to proportion and in- 
vestigate rectangular homogeneous beams so far as normal stress 
is concerned. The problem of shearing stress will be studied 
later. 

43. Beams of Reinforced Concrete. A beam of plain concrete 
breaks under very small load on account of the weakness of the 
concrete in tension. Reinforced with steel rods as shown in 
Fig. 10 it will carry much more, the concrete cracking at the 
same load as though unreinforced but failure being prevented by 
the steel. These cracks usually appear somewhat as shown in 
the figure, inclined more and more toward the end of the beam. 
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Each crack is approximately normal to the lines of maximum 
tension in its portion of the beam, and it is this inclined tension 
that causes the crack. A large increase of load is possible if rods 
are placed crossing those sections where a failure might occur, 
as sketched in Fig. 276. The problem of designing such web 
reinforcement is considered in a later section: at present the dis- 
cussion is limited to the main tension steel. 

An expression for the moment of resistance of a rectangular 
reinforced concrete beam can be derived following the general 
argument of the last article. It is customary to make two pre- 
liminary assumptions: that initial stresses set up by the shrinkage 
of the concrete are negligible and that the concrete carries no 


Elevation: Showing cracks that oceur under load 


Fig. 10 


tension. The latter is not strictly true as the concrete plainly will 
resist tension for a small distance below the neutral plane, where 
the elongation is not so large as to cause cracking, but it is on the 
side of safety and simplicity to make the assumption. 

Consider the portion of a rectangular reinforced concrete beam 
to the left of any section mn such as that shown for a homogeneous 
beam in Fig. 9c. The resisting moment is considered to be sup- 
plied by the compression in the concrete and the tension in the 
steel since the tension in the concrete is neglected. As a plane 
section before bending remains plane after bending, the strain 
diagram is a straight line as before (Fig. llc), the neutral fiber 
being an unknown distance x from the compressive face of the 
beam. To obtain the stress diagram (Fig. 11d) each abscissa of 
the strain curve above the neutral axis is multiplied by E,, the 
modulus of elasticity for the concrete (assumed to be constant), 
giving the line ab, and the strain at the level of the steel, e, is 
multiplied by E,, the modulus for steel, giving the abscissa ec =f,, 
the thickness of the layer of steel being neglected. As in the case 
of the homogeneous beam, the total compression may be indicated 
as C = $f,bx acting at a distance = from the compression face, 


3 
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The total tension is f,4; where f, is the unit steel stress and 

: x 
A, the steel area, and the arm of the couple is a = d — 3 
To evaluate x, the unknown distance of the neutral axis from the 
compressive face of the beam, the steel concrete section is trans- 
formed into one entirely of concrete, as shown in Fig. 116, by 


replacing the steel with concrete or rather with a hypothetical 


TY A AT A A 
LL LLLLLLLLAL LA 


LZ 
A, =Steel area nA, = =Sej, 
area of concrete where 
in tension, Ec Es 
Transformed. Er, ss Ts n a 
Section 


(2) (0) (c) (d) 
Fre. 11 


concrete having the same modulus of elasticity as the concrete 
in the compression portion but differing from it in its assumed 
ability to carry tension. The area (nA,) of this tension concrete 
is determined by the following considerations. This transformed 
beam is the elastic equivalent of the steel-concrete beam and 
therefore the strain curve is unchanged by the transformation. 
The stress curve is changed only below the neutral plane since 
the modulus of elasticity of the assumed tension-carrying concrete 
differs from that of steel and equals that of the compression part. 
Therefore the abscissa ec is replaced by ed = Ee, The points 
a-b-d all lie on one straight line. The total tension equals 
fmAs, where nA; is the unknown amount of concrete used 
in substitution for the steel. The value of n is determined by 
making use of the fact that the total tension is the same for the 
steel-concrete beam and for the transformed homogeneous beam; 
that is, f,A; = fmA, or, putting stress in terms of strain, H,e,A, = 


E, : 
EemnA,;; whence n = i: Or, more briefly, since the deforma- 
c 


tion in the steel equals that in the tension concrete, the unit 
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stresses in the concrete and the steel bear to each other the ratio 
of their moduli; whence the tension areas must be to each other 
inversely as their moduli, since the total tension is the same in 
both cases. 

Since the neutral axis of a homogeneous beam passes through 
the center of gravity of the cross-section, that of any given rein- 
forced concrete beam, the steel area of which is known, may be 
located by determining the centroid of the transformed section, 
the shaded portions of Fig. 11b. Since the concrete of the original 
beam carries no tension its outline is shown by dotted lines below 
the neutral axis, where it serves simply to transmit shearing 
stresses. Knowing the value of x the rest of the problem follows 
directly. 

Although no formulas have been written, all the means are now 
at hand for the design and investigation of reinforced concrete 
beams of any shape provided the section is symmetrical about the 
plane of bending. It is much easier to solve problems by the 
simple methods that follow logically and simply from the outline 
just given than it is to use formulas, unless plots and tables are at 
hand to use with the formulas. 

44. Rectangular Beams with Tension Reinforcement. Three 
problems arise regarding rectangular concrete beams reinforced 
in tension only: (1) the design of a beam to carry a stated bending 
moment at given stresses; (2) investigation of the maximum 
stresses at a given section subjected to a known bending moment; 
(3) investigation of the maximum permissible bending moment 
for a given beam with certain limiting stresses given. It is better 
to consider the cases of investigation first. The problem of design 
is by far the most common in practice. 


Example 5. The beam here shown (Fig. 12a) carries a bending moment 
of 40,000 ft.-Ibs.; Z; = 30,000,000 Ibs./sq. in.; B, = 2,000,000 Ibs. /sq. in. 
What are the maximum fiber stresses? 

Solution. Following the argument of the last article the transformed 
section is that here given (Fig. 12b). The neutral axis is located by noting 
that the statical moment of the compression area about that axis (which 
passes through the center of gravity) equals the statical moment of the 
tension concrete area about the same axis, giving the expression 


5 (10 x) = 30 (20 — 2) 


a +62 = 120 
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completing the square! 
v2+62+9 = 129 
x = 11.36 —3 = 8.4 in. 
Consequently the lever arm of the couple is 17.2 in. and as MR = BM 


40,000 X 12 _ 97 900 Ibs. 
17.2 


The maximum fiber stresses then are obtained as follows: 
C =4f, x 10 x 8.4 = 27,900 lbs. f; = 665 lbs./sq. in. 
T = f,A, = 25; = 27,900 lhe. fs = 13,950 lbs. /sq. in. 


C=T= 


| b=10" | 


(a) (0) (c) 
Fig. 12 


Example 6. What is the maximum moment that can be carried by the 
beam of Example 5, the limiting fiber stresses being f; = 16,000 lbs./sq. in. 
and f; = 650 Ibs./sq. in.? m = H,/H; = 15? 

Solution. As before, transform the section (Fig. 126), locate the 
neutral axis and determine the arm of the resisting couple, a = 17.2 in. 
If f; has its maximum value of 650 lbs./sq. in., C equals 4 x 650 x 10 x 
8.4 = 27,300 lbs.; if f; has its maximum value T equals 16,000 x 2 = 
32,000 Ibs. If this last value is attained C also equals 32,000 Ibs. and f; 
exceeds the limit of 650 Ibs./sq. in. It is necessary to limit C and T' to 
27,300 Ibs. each, thus using the steel at a lower stress than the permissible, 
and the limiting moment accordingly is 


27,300 x 17.2 X 7 = 39,100 ft.-Ibs. 


Another, but slightly longer, method of carrying through this problem is to 
complete the stress diagram by assuming either unit stress as realized 


1 This method of solving a quadratic equation is logical and easily remem- 
bered, while solving by use of a memorized formula is a dangerous and foolish 
strain on that useful mental function, the memory. 

* The standard notation uses the letter n to designate the ratio of the 
moduli and it will be employed for that purpose henceforth, 
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and determining by proportion the simultaneous value of the other. For 


example, assuming f; at 16,000 lbs./sq. in. gives ssa 1067 as the 


tension stress in the transformed section, the neutral axis of which has 
been located. Then? 


8.4 : 
fe — 1067 << iié — 7 Obs/sqa mn. 
Since this is greater than the allowable 650 the beam is limited by the 
strength of the concrete. It is not necessary to determine the stress in 


the steel since this is less than the allowable. 


Example 7. Design a beam to carry a total moment of 40,000 ft.-lbs. 
with stresses of f; = 16,000 lbs./sq. in., fe = 650 lbs./sq. in., n = E;/E, 
= 13. 

Solution. Since the most economical beam results when both materials 
are stressed to the limit, the problem is to determine the breadth, b, the 
depth to the steel, d, and the steel area, As, such that the given stresses 


b ; x 
eames 4=0.126d 


=1x 650x bx 
0.879 =123 bd 
a+£o.874d 


FLL LEE 
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T=—16,000 A;s=C 


(a) (b) (c) 
Fig. 13 


will be realized simultaneously when the moment equals 40,000 ft.-lbs. 
The section and stress diagram then appear as shown in Fig. 13a-b. In 
order that these stresses be realized it is necessary that 


650 
yeh 0070 a2 
* (sar ve 5) male 


1 Many students have difficulty in writing simple proportions dealing with 
similar triangles. They will fare better if they observe the rule of taking the 
unknown as the first term and the corresponding quantity in the other triangle 
as the second. This permits the equation above to be set down at once, 
whereas any other order is usually more difficult. 

2 The best usage requires that the decimal point be preceded by a cipher. 
See Proceedings American Concrete Institute, 1923, page 289, Art. 7d. There 
is less chance of error thus. 
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There results a = 0.874 d and the moment of resistance in terms of the 
concrete stress is 
MR =} X 650 X b X 0.879 d xX 0.874 d = 108 bd? 


which must equal the bending moment. Therefore 
_ 40,000 x 12 
108 


which condition is satisfied by b = 10 in., and d = 21.1 int 
To obtain the steel area 
C = 4 x 650 <.10 X 0.379 x 21.1 = 26,000 Ibs. = 7 = 16,000 A, 
A; = 1.63 sq. in. 


In practice the depth would commonly be made an integral number of 
inches. The following two problems are given therefore to illustrate the 
principles involved by this change from the theoretical dimensions. 


bd? = 4440 


Example 7a. What is the steel area required for the beam of Example 
7 if d is made 22 in. and b = 10 in.? 

Solution. Since the beam is deeper than required, the compression 
area furnished is in excess of that needed. The maximum concrete stress 
can be made lower than the limit and that of the steel equal to the limit- 
ing value by using the proper steel area as determined below. The stress 


16000 Th 
16a 1067 


Fig. 14 


diagram then is shown in Fig. 14. To determine x proceed as before, 
writing an expression for MR thus: 


Cig = E (1067) ( ~ =) (10 a) |(22 = 5) = 40,000 x 12 


22, 
Ce—Tealeine 
whence a = JUS) 3} sin, 
and fe = 620 lbs./sq. in. 


Then 
C=T =} xX 620 x 10 < 8.1 = 25,100 Ibs. 


* In small rectangular beams b is commonly made } to { of d, } to } in large 
beams. 
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and the steel area required 
A; = 25,100 + 16,000 = 1.57 sq. in. 


Approximate Solution. The above exact method is laborious and in 
general unnecessary. Assuming that the lever arms of the couples vary 
as the depths (d), the steel area required for d = 22 in. is 


aloes IIS) Sc oo SVC Se tik 

Example 7b. What is the steel area required for the beam of Example 7 
if d is made 20 in. and b = 10 in.? 

Solution. Since the beam is smaller than the theoretical, if enough 
steel is used to make the ratio of fiber stresses the same as before, the 
given stresses, 16,000-650, will be exceeded if the required moment of re- 
sistance is realized. The lever arm of the resisting couple is smaller than 
previously and in order to secure the necessary increase in the compres- 


10" 


C=% x 650 x 
10% =3250% 


= 
20: 9 
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Fre. 15 


sive force of the resisting couple the compression area must be made 
larger, the extreme fiber stress being limited. The lowering of the neu- 
tral axis to give this increased area is accomplished by making the steel 
area larger, for this lowers the center of gravity of the section. The steel 
stress will be less than the limiting value as is indicated by the stress 
curve of Fig. 15. The value of z is arrived at as before: 


1 x 650 X 102 = 3250 x 
(3250 «) (20 x 5) = 40,000 x 12 
x = 8.6 in. and a = 17.1 in. 


C = T = 40,000 x 12 + 17.1 = 28,100 lbs. 


fae 15(650 x aa] = 12,940 Ibs. /sq, in. 


Q 
I 


CQ 
i) 
ll 


8.6 
A; = 28,100 + 12,940 = 2.17 sq. in. 
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It is less labor to determine the steel area required by means of the known 
position of the neutral axis. Since this is the center of gravity of the cross- 
section the moment of the compression area about this unknown axis 
equals that of the tension area. 
10 x 8.6 xX 4.3 = 114 X15 A; 
Are 2.6) squaie 


When the depth is smaller than the theoretical there is too much error 
in the assumption of proportionality between depth, d, and lever arm, 
a, to permit the approximate solution previously used. For example, 


this assumption would give A = 1.63 X a = 1.72 sq. in., where 2.16 


sq. in. are actually required. 


The several examples of this article have demonstrated these 
important facts: 

(1) In any given beam (0, d A, n= 2 known the neutral 

c 

axis has a fixed position (through the centroid of the transformed 
section) and therefore the ratio of the maximum unit stresses in 
steel and concrete is constant. It is evident this ratio is inde- 
pendent of any stresses that may be set as limits in future in- 
vestigations of the beam. 

(2) An increase of tension steel area lowers the neutral (gravity) 
axis. 

s 


(8) A lower value of n = = , such as results from the increase 


of the concrete modulus with age, raises the neutral axis, since 
the tension area of the transformed section is thereby decreased. 
45. The Ratio Fin Beams. It will be noted that the previous 

c 
examples have used a value of 15 for the ratio 


\\ E, mos 
Neutral Fr whereas Art. 30 would indicate that 10 is 
M4 Axis ¢ 


the correct value. This higher value is used 
| 


ezzcbezzzzzzzha in compensation for the assumption that the 

Seariae concrete can carry no tension. The actual 
stress-carrying cross-section of a beam would 
appear as in Fig. 16, the cross-hatched portions representing 
those subjected to normal stress. To locate the neutral axis 
correctly the omission of the tension concrete area is compen- 
sated for by using a larger tension steel area, that is, by mul- 


Fic. 16 


TEE BEAMS 67 


tiplying the actual steel area by a larger value of the ratio of 
moduli. Tests show that the use of this higher value is proper 
and also that the common theory of design gives conservative 
results. 

It should be kept in mind that, since the modulus of elasticity 
for the concrete has been assumed constant, it is not possible to 
compute the breaking strength or the effect of loads that cause 
high concrete stresses by the methods outlined here. For such 
problems it becomes necessary to consider the actual shape of the 
stress-strain curve for concrete. 

46. Tee Beams. In practice tee beams usually form part of 
a floor system and act integrally with the slab on either side, 
which forms a flange giving added strength in the compressive 
part. When beams are widely spaced the compressive stresses 
are not uniform in intensity across the whole width of slab. In 
order to investigate or design the usual tee beam it is necessary 
to make some assumption regarding the width of slab that may 
reasonably be considered to act with the stem and be uniformly 
stressed over the whole width. If this width is assumed too large, 
not only will the total compression be given an exaggerated value 
provided enough steel is used to develop it, but also excessive 
shearing stresses will be induced at the junctions of the flange and 
stem. There is more or less disagreement among design specifi- 
cations regarding the proper limit for flange width and the Joint 
Committee rule of 16 times the flange thickness plus the stem 
width is rather higher than is customary. 

There are two approaches to the problem of designing a tee 
beam with the flange provided by a floor slab. One method con- 
siders the full width of flange available to be in action. Usually 
the compressive stress in the concrete is found by this assumption 
to be low in value. The other method assumes that the limiting 
working stresses are realized and that the width of slab called into 
play is only that necessary. Usually this width is less than the 
limit set by the codes. The neutral axis and the lever arm of the 
resisting couple have different values by these two methods. Of 
course the actual values are uncertain and neither assumption is 
more than a convenience which gives satisfactory results. 

The design of T-shaped beams consists in proportioning the 
stem or web (the portion below the slab), and determining the 
tension steel area. Since proportioning the stem requires con- 
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sideration of the shearing stresses, that part of the problem is 
deferred until later. The following examples illustrate the deter- 
mination of the required steel area in a given tee beam and the 
investigation of a given beam. These examples are carried 
through with greater precision than is necessary in order to illus- 
trate clearly the method of analysis. 

The design of an independent tee beam not connected with a 
floor slab is considered in Art. 48 and the design of tee beam 
stems in Chapter XII. 


Example 8. Locate the neutral axis of this tee beam (Fig. 17), Es/E. = 
n = 15. 
b= 60" 


Bikes, 112/ 


Solution. The thickness of the flange leads one to suspect that the 
neutral axis falls within it, and accordingly the investigation proceeds as 
for a rectangular beam. Taking moments of the areas of the transformed 
section about the neutral axis: 


42(60 2) = (15 X 2)(20 — z) 
whence 
x = 4,0 in. 


It is plain that this is simply a rectangular beam with a portion of the 
concrete below the neutral axis removed, a change that does not affect 
the moment of resistance. The methods of Art. 44 suffice for this beam. 
Had the axis fallen in the stem the procedure would have been that of 
the succeeding examples. 


Example 9. With a total moment of 40,000 ft.-lbs., what are the 
maximum fiber stresses in the tee beam of Fig. 17, the fiange thickness 
being made 34 in. instead of 6 in.? » = 15. 

Solution; Exact Method. (Considering the compression in the stem.) 
Sketch the transformed section (Fig. 18), and locate the center of gravity 
in order to find the neutral axis, dividing the compression area into the 
two parts indicated; taking moments about the unknown neutral axis: 


(10 x)(3 x) + (60 — 10)(3.5)(@ — 12) = 30 (20 — 2) 
cio. Ohne 
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The line of action of the resultant compression may be located by taking 
moments about the top fiber, the total stress being equal to the compression 
that would exist did the slab have a thickness of 4 in., less the stress on 
the area below the actual slab. 
Compression : (Cx arm : moment 
(47,)(60' X 4.0) = 120.07: ¢ in. : 160.0 f, 
(4 X $f.)(50 X 0.5) = 16f;: 32ine: 5.9f, 
C = total compression 


118.4 f; ) 154.1 fi, 
Distance of C from top fiber 1.3 in. 


CLLLILI LLL LIL LL ALLL LL LL 
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Fig. 18 


The lever arm, a, equals 20 — 1.3 = 18.7 in. 
C = Ff = 40,000 < 12 = 18.7 = 25,700 lbs. 
The maximum unit stresses are 
fe = 25,700 + 118.4 = 220 lbs./sq. in.! 


{;= © Tie = 12,850 lbs. /sq. in. 


PLZZ ZZZ ZZ ZZ ZZ ZAZA 
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Fic. 19 


Solution: Approximate Method. (Neglecting compression in the stem.) 
(Fig. 19.) By far the greater number of beams met with in practice are 


1 More precisely 217 lbs./sq. in. The third figure has no precision value. 
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of such proportions that the amount of compression in the stem below 
the flange is small compared with that in the flange and can be neglected 
with small error. On this basis the following expression gives the loca- 
tion of the neutral axis, taking moments about that unknown axis: 


(60 x 3.5)(x — 1.75) = 30 (20 — 2) 
% = 4.0 in: 


Drawing the stress diagram, the intensity of the compression on the 
under edge of the slab is seen to be f; X 0.5 +4 =f-/8. The total 
compression is the sum of two forces: C, acting with a uniform intensity 
of f./8 over the flange, and C2, acting with an intensity varying from 0 
to if. Force C; acts at the center of the flange, 18.25 in. from the ten- 
sion steel, and force C2 acts at a distance of (20 — 3.5/3) = 18.83 in. from 
the steel. Instead of computing the lever arm of the resultant as in the 
previous example, some prefer to consider the moment of resistance as 
consisting of two couples, 18.25 C; and 18.83 C2, The total moment of 
resistance in terms of the unknown f; then is: 


Compression : C: arm : moment 

C1 = (f;/8)(60 X 3.5) 26.2 fe: 18.25: 478 f, 
Cr= (Gx ic/8) (GOR 3) OLS fe? 18:832 17307, 
C,+C, =C = 118.0f, MR = 2208 f, 


I 


Then 2208 f, = 40,000 x 12 and f,; = 220 lbs./sq. in. (217 lbs./sq. in.). 
C = 118 < 217 = 25,600 lbs. and — jf; = 12,800 lbs./sq. in. 


It is equally simple to determine the lever arm of the resultant com- 
pression, 2208 f, + 118 f; = 18.7 in., and proceed as illustrated above in 
the exact solution. 


Example 10. What is the maximum moment that can be carried by 
the beam>of Example 9? (Fig. 17 with ¢ = 34 in.) Limiting fiber 
stresses are f; = 16,000 lbs./sq. in., f¢ = 650 Ibs./sq. in. n = 15. 

Solution. The exact method is so seldom used further illustration of 
it will not be made. As in the preceding problem, determine the location 
of the neutral axis and the lever arm of the resisting couple. The limiting 
value of C is 118 X 650 = 76,600 lbs.; that of T is 16,000 x 2 = 32,000 
Ibs., which limits. Accordingly the maximum moment of resistance is 
32,000 x 18.7 + 12 = 49,800 ft.-lbs. 


Example 11. A beam of the same dimensions as that of Example 9 
(Fig. 17 with ¢ = 3} in.) carries a moment of 100,000 ft.-lbs. The 
limiting fibre stresses are fs = 16,000 Ibs./sq. in., fc = 650 Ibs./sq. in. 
nm = 15. What is the steel area required? 

Solution. Any other than a cut-and-try solution would be exceedingly 
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cumbersome. It is simple to assume the value of the lever arm of the 
couple and determine the area of steel required for a fiber stress of 16,000 
Ibs./sq. in. The results may be checked by either the exact or the ap- 
proximate method as desired and the steel area corrected if necessary. 

In a beam where the compression in the stem is so small that it may 
be neglected, the lower the neutral axis lies, the nearer the line of action 
of the resultant compression approaches the center of the flange. If 
the compression is assumed to act at this point the corresponding lever 
arm will be smaller than can ever be realized actually, and the values of 
C and T larger than the actual. Making this conservative and very 
common assumption (7.e., that the lever arm equals the depth to the steel 
less half the flange thickness), 


T =C = 100,000 x 12 + 18.25 = 65,700 lbs. 
Steel area A; = 65,700 + 16,000 = 4.11 sq. in. 


The average stress in the concrete is 65,700 + (60 x 3.5) = 310 lbs. /sq. in. 
A brief mental calculation shows that the neutral axis is below the flange! 
and so the maximum concrete stress is less than twice the average, and 
less than 650 Ibs./sq. in., the exact value being a matter of indifference. 

The results thus obtained are safe but not economical. A check by 
the approximate method as in Example 9 will indicate what change to 
make. A better approximation for the lever arm is 0.9 d, 18 in. in this 
problem. 


All of the examples so far have dealt with beams of fixed di- 
mensions and correspond to the situation when the width of slab 
acting as flange is definitely assumed. The following examples 
illustrate the second method with working stress limits assumed 
to be realized. 


Example 10a. (Same as Ex. 10 except that width of flange is not 
given.) What is the maximum moment that can be carried by the beam 
shown in Fig. 20 with limiting fiber stresses of f; = 16,000 lbs./sq. in. 
and f; = 650 lbs./sq.in.? n = 15. 

Solution. As shown in Fig. 20 the stress diagram is drawn with extreme 
stresses taken as equal to the given limits, which locates the neutral axis. 
Following the procedure of Ex. 9, considering the compression acting on 
1 in. width of flange: 


1 Taking moments about the bottom of the flange, assuming it as 4 inches 
thick for convenience and the steel area as 4 square inches 


60 < 4 X 2 is less than 15 & 4 X 16 


showing the centroid to be more than 4 inches from the top. 
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Compression (C) Arm Moment about top 
3.5 X 350 = 1225 3.5 & $=. 751m 2140 
+ x 3.5 X 300 = 525 3.0 OX ell 615 
1750 lbs./in. ) 2755 
Distance of C from top of beam 1.6 in. 
Lever arm of resisting couple = a = 20 — 1.6 = 18.4 in. 


Maximum moment of resistance = T-a = 2 xX 16,000 x 18.4/12 
= 49,100 ft.-lbs. 
Check of compressive stress; width of flange limit = 16¢ + 6’ = 66 in. 


Width of flange required: 


C= Tf = 32.000 lbs" (650-2350) 32510 
b= sim. 


which is less than the limit. The same result follows by using the fact 
that the neutral axis passes through the center of gravity of the cross- 
section. 


Example 11a. (Same as Ex. 11 except that the width of flange is not 
given.) A beam of the same dimensions as that shown in Fig. 20 carries 
a moment of 100,000 ft.-lbs. The limiting fiber stresses are f; = 16,000 
Ibs./sq. in., and f; = 650 lbs./sq. in. nm =15. What steel area is re- 
quired? 

Solution. As in the previous example the stress diagram is constructed, 
the neutral axis and the lever arm of the resisting couple calculated. 
Then 

T = 100,000 x 12 + 18.4 = 65,200 lbs. 
Steel area = 65,200 + 16,000 = 4.07 sq. in. 


Check on width of flange: 


C = 4 (650 + 350) x 3.5) = 65,200 
b= s3 (ae 


which is less than the limit allowed. 
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47. Beams Reinforced for Both Tension and Compression. A 
concrete compression member is both stiffened and strengthened 
by longitudinal steel reinforcement, provided that this reinforce- 
ment is properly restrained from buckling. The two materials 
will deform equally, the stress being transmitted to the steel by 
the bond between the steel and the concrete. Accordingly the 
unit stress in the compression steel equals that in the concrete at 
that point multiplied by the value of n. The steel in the com- 
pression part of a beam acts in the same way. However such 
reinforcement is not economical since the ratio of the cost per 
unit volume of the steel as compared with the concrete is always 
greater than the value of n, the ratio of the stresses in the two 
materials at the same point. 


Example 12. What are the maximum fibre stresses in this double- 
reinforced beam? (Fig. 21.) The bending moment equals 40,000 ft.-lbs. 
7 Op tae AUS 


5 x 28f,=20f, 


fx 10x 7=35f, 


Qu 
73 


T=C,+C,=55f. 


(a) (0) (c) 
Pia 2h 


Solution. To transform the steel-concrete section into its equivalent 
in concrete each area of steel is replaced by 15 x 2 = 30 sq. in. of con- 
crete at the same level in the beam as the steel it replaces. On removing 
the compression steel a hole of 2 sq. in. is left in the concrete which re- 
quires an equal amount of the added concrete to fill, leaving 28 sq. in. in 
the compression wings. The neutral axis is found as usual 


(5) 0 2) +28 (x — 2) = 30(20 — 2) 


zx = 7.0 in. 


The total compression is considered to be the sum of two elements, C1 
the compression on the rectangular 70 sq. in., and C2 that on the 28 sq. 
in. of the wings, where the stress intensity is + fc (Fig. 21c). The lever 
arm of the couple is the distance of this resultant compression from the 
tension steel; (see Fig. 21 for values used): 
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C2X18 =20f,x18 = 360f 
C. x 172 = 35 f, x 17% = 618 fe 
55fe °) O78 fc 
a= 17.8 in. 
T =C = 40,000 x 12 + 17.8 = 27,000 lbs. 
f, = 27,000 + 55 = 490 Ibs. /sq. in. 
fs = 27,000 + 2 = 13,500 lbs. /sq. in. 


In replacing the compression steel with concrete the usual 
practice! is to neglect the hole left by removal of the steel and 
assume the area added in the wings as n times the steel area. 
This is not unreasonable considering the uncertainty that exists 
regarding the true value of the modulus of elasticity of the con- 
crete. However, this approximation is never made in column 
design. 


Example 13. If the limiting fiber stresses are f; = 16,000 lbs./sq. in., 
fe = 650 lbs./sq. in., what is the maximum moment of resistance of the 
beam of Example 12? (Fig. 21.) n = 15. 

Solution. The transformed section is sketched and the neutral axis 
located as in Example 12. The procedure is the same as in Example 6. 

Answer. 47,400 ft.-lbs. 


The design of a double-reinforced beam to meet given condi- 
tions is considered in the next article. 

48. Beams of Limited Size. A beam is said to be of balanced 
design when both the tension steel and the concrete are stressed 
to their working limits simultaneously. It often happens that a 
beam must not exceed certain dimensions which are inadequate 
to provide the desired strength with a balanced design, using 
tension reinforcement only. Three different methods of strength- 
ening such a beam follow: 


Example 14. The beam shown in Fig. 22 carries a moment of 60,000 
ft.-lbs. Limiting stresses are f; = 16,000 lbs. /sq. in., f; = 650 lbs./sq. in. 
n = 15. What area of tension steel is required? 

Solution. The first problem is to determine whether the beam is 
larger or smaller than that theoretically needed to carry the given bending 
moment with the given fiber stresses, which is easily done as in Example 
7 (page 63), where for the same limiting stresses the moment of resist- 


' The formulas presented by the Joint Committee are on this approximate 
basis, Art. 1046, Appendix B, 
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ance was shown to be 108 bd?. Applying this information here this 
problem gives: 


Maximum MR = 108 x 10 x 202 + 12 = 36,000 ft.-Ibs. 
Knowing the beam to be smaller than the theoretical and proceeding as 
in Example 7b (page 65), the result is 13.6 sq. in. of steel required, the 


steel stress coming out 3500 Ibs./sq. in. Whether or not it is possible to 
provide this amount of steel in the beam is not a matter of concern here. 


18 2, 53" 


7.6=24700 ¥ 


17.5" 
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NA gy = 15 x 1.559" 


(n-1) AL =14.x 3.1=43,00" 


NA gg=15x 1.06=15.99"  — (@) 
Fie. 22 


Example 15. Data of Example 14. How much steel is required using 
both tension and compression reinforcement, the latter being placed 3 in. 
from the compression face? 

Solution. The most economical design will employ both materials up 
to their working limit and the stress diagram, accordingly, will be as 
shown in Fig. 226-c, with neutral axis 7.6 in. from the top. As in the 
beam discussed in Article 47 the moment of resistance is considered to 
consist of two couples, one in terms of the compression on the rectangular 
part of the transformed section (see Fig. 21) and the other in terms of 
the compression on the projecting wings. The first step is to determine 
the maximum moment the beam can carry without compression rein- 
forcement. From the data of Fig. 22a-b it is possible to write at once: 


MR. = C;- a, = 24,700 x 17.5 + 12 = 36,000 ft.-lbs. 


The tension steel area required for this moment is 
As: = 24,700 + 16,000 = 1.55 sq. in, 
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The difference between 60,000 ft.-lbs. and 36,000 ft.-lbs., 24,000 ft.-lbs., 
must be provided for by adding A,’ sq. in. of compression steel, whose 
effect on the transformed section is to add reinforcing wings of area 
(n — 1) As’sq.in. (Compare Fig. 216 and the first paragraph of Example 
12.) 

As shown in Fig. 22c, these concrete wings are 17 in. from the tension 
steel and at a level where the compressive stress is 394 lbs./sq. in. The 
total compression acting on these wings is 24,000 x 12 + 17 = 17,000 
Ibs. The compression steel area required is 


14 A,’ = 17,000 + 394 = 43.0 sq. in. 
AS = Sl Sos: 


Il 


The effect of adding this steel alone would be to shift the neutral axis, 
which is fixed by the conditions as noted. Since the neutral axis passes 
through the center of gravity of the transformed section, the addition of 
43 sq. in. at 4.6 in. from that axis must be balanced by adding 43 X< 4.6 + 
12.4 = 15.9 sq. in. = nAs’ sq. in. on the other side, at the level of the 
tension steel. Whence Az = 1.06 sq. in. of steel, making the total tension 
steel area 

As: + Asz = As = (1.55 + 1.06) = 2.61 sq. in. 


The tension steel area can be found more easily thus: 
se i ase 
I 


Ss 


As 


= (24,700 + 17,000) + 16,000 = 2.61 sq. in. 


The total steel area required by this method of reinforcement is 5.7 
sq. in. as against 13.6 sq. in. needed if only tension steel is used. Evi- 
dently only a relatively small excess moment can be cared for economically 
with tensile reinforcement only. 


Example 16. Data of Example 14 except that there is no limit to width. 
Design a tee beam to satisfy the requirements. 

Solution. Fig. 23. Assume that the stem has been designed and a 
width of 10 in. determined upon. As in the previous example, the rec- 
tangular portion of the beam, 10 in. wide, can carry a moment of 36,000 
ft.-lbs. with the given limiting stresses, steel area = 1.55 sq. in., leaving 
24,000 ft.-lbs. to be carried by the compression in the flanges and the 
tension in the extra tension steel. Assume the flange 7.6 in. deep, thus 
keeping the beam as narrow as possible. Let its width equal xin. Since 
the arms of the tee are here brought down to the neutral axis the total 
width of the flange, x, is best found by one operation: 


60,000 x 12 + 17.5 =} 
0 = 160/10. 


C 


Then 


2 X 650 X 7.6 x 16,7 = 41,200 lbs, 


BENDING OF LONGITUDINAL TENSION STEEL ee 


Had these arms been made thinner the procedure of the previous example 
would have offered a quick solution. The total tension steel equals 
41,200 + 16,000 = 2.58 sq. in. 


In practice the limiting depth of a beam given is the over-all 
concrete dimension and it is necessary for the designer to choose 
the depth to the steel such that it will conform to the proper 


2=16.7" 
7.6 ” 


T=16,000 A= 41,2008 
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Fig. 23 


placing of the reinforcing rods used. This is one of the inevitable 
cut-and-try problems that is solved easily only with experience. 

49. Bending of Longitudinal Tension Steel. Beams of rein- 
forced concrete are usually of uniform section over their whole 
length and accordingly the area of longitudinal steel required at 
the section of maximum bending moment is greater than that 
required elsewhere. When this maximum area is supplied by 
two or more bars it is possible to dispense with some of them when 
not needed for main tension reinforcement. This is done either 
by bending the surplus bars up into the web to act as reinforce- 
ment there, or by cutting them off at some point beyond where 
they are needed, as cover plates are cut on plate girders. The 
ends of the cut bars should be bent up to the neutral axis or hooked 
to give anchorage.! Many designers require that this be done 
in such manner as to keep the beam symmetrical about the vertical 
axis at all sections. 

The point where a bar becomes unnecessary may be located by 
computing the moment of resistance of the section with that bar 
omitted and finding where the bending moment equals that mo- 
ment of resistance. This method is cumbersome, however, and is 


1 See Art. 95, p. 203, 
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not used. As has already been pointed out the moment of resist- 
ance equals the total tension times the lever arm of the resisting 
couple; or 


BM=MPR=T-.a=7-A.+a 


using the notation already familiar. The arm, a, varies so little 
for varying tension steel areas that it may be assumed constant 
without serious error. With this assumption it becomes possible 
to lay down the principle that the area of steel required varies 
directly with the bending moment and the same curve by proper 
choice of scale may serve both as moment curve and area-re- 
quired curve. Usually practical considerations as to commercial 
size of bars result in the maximum area furnished being larger than 
that required. It is common to neglect this difference and com- 
pute bar lengths as though the maximum area furnished equalled 
that required. 


6-18 


Steel Area Required Sq, In. 


Distance (ft.) 


(0) 
Fig. 24 


Example 17. This reinforced concrete beam (Fig. 24) carries a uniform 
load. What are the minimum possible values of the dimensions a and b? 
Solution. The bending moment curve for this loading is a parabola 
with maximum ordinate at the center and the area-required curve ac- 
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cordingly is the same. The parabola of Fig. 24b is drawn with the center 
ordinate representing 6 sq. in. One bar may be bent up when 5 sq. in. 
only are required; so? 

a =9V1 = 3.7 ft. 
Similarly a+b =9v3 = 64 ft. 


50. Shearing Stresses in Homogeneous Beams. A brief re- 
view of the shearing stresses in homogeneous beams is desirable 
in order that a clear picture may be obtained of the web stresses in 
beams of all kinds. For rigorous demonstration of these matters 
the reader should consult the standard treatises on the strength 
of materials. 


Neutral Plane 
h 
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2q 


(d) 


In a previous article the law governing the variation of normal 
stress intensity on any section was discussed and the present 
problem is the variation of the intensity of the tangential or 
shearing stress, the total value of which at any section equals the 
external shear (V). It is easily proved by study of the shearing 
stress on an elementary prism that the intensity of the vertical 
shear (see Fig. 25c) and that of the horizontal shear at any point 


1 For method of dealing with the parabola see note to Problem 4, page 45. 
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are equal. A knowledge of the variation of horizontal shear in- 
tensity, therefore, gives also that of vertical shear. In Fig. 25b 
is shown a portion of a rectangular beam lying between any two 
sections, AA’ and BB’. The variation of normal tension in- 
tensity at each section is indicated by the partial stress diagrams, 
the abscissas on AA’ being shown larger than those on BB’ on the 
assumption that the moment at AA’ is the larger. Considering 
the stability of the small piece of beam cdBA, the pull on the cA 
face is larger than that on the dB face and the only force available 
to balance the difference is the horizontal shear on the plane cd. 
A brief consideration of the problem shows that the nearer the cd 
plane is to the neutral plane ab, the larger is the difference between 
the two tensions, and the larger the horizontal shear. Therefore 
the horizontal shear, and accordingly also the vertical shear, in- 
crease in intensity at a decreasing rate from zero at the extreme 
fiber to a maximum at the neutral plane. Fora rectangular section 
the law of this variation is a parabola (Fig. 25a) with a maximum 
3V 

2 bh 

The resultant intensity of stress at any point away from the 
extreme fibers, as, for example, on the vertical faces of the ele- 
mentary prisms | and 2, Fig. 25a, must be inclined in direction, 
acting somewhat as shown. Referring again to the elementary 
prism shown in Fig. 25c-d, the shearing forces there shown may be 
resolved into components along the diagonals, and these com- 
ponents may be combined to give inclined tensile and compressive 
forces acting at 45 degrees (Fig. 25d) with an intensity (v) equal 
to that of the shear. This illustrates the case when the prism lies 
at the neutral plane where there is no direct stress. When it lies 
in the face of the beam there are no horizontal nor vertical shear- 
ing stresses and the resultant tension is horizontal, being un 
given by the usual formula for fiber stress. 

A more detailed study of the state of stress at any point in this 
cross-section would show that passing through it are two inclined 
planes, 90 degrees apart, on which there is no shear, the resultant 
stress being compression on one and tension on the other, of an 
intensity greater than on any other plane through the point. 
These stresses are called the principal stresses at the point. Mid- 
way between these planes are those of maximum shear intensity. 

In the web of a plate girder the action of the inclined tension 


intensity of 
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is easily resisted by the steel but the diagonal compression tends 
to cause buckling and it is necessary to limit the minimum thick- 
ness of the web or to provide suitably spaced stiffeners, or both. 
In a concrete beam, on the other hand, the material easily resists 
the diagonal compression but is weak in tension. The wooden 
beam resists both. 

51. Shearing Stresses in Reinforced Concrete Beams. The 
variation of shear in a rectangular reinforced concrete beam may 
be ascertained by con- 
sidering a small portion 
of such a beam between 
any two sections a small 
distance, ds, apart, as 
shown in Fig. 26a, the 
breadth of the beam being r ——5 


taken as b inches. The 
forces acting on this bit ds 
of beam consist of the ¥ (a) Vv 


normal stresses (C and T) : Rete 
and the shear (V), it being , 
assumed that the moment at BB’ is larger than that at AA’, 
and that the sections are so close together that the two shears 
may be considered equal. These forces are in equilibrium, and 
applying the condition 2M = 0, there results: 


AT X jd = V X ds. 


The tendency of the small portion of the beam cdBA to be pulled 
to the right is resisted by the horizontal shear on the cd plane 
which may be expressed as the intensity of shear on that plane 
(v), assumed to be uniform, multiplied by the area bds. Then 


v-b-ds = AT. 
Combining these two equations gives: 
v-b-ds-jd = Vds 
ae. 
bjd* 
As the concrete is assumed to take no tension, the shear in- 


tensity is constant between the neutral plane and the steel while 
above that plane it varies as in a homogeneous rectangular beam 


and 
v 


(1) 
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(Fig. 26b). Accordingly Equation (1) gives the maximum intensity 
of horizontal, and likewise of vertical, shear (as explained in Art. 
50) at any section of a rectangular reinforced concrete beam. 

This demonstration applies equally well in essential details to 
a rectangular concrete beam reinforced for both tension and com- 
pression and to a reinforced concrete tee beam. Tests confirm 
the conclusion that in the matter of shear a tee beam may be con- 
sidered as equivalent to a rectangular beam of the same depth, 
with a width equal to that of the stem of the tee beam. The 
standard notation for this tee beam stem width is b’ and so for 
tee beams the formula is written 


V 
Vv ~ Gd (1a) 


The value of 7 does not vary greatly for a wide range of condi- 
tions and an average value of 7 or 0.86 is usually taken for all 
shear computations. Since all computations in which the value 
of the shear is used are highly approximate greater precision than 
that obtained by the average value is unnecessary. 

52. Diagonal Tension in Reinforced Concrete Beams. The 
concrete in a reinforced beam is no stronger in itself than when 
unreinforced and it cracks in any loaded beam when the tensile 
limit is exceeded, the line of cracking being indicated in a general 
way in Fig. 10, sloping more steeply toward the ends of the beam, 
tending to lie at right angles to the inclined web stress. The 
function of the reinforcement is not to prevent cracking, that 
being impossible, but to keep any one crack from opening up 
widely, thus compelling the formation of many minute cracks in 
place of a single large one which would cause failure. 

It is plain that so long as the cracks are vertical the horizontal 
bars are effective reinforcement, but where they are inclined 
horizontal bars are very ineffective, there being nothing but con- 
crete to carry the vertical component of the inclined tension. 
When a beam is reinforced for normal stress only failure occurs 
under small load somewhat as pictured in Fig. 27a, the part of 
the beam toward the center dropping below the end _ portion. 
To be accurate the sketch should show only gradual curves in 
the steel. There is insufficient strength in the concrete below the 
rods to the left of the rupture to resist the pressure brought 
upon it, and it spalls off in such a failure. 
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A beam is made secure against diagonal tension failure by 
supplying it with a sufficient amount of reinforcement, so placed 
as to cross a sufficient number of the inclined lines of potential 
failure. The more nearly perpendicular to the cracks the more 
effective are the rods. In practice use is made of stirrups (Fig. 
27b), generally vertical, looped about the main steel, and of main 
longitudinal rods bent up at an angle across the region of diagonal 


Stirrup 


(0) 
Fig. 27 


tension stress in those portions of the beam where they are no 
longer needed to resist the normal tension. In order to propor- 
tion such reinforcement knowledge must be had of the amount 
of the diagonal tension. Unfortunately this cannot be com- 
puted accurately in a reinforced concrete beam since the concrete 
cracks irregularly and just how much tension is taken by the steel 
it is impossible to say. If there were no normal tension on any 
section below the neutral axis the maximum diagonal tension 
would act at 45 degrees and have an intensity equal to that of the 
shear at the section. This is always the assumption made in design. 

In all discussions of diagonal tension these words from the 1916 
Report of the Joint Committee should be kept in mind: 


“Tn designing, resource is had to the use of calculated vertical shearing 
stresses as a means of comparing or measuring the diagonal tension stresses 
developed, it being understood that the vertical shearing stress is not the 
numerical equivalent of the diagonal tensile stress, and that there is not even 
a constant ratio between them. ... It does not seem feasible to make a com- 
plete analysis of the action of web reinforcement and more or less empirical 
methods of calculation are therefore employed.” 
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Study of tests indicate that the concrete is effective in resisting 
small amounts of diagonal tension and may be counted on with 
safety to perform this duty unaided when the shearing stress is 
less than about 2 per cent of the ultimate compressive strength of 
the concrete, about 40 pounds per square inch for ordinary 1-2-4 
mixes. When the shearing stress exceeds this limit, the concrete 
is ordinarily still counted on as carrying a portion of the diagonal 
tension. 

The use of the shear as a measure of the diagonal tension ac- 
counts for the fact that diagonal tension failure and diagonal ten- 
sion reinforcement are very commonly, and erroneously, spoken 
of as shear failure and shear reinforcement. It is hardly worth 
while to quarrel with this usage so long as it is held clearly in 
mind exactly what the terms refer to. . 

53. Stresses in Diagonal Tension Reinforcement. No entirely 
satisfactory and consistent theory of the action of web reinforce- 
ment of concrete beams has yet been devised and very likely never 
will be. The usual methods as here presented are frankly ap- 
proximate, little more than empirical rules that experience shows 
give safe and reasonably economical results. 


S 
2 


y '. Diagonal Tension Crack 


Fig. 28 


(a) Vertical Stirrups. The center stirrup of the three shown in 
Fig. 28 may be assumed to carry all, or part, of the vertical com- 
ponent of diagonal tension acting in the distance m along the 45 
degree line of potential rupture. The horizontal opening of the 
crack is prevented by the longitudinal steel which may be con- 
sidered, accordingly, to carry the horizontal component of the 
inclined tension. To rate the stirrup as carrying all of the ver- 
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tical component of diagonal tension, however, would be to under- 
estimate the strength of the concrete. Tests show that it is 
proper to consider that the concrete assists the stirrups by carry- 
ing either a fixed amount or a given proportion of the diagonal 
tension, one-third being the fraction recommended by the 1916 
Joint Committee. 

The total amount of diagonal tension in the distance m is vbm, 
v being the average intensity of shear and also of diagonal tension 
in the distance s, and the vertical component of diagonal tension 
is vbs. The stress (S) in the stirrup then is: 


S = v'bs (2) 
where v’ is the amount of shear measuring the share of the dia- 
: : 2v : : 
gonal tension carried by the steel, ca by the 1916 Joint Committee 
ruling. 
v' bm = Diagonal Tension A 
vbn=N Giagonal Tanalon 
Diagonal Tension 
Rupture 
From Journal of Boston Society of Civil Engineers, Feb., 1925 
c=ssina nm = m cos 45° 


s sin a cos 45° 
cos 45° cos a@ + sin 45° sin a 
7 8 sin a & 8 sin @ 
~ cos (45° — a) ~ cosa + sina 


Fic. 29 


m =c + cos (45° — a) = 


The expressions, vbs and v’bs, should be translated into words 
and remembered, not arbitrarily, but as the statement of an easily 
visualized relation: the vertical component of diagonal tension 
in any distance along a reinforced concrete beam is taken as 
equal to the horizontal shear in that distance. 
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(b) Inclined Rods. The middle inclined rod of the three shown 
in Fig. 29 is affected by that portion of the diagonal tension 
that acts in the distance m along the 45 degree line of rupture. 
The total amount of this diagonal tension is vbm and the amount 
causing stress in the bar is v’bm. There are two common ways of 
determining the stress caused in the inclined rod by this diagonal 
tension: one method of analysis asserts that the vertical com- 
ponent of diagonal tension is the vertical component of the stress 
in the bar; the other that the stress in the bar is that component 
of the diagonal tension that is parallel to the steel, the other com- 
ponent being perpendicular to it. By the first method the stress, 
S, in the rod is (see Fig. 29): 
oon v'bs 
sind (sina + cosa) 


(3) 


By the second method 
S = v’bm - cos (45° — a) = v’bs - sin a. (4) 


For a 45 degree slope the two methods give identical results. The 
second method is equivalent to saying that the vertical component 
of diagonal tension in a distance along the beam equal to the 
longitudinal spacing (s) of the bars 
is resolved into two components (see 
Fig. 30), one normal to the steel, 
resisted by the diagonal compression 
in the concrete, the other along the 
bent rod and carried in part by it 
(v'bs sin a) and in part by the con- 
crete. It is plain that the flatter the slope of the bar the less 
effective the 45° diagonal compression in resisting the load thrown 
on it. Accordingly this method of analysis does not lend itself 
to approval. 


i 
By substituting the value of v’b = al (see Art. 51, Eq. 1) in 


Equations (3) and (4) they take the form given them in most 
textbooks and directly or indirectly in the various Joint Com- 
mittee reports: 

= v'bs Rs V's 

~ (sina + cosa)  jd(sina + cosa) 


(5) 


which is the expression indicated in the 1924 Joint Committee 
report for values of a between 15 degrees and 45 degrees. 
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For (4) 


: : Eee 
S = v’bs-sina = [ae (6) 


the expression indicated in the 1924 report for values of a between 
45 degrees and 90 degrees, and in the 1921 report between 20 
degrees and 90 degrees. The 1916 Joint Committee recommends 
a single value for all slopes 

3 V's 


~ edad — 3 y’bs. (7) 


The variations of these several expressions with changing slope 
of bars are shown in Fig. 31. 


0.60 


0.40 


a Be eee teen 


45° 30° 45° 60° ioe 90° 
Angle (a) between Web Bars and Long/tudinal Bars 


From Journal of Boston Society of Civil Engineers, Feb., 1925 


Stress in Inclined Web Member 
Stress in Vertical Web Member 


Ratio» 


Shah aoe 
PRES RUAS 


1916 Joint Committee (4 = 20°-90°) =-—— 


1921 Joint Committee (4 = 20°-90°) V's 
1924 Joint Committee (a = 45°-90°) 


1924 Joint Committee (a = 15°-45°) Si 
Fig. 31 


V’s 
jd (sin a + cos a) 


In practice the angle of slope is nearly always 45 degrees or 
less. Inspection of Fig. 31 shows that for these angles the 1916 
rule gives results about the average of those of the preferred 
formulas. In view of the uncertainties of the problem it would 


88 BEAMS 


seem to be assuming an unwarranted degree of precision to attempt 
to compute the stress in inclined web reinforcement any more 
exactly than recommended by the 1916 Joint Committee. 

The preceding paragraphs have dealt with the ordinary ar- 
rangements of web reinforcement; vertical stirrups, one or more 
sets of bent-up longitudinal bars, one or more bars in each set, 
combinations of stirrups and bent-up bars. (See Appendix C, 
Figs. 6,9 and 11.) In the 1921 Joint Committee Report another 
method of diagonal tension reinforcement was provided for; that 
of bending up one or more longitudinal rods at the point where 
reinforcement becomes unnecessary and carrying them through 
on a slope to the center or top of the beam at the edge of the 
support. (See Appendix C, Fig. 10.) It was specified that the 
vertical component of stress in the bar should be taken as that 
part of the maximum end shear of the beam causing stress in the 
web reinforcement. The 1924 Joint Committee computes the 
stress in this sort of reinforcement by Equation (5). 


Example 18. The beam shown in Fig. 32 carries an end shear of 17,500 
lbs. What is the unit stress in the end stirrup assuming 

(a) that the concrete carries 4 and the stirrups 2 of the diagonal 
tension; 

(b) that the concrete carries diagonal tension to the amount measured 
by a unit shear of 40 lbs./sq. in., and the stirrups the remainder? 


INT 


1/9 Stirrups 


“4 
3{ 6" 


Mies BY) 


Solution. (a) The unit end shear is 
1 PLEO 
~ 10 <3 20 ; 
The end stirrup cares for 6 in. of distance along the beam and in that 
length two-thirds of the vertical component of diagonal tension equals 
two-thirds of the horizontal shear, equals (neglecting variation of shear 
intensity in the end 6 in.) 


3 X 100 x 10 X 6 = 4000 lbs. 


= 100 lbs. /sq. in. 
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which is the load on the stirrup. Dividing this by the area of the two 
legs gives the unit stress 
4000 : 
{<= 2x 0.196 * 10,200 Ibs. /sq. in. 
(6) As the concrete carries diagonal tension to the amount of 40 Ibs. 
of shear there is left 60 lbs. for the stirrup, making 
GD XO 566 


fs ae 2x 0.196 = 9200 Ibs. /sq. in. 


Example 19. What is the theoretical end spacing of the stirrups in 
the beam of Example 18 for a unit stress in the steel of 16,000 Ibs./sq. in., 
making the assumptions noted in that problem? 

Solution. (a) One stirrup can carry a load of 16,000 x 2 x 0.196 = 


6270 lbs. The end spacing equals the load that one stirrup can carry 
divided by the load per inch, that is, by the horizontal shear per inch, equals: 


6270 


Sem x19. 
(b) End spacing equals: 
6270 ; 
= A 
eer areas 10.4 in 


If stirrups are too far apart there will be opportunity for inclined 
cracks to open between them and the limiting spacing is often 
taken as one-half the depth, that is 10 inches in this case. An- 
other point that should be watched is the anchorage of the ends of 
the stirrups. They may be stressed to 16,000 pounds per square 
inch at the neutral plane, say approximately at a depth of 0.4 d. 
If the ends are anchored by a hook as shown there is no difficulty.! 


Example 20. The beam shown in Fig. 33a carries a total load of 2500 
Ibs. /lin. ft. on a span of 16’ (clear). Design the diagonal tension rein- 
forcement using vertical stirrups, making the assumptions noted in Ex. 18; 
fs = 16,000 Ibs/sq. in. 

Solution. (a) Draw the curve of unit shear variation. The end 
shear = 4 X 16 x 2500 = 20,000 lbs. The unit end shear is v = 
20,000 + (10 x % x 20) = 115 lbs./sq. in. It will be assumed that no 
stirrups are required where the shear is less than 40 lIbs./sq. in. which 
gives a length of 63 in. to be reinforced. A single loop stirrup of ¢ in. 
round material can carry a load of 16,000 « 2 x 0.11 = 3520 lbs. 


1 However the 1924 Joint Committee is more rigorous. See Appendix B, 
Art, 141, 
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The number of stirrups required in one end of the beam on the first 
assumption equals two-thirds of the total vertical component of diagonal 
tension in 63 in. divided by the allowable load on one stirrup; that is, 


3X 78 X 10 X 63 _ 49 
3520 7 


9 =115¥*/q" 


oo Mean 78#/p" 


b 


(a) (b) 
HiGsos 


Noting that spacing varies inversely as the shear gives: average spacing 


at center of 63 in. distance, s = 6.3 in.; at end of beam, s = 6.3 X ce a 
4.3 in.; at inner end of 63 in. distance, s = 6.3 X ib = 12.3 in., which 


is greater than the 10 in. = : limit. A spacing of 2-4-4—6-6-6-6-6-10-10 
is satisfactory, the first dimension being from the edge of the support.! 


1 Since many designers desire an exact and easy method of spacing stirrups 
for varying shear the following slide-rule solution is presented but its use is 
not recommended. 

The area under the shear curve is proportional to the vertical component 
of diagonal tension and so the problem is to divide the triangle abc, Fig. 34, 
into as many equal parts as there are to be stirrups and place a stirrup midway 
(approximately) of each area. The graphical method of doing this is illus- 
trated in the figure and from the geometrical relations that obtain it can be 
shown that the division points are located as dimensioned, N being the number 
of stirrups. To solve by the ordinary Mannheim slide rule set the runner to 
L on the D-scale and bring N on the B-scale to the cross line thus dividing L 
by VN. Then place the runner successively at N—-1, N-2, etc., on the B-scale, 
noting results on the D-scale, which, subtracted from L, etc., give the division 
lengths which are closely the spacings required. 

Solving Ex. 20b gives the following readings on the D-scale: 63-—58—53-48— 
41-34-24; and this spacing: 2-5-5-5-7-7-16, the last space being to the third 
point of the 24-inch division which is a triangle. The method can be applied 
to Ex. 20a by computing the number of stirrups required in 96 inches and 
omitting those not needed, 
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In the previous solution the total load on the stirrups could be repre- 
sented by two-thirds of the area abcd (Fig. 33). Allowing the concrete 
to carry diagonal tension up to 40 lbs. of shear, the load is proportional 
to the area abe and the number of stirrups equals 


3(115 — 40) (10 x 63) 


3520 aol 


Fig. 34 


the average spacing being 9 in. and the end spacing 4 x 9 = 4.5 in. 
since so far as stirrups are concerned the shear at the end is twice that 
at the center of eb. At the inner end of the 63 in. distance, eb, the spacing 
is infinite. The spacing 2-5-5-8-10-10-10-10 is suggested. Careful 
designers would employ more stirrups than required in order to keep the 
spacing down to the maximum allowable. 

In choosing stirrups for a beam a convenient practice is to compute the 
number required in each end and space them approximately, the spacing 
being given in multiples of 2in. or 3in. Any attempt at greater exact- 
ness is to expect greater precision in placing steel than is usual on even 
the most carefully supervised work and also errs in giving rather too 
much weight to the theory. Some designers prefer to calculate the spa- 
cing required at several points and place the stirrups with this guidance. 


Example 21. Are stirrups needed in addition to the bent-up rods in 
the end of this beam (Fig, 35): (a) assuming that the concrete carries 
one-third the diagonal tension; (b) assuming the concrete carries diagonal 
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tension to the amount measured by a shear of 40 lbs./sq.in.? fs = 16,000 
Ibs./sq. in. (The beam shown is that considered in Example 20.) 

Note. The horizontal spacing of the bent rods here shown is } of 
the depth of the beam, a common maximum imposed so as not to give 
opportunity for dangerous cracks to open between rods. 


C.L. 


Span 1610" 


715*/a" 


Mean Intensities 


20" 


70" 


HiGsoD 


Solution. (a) Draw the curve of shear variation and compute the mean 
intensities of shear in the 15 in. horizontal projections of each set of bent 
bars. (See Ex. 20.) The vertical component of diagonal tension in the 
end 15 inches is 3 X 106 x 10 X 15 = 10,600 lbs. and the component 
of this component parallel to the steel equals 10,600 + V2 = 7500 lbs. 
(Same result by either equation (3) or (4), the latter being easier to use.) 
Or it may be taken as ? X 10,600 = 8000 lbs. The stress in the steel 
then is equal to, or less than, 8000 + (2 x 0.60) = 6700 lbs./sq. in., 
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which is less than the 16,000 lbs./sq. in. limit. No stirrups, plainly, are 
required to assist either this or the adjoining set of bent bars. 

(6) The vertical component of diagonal tension in the end 15 in. is 
(106 — 40) x 10 x 15 = 9900 lbs., less than the 10,600 lbs. above. No 
stirrups are needed in the end 30 in. 

As the shearing stress at the inner point of bend exceeds 40 Ibs. /sq. in., 
which may be assumed as the limit of shear for concrete unreinforced for 
diagonal tension on either assumption (a) or (6), stirrups are required from 
that point to where the shear becomes equal to 40 Ibs. /sq. in. 


54. Bond Stress and Anchorage. Undesirable cracking and 
even failure of reinforced concrete structures result if there is 
slipping between the steel and the concrete. Two general con- 
siderations respecting bond strength must be kept in mind: the 
anchorage or length of embedment of rods and the rate at which 
stress passes from the concrete to the rod. 

A simple case of anchorage is that of the reinforcement of the 
cantilever beam shown in Fig. 36 projecting from a EOE 
column. The length 
of embedment (L) 
must be such that 
the resistance to pull- 
ing out, developed a 
with the allowable 
bond stress, equals 
or exceeds the total 
stress (P) in the rod 
at the face of the Fic. 36 
column. Then ifu = 
allowable unit stress in bond, Yo = total perimeter of the stressed 
bars, D = diameter of round or side of square bar, and f, = unit 
tension in steel, there results as a general expression 


w-2o2L= P (8) 
and wx AD Ke Lees, KD? 


for a single square bar, and 
uxXnwDXL=f,Xi«aD 


for a round bar, giving for both rounds and squares: 


Sake 
LD (8a) 
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It is suggested that the student note that the relation is the same 
for both round and square bars and make no attempt to learn the 
formula, working it out for a square bar of size D on each occasion 
as needed. 

Another way to secure anchorage is to hook the end of the bar. 
The 1921 Joint Committee Report recommended a total length of 
bend of 16 times the bar diameter, and a radius of the semi- 
circular hook of 4 bar diameters. These proportions are fixed on 
to ensure the elastic limit of the steel being developed without 
bringing excessive compression on the concrete under the hook. 
The Committee also allowed the use of mechanical devices such 
as nuts and washers, but these come into action only after slipping 
has started elsewhere along the bar. In this country short right- 
angle bends are much used but they are relatively ineffective as 
the concrete may be crushed and split by the excessive bearing. 
The most effective hook is useless, however, if the mass of concrete 
in which it is embedded is too small to resist the stresses brought 
upon it. The question of proper length of embedment arises 
wherever there is stressed steel in concrete. Whether the stress 
be tension or compression a rod must extend beyond any stated 
point of stress a distance sufficient to develop in bond the total 
stress there existing. The bearing of the end of a rod on concrete 
is usually considered to be negligible. 

The question of the rate of transfer of stress from concrete to 
steel arises chiefly with regard to the tension steel in beams. In- 
spection of Fig. 26a shows that the bond stress, the tendency of 
the rods to slip, equals the horizontal shear and that the unit bond 
stress may be obtained by dividing the horizontal shear by the sum 
of the rod perimeters (20). Expressed as a formula this becomes 


u = vb/Zo. (9) 
Study of test results shows that this theoretical relation does not 
cover all the facts of the case. ‘The usual method of computing the 


bond stress in a reinforced concrete beam does not take into account 
all the phenomena of bond action ”’ which ‘‘ may be expected to 
greatly modify the distribution of bond stress over the length of 
the bar and otherwise to affect resistance to beam bond stress. 
However the nominal values for bond resistance, computed by the 
usual formula, form a useful basis for comparison in beams in 


which the dimensions and general make-up are similar.” (Bull. 
71, Univ. of II.) 
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It is not often that the bond stress in compression steel needs 
investigation. Usually such steel is nearer the neutral axis than 
the tension bars and is made up of rods of about the same diam- 
eter. The rate of stress transfer to the compression steel will 
be to that of the tension steel as their respective unit stresses, 
which bear the ratio of their respective distances from the neutral 
axis. If the rods are of the same size the unit rate of stress transfer 
(or the horizontal shear on the bar perimeters) for compression 
steel is therefore generally less than that of the tension steel. 


PROBLEMS | s 4 5 
7 
5. Locate the neutral axis of this beam . 
n = 15. oe 
Ans. 10.7 in. from top. 
onoao0aoona 
4-1"2 


6. (a) Determine the position of the neutral axis of this beam for 


ji<— 15 and for 7 = 12. " 
(6) Compute the moment of resistance for fs i | 


12 
= 15,000 Ibs./sq. in. f; = 500 lbs./sq.in. n = 15. 

(c) Determine the fiber stresses for a bending ‘ 
moment of 60,000 ft.-lbs. mn = 15. lt 
Ans. (a) 9.4 in. and 8.6 in. from top. 

(6) MR = 48,800 ft.-lbs. Oxo 


(c) fs = 14,400 Ibs./sq. in. f, = 615 Ibs./sq. in. 4-19" 


7. Determine the size of rectangular beam required for a span of 20 
feet and a uniform live load of 1000 lbs. per foot. fs; = 18,000 lbs./sq. in. 
fe = 800 lbs./sq. in. n = 15. 

Ans. Breadth of 12 in. and depth to steel of 21.7 in. assuming dead 
weight at 300 Ibs./ft. As; = 2.31 sq. in. 


8. The actual fiber stresses in this beam 
are f; = 500 lbs./sq. in., and f; = 18,000 lbs./sq. 24" 
in. What are the steel area and the bending 
moment? n = 12. 


: Ag 
Ans. A; = 1.0sq.in. BM = 33,000 ft.-lbs. | 5 


9. Compression steel to the amount of 2 sq. in. is placed 2 in. from 
the top of the beam of Prob. 8. What is the bending moment pro- 
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vided for, the fiber stresses and n being as before? What is the ten- 


sion steel area? 
Ans. BM = 46,400 ft. lbs. As = 1.41 sq. in. 


10. The lever arm of the resisting moment of 
this reinforced concrete beam is 16 in. What is 
the breadth of the beam? What are the extreme 


fiber stresses when the bending moment equals 18" 
24,000 ft.-lbs.? n = 15. 
Ans. 6 = 10). 70" 
fs = 18,000 Ibs. /sq. in. ; 


fc = 600 lbs. /sq. in. 


11. Determine the areas of tensile and com- ; 3m 
pressive steel for this beam for limiting fiber 
stresses of f- = 500 lbs./sq. in. and f; = 15,000 
Ibs./sq. in. and a bending moment of 90,000 
Ticlbs. 7% =" 15: A, 


IND, Ale SOR IN, Big S SHO Ee, ay 12" 


12. Solve the problem of Example 12 (page 73) by the approximate 
method, that is, taking the area of the compression wings of the trans- 
formed section at 30 sq. in. instead of 28 sq. in. 


Ans. The unit stress in the steel together with the neutral axis and the 
lever arm of the resisting couple remains unchanged. jf; = 480 lbs./sq. in. 


13. If one stirrup can carry 
4000 Ibs. how many will be Z 10-0" ee 
required for this beam, assum- 
ing that the concrete can carry 
one-third the diagonal tension? 18" 
Neglect the weight of the beam is 


itself. n = 15. [224 


Ans. 20 stirrups. 


14. The stirrups in this beam are spaced 4 in. apart and are stressed 
to 10,000 Ibs./sq. in. on the 
assumptions that they carry 


P 
all the diagonal tension and = —W : ——9 
that the weight of the beam NE 18" 
may be disregarded. What is 
the amount of the load P? ="¢ 10" 
Ans. 7700 lbs. 
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16. This reinforced concrete cantilever beam projects from a concrete 
pier and carries a uniformly distributed load extending from A to C. 

(a) Compute the intensity of bond and shear at A, assuming the total 
load at 12,000 Ibs. : 

(6) Determine the required length of embedment (L) of the three bars, 
assuming them to be stressed to 16,000 lbs./sq. in. and the allowable bond 
stress to be 80 lbs./sq. in. 


(c) Locate the theoretical point for bending down the one bent rod, 
assuming the steel to be stressed to the working limit at the support. 

(d) What is the unit tensile stress caused by diagonal tension in the 
bent portion (BD) of the bent rod under a 12,000 lb. total load? Assume 
that the rod is effective over 20 in., and that the concrete carries one- 
fourth of the diagonal tension. 

Ans. (a) v = 48 lbs./sq.in. wu = 48 lbs./sq. in. 
(b) ZL = 50 inches. 
(c) 2.2 ft. from A. 
(d) 1630 lbs./sq. in. (Equation 4). 
4080 lbs./sq. in. (Equation 3). 


CHAPTER VII 
COMPRESSION MEMBERS 


55. The common type of reinforced concrete compression 
member has a circular or rectangular concrete section with a row 
of rods, parallel to the longitudinal axis of the piece, set about 25 
inches back from the surface all around the verimeter. These 
main reinforeing bars are held in place either by being wired to a 
series of encircling hoops or ties (made of { inch or % inch round 
material, spaced 8 inches to 12 inches apart), or to a closely spaced 
spiral (properly a helix) of steel wire. 

The vertical reinforcement with either ties or spirals acts in 
exactly the same manner, deforming the same as the surrounding 
concrete as the column shortens under load. The action of the 
ties is to bind the rods to each other and into the mass of concrete 
in such a way that they will not buckle and cause the failure of the 
column. Owing to the shrinkage of the concrete in setting the 
longitudinal reinforcement has'a heavy initial stress before any 
load comes on the column and the function of the ties is therefore 
very important. This task is more efficiently performed by the 
spiral which also serves to restrain the lateral deformation of the 
enclosed concrete core that follows upon its shortening. In con- 
sequence the spiral column is a much tougher and more depend- 
able member than the tied column. However the spiral does not 
come into active service until the load on the column passes the 
elastic limit, so most authorities consider it improper to count 
directly upon the increased strength that its use affords. The 
spiral greatly increases the ultimate compressive strength and the 
resistance to shear. 

Most reinforced concrete columns are so short that their ulti- 
mate strength is not limited by any tendency toward bending or 
buckling, their length being ordinarily less than 12 times their 
least lateral dimension. When they are more slender the working 
stresses must be reduced-from those allowable on short columns 
of the same cross-section.! 


1 See Appendix B, Art. 170. 
98 
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56. Design of Columns. The fundamental principles of column 
design are illustrated by the following examples. 


Example 22. What are the fiber stresses in this column (Fig. 37), 
under an axial load of 200,000 Ibs.? n = 15. 

Solution. The steel in the column is equivalent to 15 x 4 = 60 sq. in. 
of concrete which makes a net increase of 56 sq. in. (Compare Ex. 12, 
Art. 47.) The stress in the concrete 
equals 200,000 + 456 = 440 lbs./sq. in., 
and that in the steel 15 x 440 = 6600 
Ibs. /sq. in. 

Example 23. What is the allowable 
load on the column of Example 22 (Fig. 

37), if f- = 400 lbs./sq. in. and n = 12? 

Solution. Transformed area equals 
400 + (12 — 1) (4) = 444sq.in. Allow- “?7”° 


20" 


able load then is 444 x 400 = 177,600 20" 
lbs. 
Example 24. Design a column to Fie. 37 


carry a load of 100,000 lbs. f, = 450 Ibs./sq. in. n = 15. 

Solution. The total area of concrete required for the transformed 
section is 100,000 + 450 = 222 sq. in. A 14 X 14 section furnishes 
196 sq. in., leaving 26 sq. in. as the excess area furnished by transforming 
the steel area to equivalent concrete, that is (n — 1) or 14 times the steel 
area equals 26 sq. in. The reinforcement required, accordingly, is 26 + 
14 = 1.9 sq. in. If the cross-section and steel first chosen are unsatis- 
factory for any reason further trials must be made. There is no direct 
road to a final design except by the use of tables or diagrams. 


In columns exposed to fire hazard the steel must be protected 
by at least two inches of concrete and the greater portion of this 
protective cover is not usually counted on in computing the 
strength of the column. The above examples have considered 
the gross area to be effective which is permitted by the Joint 
Committee (Art. 165, Appendix B). Computations of spiral- 
reinforced columns would differ from the preceding only in the 
detail that the effective area is that of the concrete inside the 
spiral, which is itself covered by two inches of concrete. 

The value of 7 is taken the same for columns as for beams, 
somewhat higher than the actual given by test specimens at low 
working load. This takes account of the fact that the value of n 
increases with increasing stress, thus throwing a larger and larger 
proportion of the load on the steel. 
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57. Considére’s Theory of Spiral Columns. In 1903 Considére 
published tests of columns reinforced with longitudinal steel and 
spirals, on the basis of which he concluded that the steel in the 
spiral is 2.4 times as effective in increasing the strength of the 
column as that placed vertically. Certain cities of the United 
States, notably New York and Chicago, have adopted in their 
building codes spiral column formulas based upon this supposed 
effectiveness of the closely spaced hooping. Conservative prac- 
tice is represented by the Joint Committee recommendations 
(Art. 162, Appendix B), which takes no direct account of the 
spirals. 


Example 25. What is the allowable load on the column section shown 
in Fig. 40 according to Considére’s theory? The spiral reinforcement 
consists of 3-in. wire with a pitch of 2 in. Allowable f; = 700 lbs./sq. in. 

Solution. In 1 ft. of length of this column there are 72 = 6 turns of 
wire, making a total length of 6 x « x 20 x #, = 31.4 ft. If this length 
were used as vertical reinforcement it would provide 31.4 bars, each with 
an area of 0.11 sq. in., making a total of 3.45 sq. in. This spiral area is 
assumed to be 2.4 times as effective as an equal amount of vertical steel, 
so it is equivalent to 2.4 x 3.45 = 8.28 sq. in., making the total area of 
reinforcement 8.28 + 6 = 14.28 sq. in. The transformed area is + X 
a X 20? + (15 — 1)(14.28) = 514 sq. in. The allowable load is 700 x 
514 = 359,800 lbs. 

In contrast it is interesting to note that the Joint Committee allows a 
load of 335,000 lbs. on this section. 


58. Members Carrying Compression and Bending. When the 
load, P, on a homogeneous column is applied eccentrically on one 
of the axes of symmetry at a distance of e inches from the other 
axis, as shown in Fig. 38, it is equivalent to the same load applied 
axially, together with a moment of Pe inch-pounds, and the stress 
is found by use of the familiar relation 


f= P/A + My/I = P/A + Pey/I. 


The application of this formula to the transformed section of a 
reinforced concrete column presents no difficulties if there is 
compression over the whole section. Since concrete cannot carry 
high tensile stresses, where the eccentricity of the load is sufficient 
to cause a tension in excess of about 50 pounds per square inch a 
modification of this method must be employed which is described 
in Ex. 28. 
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Example 26. This column (Fig. 39) carries a load, parallel to the 
column axis, of 150,000 Ibs., which may be considered as applied at point 
indicated. What are the fiber stresses? n = 15. 


(a) (0) (c) 
Fie. 38 


Solution. The steel-concrete section may be replaced by its equivalent 
in concrete, as shown in Fig. 39), the concrete in the wings acting at the 
same distance from the axis in the direction of the bending as the steel 


420" 


(c) 


5703/g* 


Fia. 39 


524M), 
110¥or oy 


(d) 


it replaces. Were the arrangement of Fig. 39¢ adopted the transformed 
section would not be equivalent to the original so far as resisting the 
given bending is concerned since here the added wings have a greater 
leverage than the steel. 
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The transformed section and moment of inertia are calculated in the 
usual fashion, disregarding the small moment of inertia of the wings 
about their own axis. 


24 x 15 = 360 x 152/12 = 6750" 
LE Oro oe x 6? = 3020 
Transformed area = 444 sq. in. 9770" 


Whence 

150,000 We (150,000 x 2)(7.5) 
Add 9770 

570 Ibs./sq. in. for maximum stress 

110 lbs./sq. in. for minimum stress, 


f= = 340 + 230 


lI 


giving the stress diagram shown in Fig. 39d. The maximum steel stress 
equals 15 x 524 = 7860 lbs. /sq. in. 
Spiral 
Example 27. What are the maximum 
20 stresses in this column (Fig. 40), under a 
6°" of Steel direct load of 150,000 lbs. and a moment 
of 150,000 in.-Ibs.? n = 15. 
Fie. 40 Sohition, The area of the transformed 
section is 3141+ 14 x 6 = 398 sq. in. 
In computing the moment of inertia, consider the concrete that replaces 
the steel as a ring of 19 in. mean diameter; 


et en 1 Dt D:. 
20 in. circle. = ga" =r x 16" Area X — 16? 
ei, ASSN) 7850/4 
16 
19 in.ting, I = 4 (Dy — Ds‘) = A (De + D2) 
= 2x D? (mean) as limit 
; 84 x 192 
he, eae a 3790 
I= 11,640/"4 
vee 150,000 150,000 x 10 
m 398 11,640 
= 380 + 129 = 510 lbs./sq. in. as maximum 
fs; = 15 510 = 7600 lbs./sq, in. 


1 The student will find it advantageous to familiarize himself with the easy 
slide-rule method of finding the area of circles. For the ordinary Mannheim 


rule, set the right hand index of the B-scale under the mark indicating 7 = 


0.785 on the A-scale. Place the runner cross-line on the diameter on the C- 
scale and read the area on the A-scale, thus solving Area = ae 
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The direct solution of a circular column is not practicable if 


1 5" 
ep n.8 
i. 
5 wu” 
Load 
é, (a) 
e Section 


V\ | 150,000# 
5 


there is tension over 
part of the section. 


Example 28. Same as 
Example 26 except that 
the point of application 
of the load is 5” from 
the axis, Fig. 41a. 


Solution. If the load 
on a homogeneous col- 
umn acts on an axis of 
symmetry outside the 
middle third there is 
tension on the section. 
In this case the presence 
of the steel modifies the 
limiting boundaries of 
the area within which 
the load must act if 
compression only is to 
exist, but the load is so 
far without the middle 
third that preliminary 
investigation by the 
method of the problem 
just outlined is hardly 
necessary. A_ glance 
at the previous figures 
quickly confirms this 
judgment. 

To solve this problem 
consider a short section 
of the column, abcd, 
shown in elevation in 
Fig. 416, which is in 
equilibrium under the 
action of the forces 
shown acting upon it; 
the given 150,000 Ibs. 
on the end ab, and the 
internal fiber stresses on 
the end cd. The diagram 


2 


a 


as ull 
aah 
V 


15 x 8=450" 


1.54. 
ve 


SAA SASS 


SAAS 


AAS 
ISSSAASSSS 


SY 


as) 


Fig. 41 


WW 


WW 


RSs 


ie b 
Elevation 
c 


al Ree 


Fees) 


MS SASSY 
SSS 


420"..(15-1) (3) 
in wings 


AA 


BSS 


(c) 
Transformed 
Section 


SS 


of stress variation over this end resembles those already met with in beams, 
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the neutral axis being at an unknown distance, x, from the compression 
face, and the extreme compressive fiber stress, fc, also being unknown. 
These two unknowns may be found by solving the equations written by 
application of the two conditions of equilibrium of a coplanar system 
of parallel forces. The algebraic work is simplified by taking the center 
of moments on the line of action of the known force, as thus an equation 
results containing « only: 2M = 0 (compare Fig. 41b-c). 


Compression Arm Compression 
on mnop = x Pal ne on wings = Arm 
Fa aE EO) = ‘le 1 
Ae Ne f.(* = =) (42) 
Tension = 
ension ie 


“| 4e(22=*) 45) an 7° 


giving 4 x3 — 30 2? — 424 + 63 — 6683 + 4957 =0 
28 — 7.52? +113 2 = 1655 
x = 11.0 in. closely. 


Applying the condition Zv = 0 gives: 


Nes +s(? a (42) -1(23=*) (45) — 150,000 = 0 


or 132f, +36.3f, — 10.3f, = 150,000 
fc = 150,000 + 158 = 950 lbs./sq. in. 


If this is ordinary concrete with a 28-day strength of 2000 lbs. /sq. in., 
this stress is too high. 


It is very convenient to be familiar with the method of solving 
a case of direct compression and bending by the transformed: 
section as the plots given in most texts are of limited range and 
sections are often met with, particularly in arch design, where a 
careful solution is desired. 


Frequently the moment applied to a column is not in the plane 
of a principal axis. When the magnitude of such a moment is 
sufficient to cause any great amount of tension, practically the only 
methods available are the graphic ones given in various treatises.! 


1 “Stresses in Composite Structural Members,’ Rich and Bigelow in 
Journal of the Boston Society of Civil Engineers, February, 1926. ‘Graphic 
Statics,’ M.S. Wolfe; “Concrete Engineers Handbook,” Hool and Johnson, 
p. 406. 
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When there is compression over the whole section the familiar 
method of dividing the moment into components in the planes of 
the principal axes is used, as illustrated by the following example. 


Example 29. Same column as that treated in Ex. 26, Fig. 39. A load 
of 100,000 Ibs. acts 1 in. from the Y-axis and 3 in. from X in the quarter 
toward corner 6. What is the fiber stress in each corner? n = 15. 

Solution. This section is called on to carry a direct load of 100,000 
Ibs., a moment of 100,000 in. Ibs. about axis YY and one of 300,000 in.-lbs. 
about axis XX. The effect of each moment is determined independently 
as in Ex. 26. The transformed section for the 100,000 in.-lbs. moment 
is shown in Fig. 39 and that for the 300,000 in.-lbs. in Fig. 39c. Then 


= £ Myr Moye 

Sk ee, 
_ 100,000 , 100,000 x1 x 7.5 , 100,000 x 3 x 12 
«444 9770 23,440 


= 226 +77 + 154. 


The maximum stress is 457 lbs./sq. in. at 6 and the minimum 5 lbs. /sq. in. 
tension at d. 


Problem 16. At a certain section of this 
15 x 15 column, the compression in the 
concrete at all points on edge ab is 600 
Ibs./sq. in. and the neutral axis is at the 
center of the column. n = 15. (a) What 
is the intensity of the load on the column? 
(6) Where is its line of action? (c) What 
is the bending moment at this section? 

Ans. (a) 32,800 lbs. 
(0) 10.2 in. from axis. Reinforcement: 
(c) 28,000 ft.-lbs. 4-1 square bars 


Problem 17. The thrust in this reinforced concrete arch rib is 500,000 
lbs. and it acts 31 in. above the axis. De- ale" 
termine the maximum stress in the con- 
crete and in each layer of reinforcement. 
fie = US. ; 
Ans. Max. compression in concrete 
= 560 lbs./sq. in. 
Max. compression in steel 
= 7200 lbs./sq. in. 
Max. tension in steel 
= 5600 lbs. /sq. in. 


Reinforcement: 
8 1S 6" X 4" X 3” 


CHAPTER VIII 
FORMULAS, DIAGRAMS AND TABLES 


59. In routine office practice it is essential that all work be 
carried on with the greatest speed consistent with excellence 
and accuracy. The general methods that have been outlined 
are fundamental but their application is somewhat cumber- 
some. In order to save time all designers provide themselves 
with many data in convenient form, and especially with tables 
and diagrams for design, which are based upon relations or 
formulas developed by means of the method of the transformed 
section. The principal use for the many formulas found in this 
and other textbooks on reinforced concrete is to compute tables 
and charts which give values for the various relations for different 
conditions. Since the formulas are easily written upon any dia- 
gram it is foolish to memorize any of these literal expressions 
whose relations cannot be easily visualized, especially as they are 
liable to subtle metamorphoses during periods of misuse and 
become thus a source of error. Their unthinking use tends to 
obscure the nature of the fundamental process being employed. 
In the absence of diagrams or tables recourse should be had to 
the method of the transformed section. 

A large number of tables and diagrams have been published for 
use in reinforced concrete design. Many charts are good but 
some of the more comprehensive type are of very limited use on 
account of lack of precision and difficulty of reading. In general 
tables are quicker to use than diagrams and fewer mistakes are 
made in taking from them the desired data. Curves however 
offer many advantages as they show the changing values of the 
variables plotted and generally permit of direct reading without 
interpolation. Limitations of space make it impossible to in- 
clude a comprehensive range of designing data in this volume. 
Only a few typical curves and tables have been printed. 

The formulas and notation employed here are those made 
standard by the Joint Committee and in part will be found re- 
peated in Appendices B and C. 
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60. Rectangular Beams with Tension Reinforcement. No- 
tation: 
f; = tensile unit stress in steel; 
f; = compressive unit stress in extreme fiber of the concrete; 
modulus of elasticity of steel; 
E, = modulus of elasticity of concrete; 
E,/E,; 
moment of resistance or bending moment in general; 
= breadth of beam; 
d = depth of beam to center of steel; 
A, = cross-sectional area of tension steel reinforcement; 
k = ratio of depth of neutral axis to depth, d; 
j = ratio of lever arm of resisting couple to depth, d; 
z = depth from compression face to resultant of the com- 
pressive stresses; 
jd = d — z = arm of resisting couple. (Hitherto called a.) 
p = steel ratio = A,/bd. Often expressed as a percentage. 


& 
| 


= 
l| 


— 
S 
I 


Fig. 42 


By applying to the solution of the beam shown in Fig. 42 the 
method of the transformed section, a useful series of formulas may 
be derived. In terms of the steel the moment of resistance is 


M = Tjd = (fspj)bd? ° (10) 
and in terms of the concrete 
M =.Cjd = (3 fj)bd". (11) 


The neutral axis may be located by finding the center of gravity 
of the transformed section: 
kd 


bkd X ce npbd(d — kd) 
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whence 
k = V2 pn + (pn)? — pn. (12) 


This formula is of service when investigating a beam where the 
steel area is known. When the fiber stresses are known, as in 
design, a simple proportion gives this result: 


kd _ otk 
df. +f.ln 
Il 
er 13 
nae (13) 
nf 


a formula in quite general use. For the purpose of this text it is 
best to return always to the original proportion instead of solving 
the formula and no table is given to aid in its use. 

In design, where it is desired that both limiting stresses be 
realized simultaneously, the steel area must be such that the 
neutral axis lies at the level indicated by the expression just 
derived. It becomes necessary, therefore, to express the steel 
ratio, p, which measures the steel area, in terms of the fiber stresses, 
which may be done by equating 7 and C (Fig. 42): 


fspbd = 3 fbkd 


Bee 
Pere 


Eliminating k by inserting its value from Eq. (18) gives: 
1 


= (14) 
Ge 


which is the value of the steel ratio for ‘“‘ balanced reinforcement.”’ 
For determining the lever arm of the resisting couple it is to 
be noted that 


j=1-k/3. (15) 


On Plate VI (page 391) are curves for k and j, Eqs. (12) and (15). 
Inspection of the curve for 7 shows that it varies little for wide 
variations of the steel ratio. Approximate values of j are there- 
fore often used. The 1916 Joint Committee recommends a value 
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of § for values of f, ranging from 15,000 to 16,000 pounds per square 
inch, and for f, from 600 to 650 pounds per square inch; the 1924 
Joint Committee recommends a value of 0.86 for ranges of 16,000 
to 18,000 pounds per square inch and 800 to 900 pounds per square 
inch. The use of these approximate values greatly facilitates 
much design work. 

The most used formula in reinforced concrete work is this: 


M = Tijd = f,A,jd, (16) 


which is so simple and useful a relation that it should be remem- 
bered, not arbitrarily as a collection of letters, but in the form of 
a pictured relation; 7.e., the moment of resistance equals the 
tensile force of the resisting moment times the lever arm, — the 
tensile force equalling the unit stress multiplied by the area 
stressed. 

The formulas for moment of resistance, numbers (10) and (11), 
are best combined for use as 


M = Rbd (17) 


where R = f,pj or 4 f.kj according as the moment is expressed in 
terms of the steel or of the concrete. The quantity R, commonly 
called the coefficient of resistance, is seen to be a function of three 
variables, f, or f., p and n (k being a function of p and n). In 
Plate VI curves are drawn showing the variation of R with the 
steel ratio p, n having the constant value 15, and a separate curve 
being drawn for each fiber stress desired. The steeper curves are 
for the values of f,. Evidently the intersections of any two 
curves, as for f, = 20,000 and f, = 800, should be at the value of 
p determined for these stresses by Eq. (14). 

The following examples illustrate the use of formulas and 
Plate VI and are the same as those previously given in Chapter 
VI. 

Example 30. (Same as Ex. 5, Art. 44.) What are the fiber stresses 
for thisbeam? (Fig.12.) 6 = 10in., d = 20in., A; = 2sq.in., n = 15, 
M = 40,000 ft.-lbs. 

Solution. The first step in investigating a beam is to compute the 
value of the steel ratio. 

p =2 + (10 x 20) = 0.0100 or 1.00%. 
12 
Also R = aia <= = 120, 
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The value of R is the second important criterion as to the status of a 
beam. The designer quickly forms the habit of basing his judgments 
on these two factors. In this case the intersection on Plate VI of the 
two ordinates just computed gives stresses of about 14,000 lbs./sq. in. for 
fs and 670 lbs./sq. in. for fe. 


Example 31. (Same as Ex: 6, Art. 44.) What is the maximum moment 
that can be carried by the beam of Example 30 if the limiting fiber 
stresses are f; = 16,000 Ibs./sq. in. and f, = 650 lbs. /sq. in.? 

Solution. As before, first determine the steel ratio, p = 0.0100. Enter 
Plate VI with this value and follow vertically upward to the 650 line, 
where R = 117, with the 16,000 line lying higher, giving a still larger 
value of R. Therefore, the allowable moment is 


M = Rbd? = 117 X 10 X 20? + 12 = 39,000 ft.-lbs. 


Evidently the beam is limited by the concrete, as a moment that stresses 
the steel to 16,000 lbs./sq. in. causes a stress of about 760 lbs./sq. in. in 
the concrete, estimating from the plate the reading at the intersection 
of p = 1% and fs = 16,000 lbs./sq. in. The intersection of the 16,000 
and 650 lines gives the value of p needed if these stresses are to be realized 
simultaneously, that is, 0.0077. If more steel is used the beam is over- 
reinforced and the concrete limits. 


Example 32. (Same as Ex. 7, Art. 44.) Design a beam to carry a 
moment of 40,000 ft.-lbs. with stresses of f; = 16,000 lbs./sq. in. and 
fc = 650 lbs./sq. in. 1 = 15. 

Solution. Plate VI gives the information that for these stresses p = 
0.0077 and R = 108. Accordingly, bd? = 40,000 x 12 + 108 = 4440; 
and for 6 = 10 this gives d = 21.1. For the steel, A; = pbd = 0.0077 x 
LOB G2 1r ese GS1S0 rans 


Example 32a. (Same as Ex. 7a, Art. 44.) What is the steel area re- 
quired for the beam of Example 32 if d is made 22 in. and b = 10 in.? 

Solution. The actual value of R is 40,000 x 12 + (10 x 227) = 99. 
On Plate VI following horizontally from this figure the 650 line is reached 
first, but using the steel ratio there indicated would give a steel stress of 
about 19,000 lbs./sq. in. Further to the right the intersection with the 
16,000 line calls for p = 0.0071 and A; = 0.0071 x 10 x 22 = 1.56 
sq. in. 


Example 32b. (Same as Ex. 7b, Art. 44.) What is the steel area 
required for the beam of Example 32 if d is made 20 in. and b = 10 in.? 
Solution. R = 40,000 x 12 + (10 x 202) = 120. 
The intersection of this horizontal with the 16,000 line on Plate VI in- 
dicates too high a concrete stress; its intersection with the 650 line is at 
p = 0.0110 giving A; = 0.0110 x 10 x 20 = 2.20 sq. in. 


TEE BEAMS Lah 


In designing reinforced concrete beams keep in mind that for 
any given value of the steel ratio (p) the neutral axis (k) is fixed 
and also the ratio of fiber stresses (f,/f.); that in order to realize 
any given fiber stresses in a beam it is necessary to employ the 
proper value of the steel ratio. 

61. Tee Beams. Notation as before 
except (see Fig. 43): 


b = width of flange; 
b’ = width of stem; 
t = thickness of flange. 


I 


Fig. 43 


When the neutral axis lies in the flange the formulas for rec- 
tangular beams are to be used. When the neutral axis lies in the 
stem the following are the standard approximate formulas which 
neglect the compression in the stem. Their derivation follows the 
general procedure of the preceding article. No exact formulas 
taking account of the compression in the stem will be given as no 
diagrams are available for their solution. The exact formulas 
are unnecessary as well as cumbersome. An exact analysis of 
a tee beam may be made by the procedure explained in Ex. 9, 
Art. 46. A similar problem solved by tables is given in Ex. 34aa, 
Art. 64. 

Approximate Formulas, neglecting compression in the stem: 


VEZ TAS tr 
Bens nA, + 2 bt 18) 
3kd —-2t ¢t 
fer ner as ay 
jd =d—z (20) 
Mkd 
fo = — (21) 
if sdb _ 
—n 1—k (22) 
k= (23) 
ds 1) 
. a 
The expression for kd (18) can be written thus: 
2 2 


~ Jon + 2t/d 
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Plate VII (page 392) gives curves for k with n = 15. Note that 
the right-hand termination of each curve marks where k = t/d, 
that is, where the neutral axis lies at the edge of the flange. For 
convenience the ratios of f,/f, corresponding to the values of k are 
set down at the right. 

By substituting in Eq. (20) the values of z and k from formulas 
(19) and (24) there results: 


6 — 6(t/d) + 2(¢/d)? + 


(t/d)* 
na 2 pn 
ie 6 — 3(t/d) 


(24) 


Curves for 7 from this equation are plotted on Plate VII. 
Equation (21) is more easily understood when expressed thus, the 
first parenthesis giving the unit stress at the center of the flange: 


i= (Se) leah ee 


This formula can also be written 
M c : 
ap ~ Se(1 — ee) DI (26) 


and from it Plate VIII (page 393) was prepared, taking n = 15 
and f, = 16,000 pounds per square inch. 

The following examples illustrate the use of these formulas and 
diagrams. 


Example 33. (Same as Ex. 8, Art. 46, Fig. 17.) . Locate the neutral 
axis of this tee beam. 6 = 60 in., 6’ = 10 in., ¢ = 6 in., d = 20 in,, 
A; = 2 sqvin., 7 =15. 

Solution. t/d = 6 + 20 = 0.30 

= 2 + (60 X 20) = 0.0017. 


Entering Plate VII with the above value of t/d and looking for the p = 
0.002 line, locates a point to the right of and above the right-hand ends of 
the k curves, showing that ¢/d is greater than k and that this is essentially 
a rectangular beam. From Plate VI, k is estimated approximately as 
0.2, making kd = 4’. 


Example 34. (Same as Ex. 9, Art. 46, Fig. 17, with ¢ = 34 in.) Same 
data as for Example 33 except that ¢ = 3.5’. The beam carries a total 
moment of 40,000 ft.-lbs. What are the maximum fiber stresses? 

Solution. p = 2 + (60 X 20) = 0.0017 

t/d =3:5:-= 20 = 0/175; 
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From Plate VII j = 0.94, approximately, and f,/f; = 60. 


; 40,000 x 12 : 
Th = ; oe 
en 7 OL 50 12,800 lbs. /sq. in. 


fc = 12,800 + 60 = 220 lbs./sq. in. 


Example 35. (Same as Ex. 10, Art. 46, Fig. 17, with ¢ = 3}in.) Beam 
of Example 33 except that ¢ = 3} in. What is the maximum moment of 
resistance for limiting stresses of f,; = 16,000 lbs./sq. in. and f; = 650 
Ibs. /sq. in.? 

Solution. As in all cases of investigation, compute p and t/d, 0.0017 
and 0.175 respectively, as in the previous example. The ratio f;/f; for 
16,000-650 is 24.6. For this beam, according to Plate VII, the value of 
p and t/d fixes the ratio of fiber stresses at 60, showing it to be limited by 


the steel, with a maximum f; of a = 270 lbs./sq. in. 
Reading j = 0.94 from Plate VII 
gives M = 16,000 x 2 x 0.94 x 20 + 12 = 50,000 ft.-lbs. 


or, from Plate VIII with R = 25, f. having been determined as 270 
Ibs./sq. in. 
M = 25 X 60 X 202 + 12 = 50,000 ft.-lbs. 


Example 36. (Same as Ex. 11, Art. 46.) Beam of same dimensions 
as that of Example 33, except that ¢ = 3} in., carrying 100,000 ft.-lbs. 
What is the steel area required? Stresses, f; = 16,000 Ibs. /sq. in., f. = 
650 Ibs. /sq. in. 

Solution. As in Example 11 it is possible to assume the lever arm and 
compute the steel area as 4.11 sq. in. However it is easy to make a 
slightly closer approximation than before by figuring ¢t/d = 0.175 and 
inspecting the probable value of 7 as given by Plate VII, which may be 
estimated at about 0.92. Then 


100,000 x 12 


Se, C= 4.08 . i . 
16,000 x 0.92 x 20 aa 


As 
A revision by computing p, reading the more exact value of j = 0.925, 
making A, = 4.05 sq. in., adds nothing materially to the precision of the 
solution. Since the ratio of fiber stresses is about 35, f; is plainly less 
than 650 Ibs./sq. in. 


Problem 18. Using the transformed section and standard notation, 
work out the complete derivations of all formulas listed in Art. 61. 


62. Beams Reinforced for Both Tension and Compression. 
The formulas proposed by the Joint Committee for this problem 
are approximate in that they make no allowance for the holes left in 
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the concrete by the compression steel upon transforming the sec- 
tion, making the wings equal nA,’ instead of (n — 1)A,’ (Fig. 21, 
etc.). The diagrams usually employed with them are cumbersome 
and not particularly advantageous. Accordingly there are here 
given exact formulas and a simple plot (Plates IX and X, pages 
394 and 395)! based upon them, for use in design and, to a limited 
extent, in investigation. The beginner will find it most advan- 
tageous to use the method of the transformed section where 
these plots do not apply. 
The following additions are made to the notation: 


A,’ = area of compressive steel; 


, 
Ss 


bd’ 


/ 


P 


f.’ = compressive unit stress in steel; 
d’ = depth of center of compression steel from compression 
face of beam. 


steel ratio for compressive steel = 


For locating the neutral axis: 


k=V2pn+2p'(d’/d)(n—1) + (pn-+p'(n—1))P— Sagem es) 


The moment of resistance in terms of the stress in the concrete: 


M = §(f.bd?)(3k — kh? + (6 p’/k)(n — 1)(k — d’/d)(1 — d’/d)) 
= Rbd?. (28) 


Curves showing the variations of R with changing steel ratios are 
given on Plates IX and X, the constants being n = 15 and actual 
fiber stresses of f, = 16,000 pounds per square inch, f, = 650 and 
750 pounds per square inch. 

The use of these diagrams in design is limited, of course, to the 
stresses indicated and is too simple to require illustration. They 
can be used in investigation to a limited degree if only the ade- 
quacy of the beam is in question and exact determination of the 
actual stresses is not desired. 


Example 37. (Same as Ex. 12, Art. 47.) What are the maximum 
fiber stresses in this beam? 6 = 10in.,d = 20in., A; = A,’ = 2 sq. in., 
n = 15, M = 40,000 ft.-lbs. 

Solution. Compute first the steel ratios, p = p’ = z - 
10 x 20 


1 After a diagram made by Sven G. Roeblad. 


0.01. 


COLUMNS 115 


40,000 x 12 
Also d’/d = 1/10 and R = M/ba = 2 “~—* = 
so d’/ /10 and R / 10 x 208 120. Reference to 


Plate X shows that for R = 120 and d’/d = 1/10 the required values of 
p and p’ are both less than 0.01. Accordingly the beam is over-reinforced 
so far as the stresses 16,000-650 are concerned and the actual stresses 
must be less than these. An exact solution cannot be made by this 
diagram. 


Example 38. (Same as Ex. 13, Art. 47.) Same beam as in Example 
37. If the limiting fiber stresses are f; = 16,000 lbs./sq. in and f, = 
650 Ibs./sq. in. what is the maximum moment of resistance of this beam? 

Solution. Using the data obtained in the previous problem, enter 
Plate X with p = 0.01 and d’/d = 1/10. The reading gives R = 142 
and the required value of p’ for balanced reinforcement as 0.006. The 
beam has more compression steel than is needed. Disregarding this fact 
an approximate solution gives 


M = Rbd? = 142 x 10 X 20? + 12 = 47,300 ft.-lbs. 


Example 39. (Same as Ex. 15, Art. 48.) What areas of tension and 
compression steel are required for this beam? 6 = 10 in., d = 20 in, 
d’ =3 in., fs = 16,000 lbs./sq. in., f, = 650 lbs./sq. in., n = 15, M = 
60,000 ft.-lbs. 

Solution. In order to use Plate X there are required the values of 

; ren _ 60,000 x 12 
d@'/d = 3/20 =0.15 and R = ne | Ee 
p = 0.013 and p’ = 0.016, making A; = 2.6 sq. in. and A,’ = 3.2 sq. in. 


= 180. The plate gives 


Problem 19. Using the transformed section with standard notation 
work out the complete derivations of Equations (27) and (28). 


63. Columns. Additions to notation: 


= total safe load on ordinary short column; 
total effective area of column cross-section; 7.e., that 
within the spiral of spiral columns or within the pro- 
tective covering of tied columns exposed to fire 
hazard; the total cross-sectional area of tied columns 
where the protective covering is considered as part 
of the load-carrying section; 
p = ratio of area of longitudinal reinforcement to effective 
column area = A,/A; 
A, = area of concrete within the spiral or within the pro- 
tective covering = A — A, = A(1 — p); 
28-day ultimate compressive strength of concrete. 


r 
A 


ll 


fi’ 
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Using the method of Art. 56 and Ex. 23 the following general 
formula for safe load on the usual short column is obtained: 


PHA = f(1 + (n — Dp). (29) 


The 1916 Joint Committee required the concrete of exposed tied 
columns to be regarded as protective covering to a depth of 15 
inches, thus making the effective area of a 20-inch square column 
17 inches X 17 inches. The 1924 Joint Committee reduced the 
working stress for this type but defined A in Equation (29) as the 
total cross-sectional area with no provision for protective covering. 
Considering the lack of toughness and bending resistance of the 
tied column it would have been better to reduce the unit stres¢ 
without changing the requirement as to fireproofing. Both com- 
mittee reports require the steel to be placed 2 inches clear from the 
surface of the concrete. 

Formulas for columns with spirals based on Considére’s work 
take the general form 


P/A = fl + (n — 1)p) + 2.4 nfpr 


where 7; is the ratio of the volume of the spiral wire to the volume 
of the enclosed concrete. The Chicago code replaces the 2.4 by 
2.5. The New York code replaces 2.4 nf, by 2 f,, with no relation 
specified between f, and f. 

The following working unit stresses were recommended by the 
1916 Joint Committee: 


For tied columns fec= 022544 (30) 

For spiral columns ff, = 0.35 f,’. (81) 
In both types the steel ratio was limited to between 1 per cent and 
4 per cent. The 1924 report specified: 


For tied columns foo== 0.20 f2 (82) 


with p between 4 per cent and 2 per cent. 
For spiral columns ff, = 300+ (0.10 + 4 p)f,’ (33) 


with p between 1 per cent and 6 per cent. 

Both reports gave rules as to size and spacing of lateral ties 
and spirals which will be considered later. 

Plate XI (page 396) is a designing chart based on Equation (29) 
and the stresses just noted. 
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Example 40. (Same as Example 24, Art. 56.) Design a tied column 
to carry a load of 100,000 Ibs. f; = 450 Ibs./sq. in. n = 15. 

Solution. The less steel used the cheaper the column, so assume the 
minimum percentage of steel, p = 1% (1916 Joint Committee). Inspec- 
tion of Plate XI shows P/A to be 518 Ibs./sq. in., whence A = 100,000 + 
513 = 195 sq. in. A section 14 in. square contains 196 sq. in. The steel 
area is 0.01 x 195 = 1.95 sq. in. 

If the concrete area chosen differs much from that required by the 
diagram the actual value of P/A should be computed and used to deter- 
mine the new value of p from the chart. 

Problem 20. Demonstrate that Equations (42) and (44) in the 1924 
Joint Committee report (Appendix B), are essentially the same as Equation 
(29) in Art. 63. 


64. Tables. For the design of members, tables are extremely 
convenient and for the most part are easily constructed. In the 
Appendix (pages 402406) are given several pages reprinted by 
permission from ‘“ Reinforced Concrete Design Tables,” by 
Thomas and Nichols, which illustrate the possibilities very clearly. 
In view of the previous chapters and articles these tables are for 
the most part self-explanatory, both as to their construction and 
use. Table 11 for tee beams covers only cases where “ the neutral 
axis lies below the slab and gives only values for the compression 
areas above the bottom of the slab, neglecting the compression 
in the beam stem between the bottom of the slab and the neutral 
axis.’”” When it is desired to take account of this compression, as 
is sometimes necessary with large beams, it may be done by com- 
bining the use of Tables 9 and 11 as explained in Example 34aa. 
The usual procedure with these tables is illustrated by the follow- 
ing examples. 

Example 32aa. (Same as Examples 32 and 32a, Art. 60.) Design a 
rectangular beam to carry a moment of 40,000 ft.-lbs. with stresses of 
fs = 16,000 lbs./sq. in. and f,; = 650 Ibs./sq. in. mn = 15. 

Solution. Table 9. A beam 12 in. wide (b) and 22 in. deep (d) can 
carry 52,000 ft.-lbs. and requires 2.02 sq. in. of steel. To carry 40,000 
ft.-Ibs., the width should be $3 x 12 = 9.2 in. and the steel area $2 X 
2.02 = 1.56 sq. in. Use a 10-in. beam with this given amount of steel. 
This is not exact but the approximation is sufficiently close. 


Example 34a. Given a tee beam of the dimensions of that in Example 
34 (6 = 60 in., b’ = 10 in., t = 33 in., d = 20 in., A, = 2 sq. in, n = 
15), carrying 100,000 ft.-lbs. What is the steel area required? fs 
16,000 Ibs./sq. in., f; = 650 lbs./sq. in., n = 15. 
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Solution. Table 11. A tee beam with a 12-in. flange and d = 20 in., 
t = 34 in. carries a moment of 32,200 ft.-lbs., with a steel area of 1.31 
sq. in. By direct proportion of the moments the required width of flange 
is 37 in., which is less than the Joint Committee limit of 16 ¢ + 6’ = 66 in. 
(Appendix B, Art. 115.) The steel area, similarly, is 4.07 sq. in. 


Example 34aa. It is desired to design the tee beam of the preceding 
problem exactly, taking account of the compression in the stem. 

Solution. Table 9 gives the information that a rectangular beam 
10 in. wide and 20 in. deep (d) will carry a moment of 73 X 43,000 = 
35,800 ft.-lbs., and requires steel to the amount of 32 X 1.84 = 1.53 sq. 
in. This leaves a moment of 100,000 — 35,800 = 64,200 ft.-lbs. to be 
provided for by adding a 33 in. flange and more tension steel. Table 11 
shows that 12 in. width of flange will add 32,200 ft.-lbs. of resisting mo- 
ment and requires 1.31 sq. in. of steel. So the total width that must be 

64.2 


added is 35.9 < 12 = 24 in., making a total width of 34 in., which is less 
than the 66 in. limit. The total steel area is 1.53 + aa LS = 
4.14 sq. in. 


This result indicates that the usual approximate method errs slightly 
on the safe side so far as the concrete is concerned and on the unsafe side 
as regards steel. 


Example 39a. (Same as Example 39.) What are the areas of tension 
and compression steel required for this rectangular beam? 6 = 10 in., 
d =20 in. d’ =3 in., f; = 16,000 lbs./sq. in., f; = 650 lbs./sq. in., 
n = 15; moment = 60,000 ft.-lbs. 

Solution. Table 9 shows, as found above in Ex. 34aa, that this beam 
will carry 35,800 ft.-lbs., when reinforced only with 1.53 sq. in. of tension 
steel. Table 12 adds the information that 1 sq. in. of compression steel 
(with the proper additional amount of tension steel) will supply a moment 

-of 7780 ft-lbs. To supply 60,000 — 35,800 = 24,200 ft.-lbs., there is 
required 3.12 sq.in. The additional tension steel equals 


T 24,200 x 12 Bae E 
. 17 Xx 16,000 ~ 1.07 sq. in., 


making a total of 2.60 sq. in. 


Example 40a. (Same as Example 40.) Design a square column rein- 
forced with vertical steel, secured by ties, to carry a load of 100,000 lbs.; 
ii = BOO Noh /Sice as, Go SS IBS, 

Solution. It is desired to use a minimum steel ratio of 1%. Table 
13 gives the solution directly, a 14 x 14 in. column with 1.96 sq. in. of 
steel. This size must be increased by most specifications to provide fire- 
proofing if fire hazard exists as in a building. 
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65. Direct Stress and Bending. Probably the most convenient 
diagrams that have been published hitherto for the solution of 
sections carrying direct stress and bending are those given by 
Professors Turneaure and Maurer in their book “ Principles of 
Reinforced Concrete Construction,” which are here reproduced 
by permission in Plates XII and XIII (pages 397 and 398). The 
following equations were used in plotting the curves there shown: 

Plate XII. No tension on the section. Symmetrical rein- 
forcement. 


12 k(1 + 2 np) (7) 


M 1 ; a 


I 


1+ 24np e) + 6(1 + 2np) (7) (34) 


Plate XIII. Both tension and compression on the section. Sym- 
metrical reinforcement: 


2 
is — 3(3 a *) (k2) + 12 npk(;) = 6 mp (> +255) (36) 


M 1 2 pn [a 
ap = 7p hB- 2H) + pn) (37) 


h? 


The notation is clearly explained in Fig. 44. These four equations 
are derived by the method employed in the solution of Ex. 28, 
Art. 58, except that n was used instead of (n — 1) in replacing the 
compression steel in the transformed section. They are thus 
approximate, as is shown in applying them to the problems pre- 
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viously considered. In using Plates XII and XIII it should be 
kept in mind that the reinforcement is symmetrical and that p 
is the ratio of one-half of the steel only. Other diagrams in very 
common use are expressed in terms of the total steel ratio. 

A still more convenient type of diagram for the solution of 
sections carrying both bending and direct stress is shown in Plate 
XIV (page 399), which was devised by Sven G. Roeblad. Here a 
single chart covers both the case without tension and that with 
tension. It is peculiarly adaptable to the investigation of rec- 
tangular columns where the building code requires an allowance 
to be made for fireproofing because the steel is here assumed to be 
at the very edge of the effective section. 


Example 41. (Same as Example 26.) What is the maximum con- 
crete stress in this column? 6 = 24 in., h = 15 in., d’ = 1.5 in., A; = 
A,’ = 3 sq. in., P = 150,000 lbs., e-= 2 in., n = 15. 

Solution. First collect the following data: 

= pe 3 —_ 
Dt Sages 0.0083 
@ he = Vth = 010 
efh = 2/15-= 0.13. 


Examination of these values shows that Plate XII applies and that there 


is no tension. The value of a given by the plot is about 0.098. Then 
c 
fe = UE I 570 lbs. /sq. in. 


~ 24 X% 15? x 0.098 


Example 42. Same as Example 28 and accordingly the same as the 
preceding-except that e = 5 in. 
Solution. The same data are collected except 


e/h =5/15 = 033: 
Plate XIII applies and there is tension. The value of as is found to 


dhe 
be 0.148. Je 
150,000 x 5 
fe = 


~ 94 x 152 x 0.148 = 940 lbs./sq. in. 


Problem 21. (a) Work out the derivation of Equations (34) and (35), 
noting that was used in place of (n — 1) in transforming the section. 

(b) The derivation of Equations (36) and (37). 

Suggestion. 'To obtain Equation (35) (or 37), take moments about XX, 
Fig. 44. To obtain Equation (34) (or 36), combine (35) (or 37) with 
the expressions obtained by applying the other condition of equilibrium. 
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66. List of Principal Design Formulas. 


: V Ve 
Shear Int Art. 51 = — or —— 
ntensity (Art. 51) v Be oa (1 or la) 
Stress in Vertical Stirrup (Art. 53) S = v’bs (2) 
Stress in Inclined Rod (Art. 53) S = 2 v’bs (7) 
Length of Embedment (Art. 54) = Is D = ae (8) 
4u Udo 
Bond Stress in Tension Reinforce- 
ment (Art. 54) e= 2 (9) 
Moment of Resistance of Any Rein- 
forced Concrete Beam in terms 
of Steel Stress (Art. 60) M =f,Asjd (16) 
Same, in terms of Coefficient of 
Resistance (Art. 60) M = Rbd? (17) 


Allowable Column Load (Art. 63) P =f,(A + (n — 1)pA) (29) 


Problems 22 to 28. Compute the values of the several ordinates in- 
dicated in these problems by use of the appropriate formulas and check 
results against the readings of the plots. Prepare also in each case a 
series of instructions and skeleton tabulation of computations such as 
could be given to a computer, ignorant of the theory involved, with orders 
to prepare the data for constructing the plots completely. 


22. Plate VI. (a) for p = 0.0100, compute k, 7, R for f; = 16,000, 
and R for f; = 650. 

(b) Locate the intersection of the 16,000 and 650 lines by two inde- 
pendent methods. 


23. Plate VII. (a) for t/d = 0.2 and p = 0.004, compute the values 
of k and j. 

(b) Compute the value of the extreme right-hand ordinate of the p = 
0.004 curve. 

(c) Check the vertical location of the value of f;/f; = 30. 


24. Plate VIII. Compute the ordinate of the f; = 500 curve at the 
extreme right-hand end and that where t/d = 0.2. 


25. Plate IX. (a) Compute the ordinates at the left-hand ends of all 
curves. 

Suggestion. These values are for a single reinforced beam (that is, 
reinforced for tension only) with balanced reinforcement. 

(6) Compute the ordinates for R = 200 and d’/d = 0.10. 

Suggestion. Compute first the value of p’. Note that k is known, 
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26. Plate XI. Compute all the values needed for laying out this 
plate. 
27. Plate XII. Compute the value of it for e/h = 0.10 and p = 
c 
Le 


28. Plate XIII. Compute the value of ma for e/h = 1.0 and p = 
c 
17%. 


CHAPTER IX 
RETAINING WALLS 


67. Retaining walls are built to restrain a mass of earth or 
similar material and are of two types: the gravity wall of plain 
concrete or other masonry, which depends for its stability prin- 
cipally upon its own weight, and the reinforced concrete wall 
which depends, in addition, upon the weight of a portion of the 
earth back of it. These two types are illustrated in Fig. 45. 
The gravity wall there shown resists solely by its own weight the 
thrust of the earth 


behind it which tends r : 
to slide the wall along { 
its foundation and tip ! 
it over; the reinforced 
concrete wall can é Z 
Gravity Wall Reinforced Concrete Wall 


neither slide nor tip 
except as the earth 
resting on its heel to the left of plane bd slides or tips with it. 
Had the gravity wall been built with a sloping back the weight 
of the prism of earth above the sloping portion would assist the 
wall in retaining its position. 

The mathematical part of the design of walls consists in ascer- 
taining the amount of earth thrust on the back, and proportioning 
the wall so that it shall be structurally sufficient in every part and 
stable against sliding and overturning, without exerting too large 
pressure upon the foundation. The exact determination of the 
pressure that a given mass of earth will exert is practically im- 
possible, depending as it does upon so many variable and uncer- 
tain factors, such as the character of the material, its cohesion, 
its moisture content, the coefficient of friction of the particles of 
the mass one upon the other and of the earth upon the wall. The 
various theories that have been proposed assume a dry granular 
material without cohesion, and give reasonable values for the 
maximum possible pressure so long as the backing is not clay and 
there is no accumulation of water in the earth back of the wall, a 
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Fig. 45 
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happening which will very largely increase the thrust. The 
theory most commonly used in the United States is that of Rankine, 
a brief statement of which is given in Appendix D. 

This theory states that the line of action of the pressure ex- 
erted by a mass of earth upon a supporting wall is parallel to the 
earth surface; that the intensity of this pressure at any point in 
a vertical plane (perpendicular to a vertical plane containing the 
line of earth thrust) is given by the expression: 

p = Cuh (38) 
where 
Gis Geer | (39) 
cos @6 + V cos? 6 — cos? o 


In these equations the following notation is used: 


w = weight of earth per cubic foot; 

h = vertical depth in feet of point where pressure is taken; 

6 = angle made by the earth surface with the horizontal; 

@ = angle of repose of earth, usually assumed equal to angle 
of internal friction. 


The general problem of retaining wall design is outlined by the 
following examples: 


Example 43. Is the wall shown in Fig. 46 stable against overturning 
and sliding? 

Data: Weight of earth 100 lbs./cu. ft., weight of wall 150 lbs./cu. ft., 
angle of repose of the material 1 : 13, coefficient of friction of concrete on 
earth 0.40, allowable pressure on foundation 6000 lbs. /sq. ft. 

Solution. From Equation (38) it is plain that the intensity of pressure 
varies directly with the depth as is indicated in Fig. 46, and so the result- 
ant pressure on the back of the wall acts at 3? depth or 5 ft. from the bot- 
tom. Evaluating C gives (see Fig. 46, for computations) : 


0.865 — 0.240 
C = 0.86 = 
5 (S03 + oe ee 


The intensity of pressure on the vertical back at the bottom is 0.49 of the 
intensity of vertical pressure at that point, and the total thrust parallel 
to the surface on a one-foot length of wall is the mean intensity of pressure 
multiplied by the wall height. This should be sufficient explanation of 
the figures on the sketch. 

The forces acting on a one-foot length of wall, in addition to its own 
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weight, are the earth thrust just described and the foundation pressure. 
Since this system of forces is in equilibrium, full information concerning 
the resultant of this unknown base pressure (but not concerning its dis- 
tribution) may be obtained by applying the three equations of equilibrium. 
Accordingly, the horizontal component equals 4770 Ibs. and the vertical 


V3 
cos § = we = 0.865 
cos? 6 = 0.750 
13 
V/ 2 
@ = tan— 2 
3 . 


cos? ¢ = m = 0.692 


V cos? 6 — cos? = V/0.058 
= 0.24 


W=6xX 15 X 150= 13,500# 


Fic. 46 


13,500 + 2760 = 16,300 Ibs. In order to locate the line of action of the 
resultant, moments may be taken about any convenient point in the 
plane of the force system, the toe being chosen in this case: 


13,500 x 3 + 2760 x 6 — 4770 x 5 — 16,300 K x = 0 
ip ORD aig 


Assuming the pressure to vary uniformly on the base, the extreme in- 
tensities are given by the familiar 


Pee F(t Se) _ 16,200/; 9x1) 


ie (aly gama b 6 6 


‘f = 5440 lbs./sq. ft. at the toe and = 0 at the heel, the resultant acting 
through the outer middle-third point. This maximum pressure is less 
than the allowable. The wall is safe against overturning. Often a factor 
of safety against overturning is used, defined as the ratio of the earth 
pressure that would cause the resultant on the base to pass through the 
toe to the actual earth pressure, that is the value of P that would make 
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x = 0 in the above equation.! The factor of safety in this problem is 
5.5. A factor as low as 2 is considered sufficient. 

The resistance that may be developed to sliding equals 0.40 x 16,300 = 
6520 lbs., which is greater than 4770 lbs., the greatest push to be expected, 
a factor of safety of 1.3. The wall may be regarded as safe against sliding. 

In computing the stability of walls the vertical component of pressure 
upon a vertical back is often disregarded. 


Example 44. Same data as for Example 43 except ¢ = 30° and 6 = 0, 
the surface of the ground back of the wall being a level storage ground 
with a maximum loading of 500 Ibs./sq. ft. What is the pressure on the 
back of the wall? 


500¥#/a |767¥#/a0 


Fic. 47 


Solution. Fig. 47. The value of C in Equation (88) for these data is 
3, a value often used when conditions are not accurately known. It is 
seen that this is equivalent to taking the pressure on the back of the wall 
as that caused by a liquid back-fill having a weight of 33.3 Ibs./cu. ft. 
Many engineers use such an equivalent liquid filling in computing pres- 
sures on walls, 25 and 30 Ibs./cu. ft. being common unit weights chosen. 
Such figures should not be used without careful investigation of the con- 
ditions of the problem and of the success of walls of known proportions 
in similar situations. 

The effect of the loaded surface may be taken as represented by the 
vertical pressure of a depth of earth, called a surcharge, sufficient to give 
the same unit vertical pressure. Then the horizontal pressure on the 
top of the wall is } x 100 x 5 = 167 lbs./sq. ft., and that at the bottom 
3 X 100 X 20 = 667 lbs./sq. ft. The trapezoid of pressure may be 
considered as made up of a triangle and a parallelogram representing the 
two forces, P: and P2, shown, whose sum equals the total pressure sought. 
It is not necessary to locate this resultant in order to find the base pressure. 


1 Sometimes the factor of safety is defined as the ratio of resisting moment 
to overturning moment, 2.4 in this case. 
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Problem 29. The line of action of the resultant pressure acting on 
the base of this wall passes through a. What is the magnitude of the 
load (P) in Ibs. per ft. of length of wall? 


Earth=100¥*/cu. ft. 
tan Coo) =t 


Suggestion. Find the earth pressure on the vertical plane db and 
consider the weight of the prism of earth dbc as a vertical force acting on 
the wall. 

Ans. P = 57,800 lbs. 


68. Cantilever Retaining Wall. The rectangular beam is one 
of the simplest problems met with in reinforced concrete design, 
particularly so when the proportions 
are made such that no diagonal 
tension reinforcement is required. 
The ‘most common form of rect- 
angular beam is the slab, a member 
of great width as compared with 
the depth. Accordingly it is fitting 
to choose for the first example of 
actual design in this text a canti- Fic. 48 
lever retaining wall of the sort shown 
in Fig. 48, consisting as it does of the three simple elements, each 
a cantilever slab, the vertical stem (a), the heel (6), and the toe 
(c), the last two together constituting the base. The forces acting 
on the stem (a in Fig. 49) are the earth thrust and the internal resist- 
ing shear and moment (V and M); on the heel (6 in Fig. 49), its 
own weight, the downward weight of the mass of earth above, the 
upward pressure of the foundation bed and the resisting shear and 
moment; on the toe (c in Fig. 49), its own weight and that of the 
earth above it, the upward pressure of the foundation bed and 


Te 14'c-c 
Tracks 
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the internal stresses at the support. The downward weight of the 
earth above the toe is never considered as this fill may not be in 
place when the wall is first loaded. 


V 
| a 
*)M 
V— 
Ney 
M 
Fig. 49 


This type of wall is economical for moderate heights, up to 
about 18 feet or 20 feet. Higher walls are generally made with 
brackets, called counterforts when inside and buttresses when 
outside of the vertical slab which is fastened to them. (See Fig. - 
50.) A counterfort wall is a much more complicated problem 
than the cantilever type. 

Counterfort,- 


spaced 7-10 ft. 
commonly 


Section Rear Elevation 


Counterfort Wall 
Fig. 50 


When it is desired to build a wall close to a property line beyond 
which no encroachment is possible, the vertical slab is placed at 
the extreme end of the base giving an L-shaped wall, without a 
projecting toe. 

69. Data for a Cantilever Wall. Detailed consideration will 
now be given to the design of a cantilever retaining wall to fill the 
situation outlined below. The necessary figures and sketches 
are shown together on a series of computation sheets. In the text 
is given a description of the various operations covering all the 
significant details, It is expected that the student will model 
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his own work on the lines suggested by these sheets, making plain 
the various steps by clear subject headings and sketches and 
refraining from lengthy written descriptions. Slovenly workman- 
ship, such as hasty sketches and crude, illegible letters and numerals, 
easily leads to error and results in sheets that are difficult to check. 
The engineering computer must always keep in mind that his work 
is to pass under the critical eye of a superior for check and exe- 
cute it so that it will be easily understood. The student should 
study these computation sheets with three points in mind, best 
reserving the third however for separate consideration: (a) the 
application of the theory of earth pressure to the determination 
of the external forces acting on the wall and its several parts; (b) 
the application of the theory of reinforced concrete to the pro- 
portioning of the several sections; (c) the precision of the com- 
putations, justifying the approximations made and_ seeking 
others to shorten the work. 

In connection with this chapter the student should read Section 
I of Chapter XI, 1924 Joint Committee Report in Appendix B. 
It is also advisable to compare all the specified fiber stresses in 
this example, together with other details, with the several recom- 
mendations of the Joint Committee elsewhere in the same chapter. 


Data: Design a cantilever wall for track elevation, the details of the 
situation being shown in Fig. 48. Loading for the tracks: Cooper 1-60 
locomotive. Weight of earth fill, 100 Ibs./cu. ft. Allowable pressure on 
earth, 3000 lbs./sq. ft.. Angle of repose, 1 vertical to 1} horizontal. 
(¢ = 33° 42’.) Angle of friction, concrete on earth, 22°. (Tan 22° = 
0.40.) Allowable unit stresses: tension in steel, 16,000 lbs./sq. in.; com- 
pression in concrete, 650 lbs./sq. in.; shear, no diagonal tension reinforce- 
ment being used, 40 Ibs./sq. in.; bond, 100 lbs./sq. in. Ordinary con- 
crete with a 28-day strength of 2000 lbs./sq. in. is assumed, with n = 15. 
The steel used is structural grade, deformed bars. 


70. First Steps in Design. (Computation Sheet W1.) The 
first thing for the designer to do is to assemble his information, as 
completely as may be necessary, on a computation sheet and 
make a sketch of the wall about as he judges it will appear when 
designed; all of which appears on Sheet 1 herewith. In making 
the sketch the question of the depth of foundation comes up at 
once. In order to prevent movement by the freezing and the 
thawing of the ground, the base must be set at or below the frost 
line, which is here assumed to be 4 feet below the surface. In 
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the northern United States from 4 feet to 5 feet is the usual 
depth found necessary to get below the frost. 

Another question to be settled is the position of the vertical 
stem on the base, which depends upon the limitations placed upon 
the line of action of the resultant foundation pressure. In this 
case the wall is not on rock but on compressible material, and some 
settlement may be expected. The conservative practice in this 
situation is to require the resultant to strike near the center of 
the base so that the intensity of pressure will be nearly uniform, 
resulting in even settlement without tipping of the wall.t Com- 
parative studies have shown that for the most economical wall 
the front of the stem should be placed approximately over the 
point where it is desired that the resultant strike the base. These 
considerations explain the dimensions shown on this sketch. A 
top width of wall of 12 inches is a common minimum to allow 
easy pouring of concrete. 

After the sketch is made, the preliminary work is completed 
by determining the relation between the vertical and horizontal 
pressures at any point in the earth backing; that is, evaluating 
C in Eqs. (38) and (89). Here the horizontal pressure is 0.29 
times the vertical intensity at the same point. 

71. Base Width. (Computation Sheets W1-W2.) Designers 
endeavor to tell as much of the story of their work by sketches 
as possible, and use a minimum of written description. The two 
diagrams under this heading give full information of what is 
being done.? In the first the effect of the track load was reduced 


1 The figure for allowable unit pressure upon a foundation is set low enough 
so that the settlement will not be excessive. In this case the line of pressure 
was kept near the center of the base so that there would be uniform settlement 
and no tipping. This is an extremely severe and expensive requirement as 
a little settlement at the toe with consequent moving forward of the top of 
the wall is not a serious matter in a wall of this sort. If it is objected to on 
account of appearance the stem can be given a slight batter to the back to 
compensate for the expected movement. 

* In studying any section of these computations first read the sketch and 
check the calculations made on it. Values that appear without explanation 
are either repeated from an earlier sketch, or are calculated in the accompanying 
computations or follow so directly from the data shown that details were not 
considered necessary. The first two sketches on Sheet W2 illustrate this. 
The horizontal force, 4200 Ibs., on the first sketch is from the second diagram 
on the preceding sheet; the moment, 45,600 ft.-lbs., on the second sketch was 
calculated by means of figures alongside the diagram; the values of the hori- 
zontal forces follow directly from their curves of pressure variation. 
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to an equivalent mass of superimposed earth by distributing 
the weight on one driving axle, 60,000 pounds for E-60, over 
the area measured by the driver spacing along the track and the 
track spacing. No impact was considered. The pressure on the 
vertical plane, ab, at the heel, was divided into two parts: that 
occurring with empty tracks (4200 pounds acting at 2 depth) 
and the increment due to the locomotive loading (4400 pounds 
acting at mid-depth). (Compare Ex. 44.) The tendency of this 
pressure to overturn the wall was obtained by taking moments 
about any point in the plane of the base, giving a total overturning 
moment of 61,400 foot-pounds acting on a 1-foot length of wall. 
As an approximation in determining the base width the total 
weight, W, of the wall with the earth above it was taken as equal to 
that of a prism of earth, mnbc, and the toe was neglected. It was 
desired that the resultant pressure cut the base at c, and for this 
condition the moment of W about c must be equal and opposite to 
the overturning moment. Equating these moments and solving 
gave a trial base width. 

Next came consideration of the possibility that a wider base 
might be required when the outside track is empty and the inside 
ones loaded. (See second sketch.) In this position of the live 
load there is no surcharge assisting in holding down the heel. 
The recommendation of the American Railway Engineering 
Association is that the full surcharge be taken as above if its edge 
comes over the heel, and none if the edge comes a distance from 
the heel equal to the depth, and proportionately for intermediate 
positions of the edge of the surcharge. The second sketch shows 
the edge of the track load, which is 7 feet from the center line of 
track, to be 9 feet from the intersection of the ground, with a 
45-degree line through the heel. In conformity with the recom- 
mendation the surcharge was made ;%; of that previously found 
necessary, and it was made to extend up to the heel. On this 
basis a trifle wider base than required for the first loading was found 
desirable. A lesser value was chosen, however, 14 feet, which is an 
extremely wide base for a wall of this height. The refusal to be 
bound by the larger figure is explained by noting that a 45-degree 
line from the wall end of the second track ties does not hit the 
vertical stem of the wall at all and it would not seem that much 
overturning effect could properly be attributed to the load on 
the inside track. Tests by Professor Enger (Hngineering News- 
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Record, Jan. 22, 1916) would indicate that the influence of this 
load would not be felt outside a line sloping at 60 degrees with 
the horizontal. 

72. Stem Thickness. (Computation Sheet W2.) The com- 
plete design of any element of this wall is impossible until the others 
are also designed. So a trial computation was made to find out 
how thick the vertical stem must be made at the bottom, assuming 
a base 2 feet thick. The stem thickness must be sufficient to 
make it safe in bending and in shear, shear being a measure of 
the diagonal tension. Since no stirrups or bent rods are to be 
used, a low shear stress has been set. Equation (1), Art. 51, was 
used to give the shear limit for the depth to the steel (d), and Kq. 
(17), Art. 60, to give the limit set by moment. The total thick- 
ness of the stem was made 3 inches greater than the larger of 
these two values in order to furnish a generous cover of concrete 
over the steel to protect it from corrosion. (See Art. 27.) 

73. Base Pressure and Sliding. (Computation Sheets W2 
and W3.) The final determination of the intensities of base 
pressure was now possible since variations in the base thick- 
ness produce entirely negligible differences. The computations 
follow closely the model set in Ex. 48 and require little expla- 
nation. 

The earth in front of the toe cannot be counted on to resist 
sliding, not only because it may be absent when needed, as previ- 
ously noted concerning the earth above the toe, but also because 
after it is in place the fill may shrink and draw away from contact 
with the concrete. 

The resistance offered to sliding by the cut-off wall may be 
estimated by assuming that all or part of the passive resistance of 
the earth in front of it is available. Here the passive pressure is 
(1 + 0.55) + (1 — 0.55) = 3.4 times the vertical pressure. Theo- 
retically the 1-foot projection develops 3.4 X 1515 = 5100 pounds 
resistance. To ensure this in any reasonable degree the earth 
must be thoroughly compacted in front of the key wall. Evidently 
the efficiency of this arrangement depends on the amount of 
movement that takes place in developing the necessary resistance. 
No large movement can take place except as the 8 feet of earth 
in front of the projection is pushed along ahead of it, shearing or 
sliding along a horizontal plane. The resistance offered to shear 
(earth sliding on earth) is very considerable, approximately 
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COMPUTATIONS FOR CANTILEVER RETAINING WALL 
Sheet wi 


Data: 
Cantilever Retaining Wall. 
Surcharge: Cooper E60 Loading. 
Earth: w = 100#/cu. fi. 
eet ul 
? = 83° 42’ = tan +5 
Concrete; w = 150#/cu. ft. 


Foundation Pressure 
limited to 83000#/0)’. 


Angle of Friction — Concrete 
on Earth = 22° 
Fibre Stresses: — 
fe = 6504/0" n=16 
fs = 16,000#/0"" 


u = 1004/0” 
» = 404/00" 
Earth Pressure: — 
= 0 cos? =i 


¢=33°-L2 sing = 0.65 
cos 8 — V cos*@ — cos*p 


Resultant Base Pressure 


C = cos 6 ——__——_ 
cos 6 + V cos’ — cos’ 
_1—sind _045 _ 4 99 p = Cuh 
t+sind, 1.65 : = 0.29 wh 
Base Width: os 
Surcharge: — All tracks loaded. K 
if | \. 0.29x 100x 9= 
60,000 = 8604/0’ : a) S—261#/a! 
Bex 14 ES A 


=9' of earth approximately. 
=M about c = 0 
4200 X 3? = 23,800'# 
4430 X 3 = 37,600 


8630# 61,400 = 
b 1300 b? 
ed Sarasa 


() Seiten Ae Ae 
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i x 8 X 1550 = 8200 pounds (tangent of angle of friction 


Sees 
~ 


Note the record made of the slope of the pressure line (bottom 
of Computation Sheet W3), 9.38 pounds per square foot variation of 
pressure for each foot along the base. This ratio was used in 
obtaining the intermediate intensities in preference to setting up 
a proportion from the similar triangles involved. This manner of 
dealing with sloping lines facilitates checking. 

No factor of safety against overturning was computed as its 
significance is somewhat uncertain. Assuming that the surcharge 
over the heel does not increase with the increasing earth push, this 
factor would equal the actual thrust, 8600 pounds for the first 
loading (Sheet W2), divided into the thrust that would bring the 
resultant line of base pressure through the toe, that is, give an 
overturning moment of 207,500 foot-pounds, an increase of 146,100 
foot-pounds. Assuming this increase in moment results from a 
surcharge outside the wall, the additional thrust acting at mid- 
depth is 146,100 + 8.5 = 17,200 pounds, making a total thrust of 
25,800 pounds. On this basis the factor of safety is 25,800 + 
8600 = 3.0, which is ample. 

Another factor (sometimes called the factor of limitation), used 
to estimate the stability of walls, is the ratio of that thrust which 
would cause the line of action of the base pressure to pass through 
the outer middle-third point, to the actual thrust. The values 
allowed this factor vary from 1 for rock beds to 2 for compressible 
material. 

As a matter of precision, it is to be noted that in setting down 
the lever arms of the several weights the + sign indicates that 
the distance was estimated, not computed. 

74. Design of Base. (Computation Sheets W4 and W5.) 
In this design the simplest form of wall is being used, with a base 
of uniform thickness throughout, and without fillets at the juncture 
of stem and base. The toe appears first on the sheets simply 
because it was judged that probably it would prove the critical 
portion, which turned out to be the case. Usually the heel is the 
decisive factor. 

The first matter to attract attention is that 4 inches is used for 
cover for the steel instead of 3 inches. This is because the con- 
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COMPUTATIONS FOR CANTILEVER RETAINING WALL 
Sheet W2 


Base Width: (Continued) 
Inside Track Loaded: Out- 
side Track Empty. Trial 


14’-0” 
=M, =0 
~ 4200 X 4F = 23,800’ 17 
2270 X 47 = 19,300 
6470 «48, 100°F = 
| 
850 b X Z 


b= 14.2 ft. Try 14’ 


Stem Thickness: 

Assume 2 ft. base 261#/ar 

V &M/ 3260x 5 = 16,300'# 
38900 X 7.5 = 29,300 


V= 7160 M = 45,600'4 
Thickness: 
Neo S 7160 
Shear: CS 
bjv 12 X + X 40 5 ERTS 
ee n'a ao « 100 x 15 
/ oe ' 
Moment: d = M M=45600'# 
; bR : : 
= 45,600 KX 12 _ 5 = 108 for 
5 \ Games eens 16,000 — 650 
or 21in. n=15 
Add cover 3 Plate VI. 
Total 24 iN. 


Trial: 24 d= 21" to Steel 


Base Pressure: Outside Track Loaded. 


2M toe =0: Weight xX Arm M 


Base | 2X14X150 = 42004| 7.0’ | 29,400 
Stem |1.6 X15 X 150 = 8376 7.8’ | 26,400 
Earth| 6X9 =640' = 
6.6 X15 = 82.5 
100 X 186.5 = 13650 | 11.1’ |\151,700 
aS 
212254 207,500’ 


Less overturning moment from sheet W1 61,400 
21,200# | 146,100'# 
Distance from toe to R 6.90 ft. 


1450*/o! 


1580 */g! 
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crete of the base is poured without bottom forms. On account of 
the dirt stirred up by the pouring, the concrete at the very bottom 
of the base is probably of poorer quality than at the top. 

The steel area was determined by Eq. (16), Art. 60, using an aver- 
age value of 7. It is convenient to know the area required per inch 
of length of wall, as here obtained, since no tables for bar spacing 
are printed in this textbook. It is plain that the moment in foot- 
pounds per foot of length of wall is equal numerically to the 
moment in inch-pounds per inch of length, making this area a 
simpler one to compute than that required per foot. Knowing 
the number of square inches of steel that must be furnished every 
inch of wall, the number of inches of length that any one bar can 
provide for, which is the required spacing for that size of bar, equals 
the bar area divided by the required area. The student should 
copy the table of bar sizes and areas in Art. 12 and place it in easy 
range of vision when at work. It is then a simple operation to 
decide upon a bar and its spacing. 

The degree of approximation involved in the use of the average 
value of 3 for j is of interest. An exact solution of the required 
area for the steel in the toe (Sheet W4) proceeds thus: first 
compute FR in Eq. (17), 

M _ 30,900 


t= hp 1x 22 


= 70. 


Then from Plate VI, n = 15, with 16,000-650 the stresses, the 
steel ratio, p, is found to equal 0.0049; whence A, = 0.0049 x 
1 X 21 = 0.103 square inch per inch of length. This is so close 
to the approximate value previously found that no change can 
be made. For the area required for the heel (Sheet W4) an exact 
value cannot be found by the same method since the value of R 
falls outside the limits of Plate VI. Computation shows A, to be 
about 0.050 square inch per inch, which permits changing the 
spacing from 114 inches to 12 inches on center. (Abbreviated o.c. 
on the computation sheets.) In this particular case any reduction 
of the amount of steel would not seem advisable since a steel ratio 
of 0.0025 is generally considered about the minimum for main 
reinforcement. 

The bars in the top of the base are stressed to their maximum 
at a point vertically beneath the face of the stem. They must 
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COMPUTATIONS FOR CANTILEVER RETAINING WALL 
Sheet W3 


Unit Pressure: 
oP Me e\ 21,200 6X 0.1 
f es Sse | Td 
= 1580 and pete < 3000#/0' limit 


) = 1615 (1 + 0.048) 


Base Pressure: Outside Track Empty: others loaded. See 1st sketch, Sheet W2. 


=M, = 0 Weight M'# 


Base 4200 29,400 
Stem 3375 : 26,400 


Earth 8250 : 92,300 Unit pressures 


are plainly less 
148,100 than above 


14 fi. base O.K. 


15,825 


Less overturning moment (Sheet W2) ‘ 43,100 
18,800# | 105,000'4 


Distance from toe to R = 6.7’ 
i.€., 0.3’ in front of c.l. 


Resistance to Sliding. 


Tan 22° = 0.40 ( From Sheets W2-W3 
Outside Track Loaded 0.4 X 21,200 = 84804 < 86307 
«“ “ — Empty 0.4 X 15,800 = 6310$ < 6470 


.. Cut off required: 


Resistance in front of base 
cannot be counted on 


Use Cut-off Wall 


Loads on Base: 24'Earth 


@ 100*/ cu, ft. 


_ 


VL 


 fe.38/0" 1 ft. 7 
pen ies al 


2'Conerete 
@150#/eu. ft. 


nN 


1460#/o1 


1205#/o' 1250#/a! 
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extend into the heel a sufficient distance to develop their stress 
by bond. At the same section the shear is a maximum and with 
it the bond stress. The formulas and methods of Art 54 explain 
the computations as regards these details. 

Justification of the apparently high bond stress in the first 
choice made for heel reinforcement was obtained by following the 
specifications of the 1924 Joint Committee which allows higher 
bond stress than the usual limit when a bar is anchored at either 
end in accordance with their requirements. It is plain that if a bar 
is securely anchored in a mass of solid concrete at either end, the 
effect of local slip between the points of anchorage, due to high 
bond stress, is much lessened if not entirely neutralized. Formula 
No. 35 of the Joint Committee, put in words, says that the total 
anchorage at one end, measuring from the place where the tensile . 
stress is computed, must be sufficient to develop that stress by 
bond, the distance from the point of stress to where the anchorage 
proper begins (distance y) being rated at a modified limit Qu) of 
bond stress. In this case y is zero and the expression assumes 
the form of Eq. (8), Art. 54. Since the length of anchorage (x) may 
always be made whatever is desired, bending the bar back along 
itself with a 180-degree bend if needful, the first term to the right 
of the equality sign of formula (85) need never be considered unless 
desired. So far as this end of the bar is concerned a bond stress 
in excess of the rated limit (and the Joint Committee sets no limit 
to this excess) is allowable if anchorage is provided sufficient to 
develop the working stress in the steel with the usual limit of bond 
in the anchorage. 

The other end must be anchored in accordance with the require- 
ments of Art. 1406 of the Joint Committee report. That anchor- 
age must be enough to develop one-third of the working stress in 
a length back from the heel sufficient to stress the concrete of the 
base to a maximum of 40 pounds per square inch in direct fiber 
stress, considering it to be unreinforced. This length is about 
31 inches and since the rod will extend to within 1 or 2 inches of 
the end of the base its embedment is bound to be at least 29 inches, 
which is more than the 35/3 inches required. Both ends of the 
rods are thus properly secured by using straight lengths of 8’-0’’. 
Since the embedment required at the stem is 35 inches and the 
bar cannot be expected to be closer than 1 inch to the end of the 
heel, the bar length can be made 4’-11’’ plus 35’’ = 7’-10’’.. It is 
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COMPUTATIONS FOR CANTILEVER RETAINING WALL 
Sheet W4 


Base — Toe: 
See Sheet W3 for forces acting. 


Shear X Arm = Moment 
1215 X7 = 8500 Z 29,800# 
65 Xk = 230 2xt 1,100 
V = 8730# M = 30,900'4 
Thickness: 
ee ee, BD a ees oe M _ ae x 12 
bj» 12X%X40 bR 12 X 108 
Add cover 4 
Total 25" SAVE i" 
Thickness 25" d = 21"' to steel 
OSS SS ie 


fsjd 16,000 X } X 21 
Try 2 @ 52" oc. 


8 RE aga! < 100° O.K. 


Bond: u= 


Lo aX 
f _ fs _ 16,000 eer 
Embedment: L eee = Tx 100 X $= 98 
Use 4/6 10'-0” in bottom 5%” o.c. 
Base: — Heel: 
Shear 7S Arm = M 
1205 X 5 = 6025 De 15,100 
45 X$= 113 3X6 __ 400_ 
V = 61404 M = 15,500'# 
_ 6140 see 15,500 
= 284/oO" < 40 = (OMG sea 
OTE Try 4'o @ 112” o.c. in top 
Bonin = Aes = 1154/0" > 100f/0" Limit 
BOSS 


.’. Investigate requirements of J. C. 1924 
By formula 35. J.C. 1924. Art. 137 
F = Qudoy + uzoxr 
16,000 X i x 0.8758 =0 + 100 X  X 0.875 (2) 
16,000 _, 


=a BM 
# = F100? Bb 
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better practice to cut rods in multiples of 3 inches for short lengths 
and of 6 inches for long. 

The Joint Committee (Art. 184, Sec. I, see Appendix B) very 
wisely gives consideration to the possibility that settlement or 
some other cause may shift the foundation pressure to the forward 
part of the base. If this happens the heel should be strong enough 
to carry the largely increased downward load, higher working 
stresses being permissible on account of the small chance of this 
happening. On Sheet W5 it is shown that this requirement very 
materially increases the amount of steel, changing the spacing of 
7_inch round bars from 11} to 7? inches o.c. After the steel was 
chosen for the stem it was noted that 1-inch squares at 13 inches 
0.¢. gives the required area without excessive bond stress and with 
the advantage that the spacing fits easily in with that of the 
vertical steel, and a change was made to the large size. 

75. Reinforcement of the Stem. (Computation Sheets W5—W6.) 
The shear and moment were found at two intermediate sections 
of the stem, the values previously found for the 15-foot depth 
being considered sufficiently close to require no revision. The 
steel areas in the last column of the table (Sheet W5) of course were 
got by Eq. (16) as before. It would not be economical to run all 
the heavy 1-inch square bars to the top of the wall, so the arrange- 
ment shown on Sheet W6 was adopted. A five-bar group would 
make the maximum spacing in the upper part more than twice the 
wall thickness, so it was not chosen. Some designers would set a 
limit of 25 times the wall thickness and use a 6-bar grouping in this 
case. A neat free-hand sketch on quadrilled paper suffices for the 
plot of steel areas required at various depths. Here it was found 
that the intermediate length of bar begins to come into play 7 
feet down, and the short length, about 10 feet down. These bars 
are brought 1 foot, more or less, closer to the surface than required 
and bent toward the compression face, since without this anchor- 
age they would not begin to come into action at the sections 
desired.' All of these bars are stressed to their limit at the bottom, 
and accordingly must extend 40 diameters above that point. 
Similarly, the long and the intermediate bars must both extend 
40 diameters above the 10-foot section, where again they are 
stressed to their working maximum due to the cutting off of the 
short bars. 


1 See Art. 95g, page 203. 
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Sheet W5 
Base: Heel (Continued) 
Anchorage. Art. 140b. J.C. 1924 As plain concrete beam 
MR = i fbh? = 3 X 40 X 12 X BX py = 4170'F 
1250 x? 
= 2 Approx. 
7250 #/1 


x = 2.6 ft. about 31 inches. 
Required Length to develop 
1 x 
fad tar a a 


.. No hook needed 


By §184. J.C. 1924. fs = 1.8 X 16,000 = 24,000#/0" 
fe=15X 650= 9754/0" 


Neglecting base pressure 

M =6 X 2700 X 2.5 = 88,800'#/' 
2 83,800 ee whip 
= 97000 X Exar OOO" 
First choice: 2’ @ 74 0.c. in top; < 11%" above 
Final choice: 1" O 8'-3" @ 18" o.¢. 


Approximately As 


261*/o1 ° 


Stem — (continued from sheet W2), 
Base taken as 2’-0"' thick 


8 
M '#/" or "#/" >} 3 
| as) 


Section 


— ff OT See | | 


5'|1660| 4 | 360X %= 600 

1300 X 3 = 3260} 3850 6.0" | 13"| 0.021 
10’ |4040| 10" | 1440 Xia = ex 

2600 X 5 = 13000$ 17800 12.8" | 17 | 0.076 
15’ |7160| 17” 4.5600 20.6" | 21 | 0.155 


Actual Shear v = 33 X 40 = 8384/0". SAE TA (ONG ec 


1. Bond a an = bit/o" < 100. O.K. 


142 RETAINING WALLS 


Anchorage in the base is secured by running the bars into the 
cut-off wall and hooking the ends. This hook should be a 180- 
degree bend of diameter equal to 8 bar diameters, and preferably 
with a straight extension beyond the hook of about 4 bar diameters. 

In order to prevent vertical cracks due to shrinkage and to 
temperature stresses, horizontal reinforcement is required, the 
usual amount being an area equal to from 0.2 per cent to 0.3 per 
cent of the section area. This is not entirely sufficient to accom- 
plish the end desired and long walls should be built in sections of 
60 feet or less. 

76. Conclusion. (Computation Sheet W6.) A sketch show- 
ing the complete design is shown on Sheet W6, and is made with 
enough detail to give all the information needed by a draftsman 
preparing the working drawings. 

Certain additional steel is here shown which has not previously 
been mentioned: #-inch rounds vertically in the stem to support 
the horizontal temperature steel and $-inch rounds longitudinally 
in the base to tie the whole together and ensure it acting as a unit. 

In addition to the drains shown, a layer of porous material 
should be laid the length of the heel to above the level of the drain 
opening. This is a common requirement of specifications and one 
too frequently disregarded. 

A construction joint is shown between the stem and the base, 
with a tongue, say, 3’’ x 6’’.. The width of this key must be 
sufficient to carry the total shear at a limit of about 120 pounds 
per square inch for its unit value. 


Problem 30. Make a complete design for a wall for the situation 
shown in Fig. 48, allowing the resultant base pressure to strike near the 
outer middle-third point. Use the data of Art. 69. 

Ans. Base, 10’-6’” x 28” with cut off wall. Stem 23” thick at 
bottom. Steel, in toe, 3’ ¢ at 10} in.o.c.; in heel, 1’ gat 10” 0.c. Other 
details as before. 
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COMPUTATIONS FOR CANTILEVER RETAINING WALL 
Sheet W6 


Stem: (Continued) 


Embedment required: L = 16,000 


4 X 100 
SESS RSSSSS8 22 7C 
SED eSee Beceee saa 
KDE eesee a 


PAE EE erat 
LEN ttt] |_| 


= 40” 


Distance 
from top 


SNR Beas 
RMNESeaceS ieee 
[EBSA eA 
(WEARS eaeAw 
BSGMUERUAZERS 
0.05 0.10 0.15 1'8@ 
A,-required O"/n 62.0. 
Temperature Steel %3'¢ @ 8" o.c. front, $'"6 @ 16” o.c. back 
0.002 X 12 X 18 = 0.440" /’ 
r mean thickness 
Use 2 X 0.44 = 0.2900 /’ in face 


= 
PPE 


C.L. Track 
Design Sketch 143! sgh alas 
CEES Ere 


1" hooked, in groups of four 
“ 
as shown 64 centers 


18 8/3'@ 13'o.¢. 
Zz 4 drain- ae C.C. 
u“ 1 a" 
4-0 roa | 4 


ogee 


1" , 
6g Spacing 


i" 100 @ 5 20.0. 


CHAPTER X 
HIGHWAY BRIDGES 


77. Highway bridges of reinforced concrete are built as arches, 
as cantilevers and as continuous and non-continuous beams. 
This chapter deals with only the most common of these forms, the 
simple span, of which there are three general types: the slab 
bridge, used with economy for spans up to about 20 feet; the 
through and the deck beam bridge; the through and the deck 
girder bridge. In a beam bridge the load of the road slab is 
carried by beams which rest on the abutments; in a girder bridge, 
floor beams, with or without stringers, carry the floor slab, and 
in turn are supported by the main girders. A girder is usually 
defined as a beam that receives its principal load from other 
beams.! The ordinary limit of span for beam bridges ranges from 
40 to 60 feet. For longer spans girder bridges are the rule on 
account of their greater rigidity. Perhaps the longest span on 
record is the 142 feet of the Salt River Bridge in California, de- 
scribed in the Engineering News Record of February 26, 1920. 
This is a half-through structure with both stringers and floor beams, 
16 ft. roadway. Ordinarily the arch replaces the beam or girder 
for spans greater than about 60 feet if the foundation and other 
conditions permit. 

In this.chapter are given the design computations for a slab 
and a deck beam bridge. A through beam bridge is similar in 
cross-section to the slab bridge shown on page 149, differing from 
it in that the light balustrade is replaced by heavy beams carrying 
the roadway slab, which spans across from side beam to side 
beam. This type cannot be used economically for wider roadways 
than about 20 feet. : 

78. Concentrated Loads on Slabs. Highway bridge slabs 
must be designed to carry the heavy concentrations brought upon 
them by the wheels of modern motor trucks. The question arises 


1 A floor-beam is a transverse member at right angles to the axis of the 
bridge; stringers are longitudinal beams spanning between floor beams. 
The terms “beam” and “ girder” are often used interchangeably. 
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at once as to the width of slab which supports any given concen- 
trated load. This is illustrated in Fig. 51, where a wheel is 
shown resting at the center of a wide slab, supported along the 
edges ab and cd. The strip of slab, of width 7’, beneath this wheel 
cannot deflect under the load without at the same time causing 
the deflection of the adjacent strips, and in this way the effect of 


2 
is} 


cd 


Fig. 51 


the load is distributed over an indefinite width. Several experi- 
menters have studied the problem, and on the basis of their data 
various rules have been proposed for use in design. 'Two well 
known specifications are reprinted below with some abbreviations, 
and their use is illustrated in the succeeding design computations. 


American Railway Engineering Association: ‘General Specifications for 
Steel Highway Bridges,” printed in the 1924 Proceedings, page 247. (These 
specifications are tentative and are now undergoing revision.) 


(31.) In calculating the stresses due to wheel loads on concrete slabs, the 
wheel load shall be considered as distributed laterally over a strip of slab. The 
width of this strip measured parallel to the supports shall be determined by 
the following formulas in which 


W = width of strip in feet, but never more than 6 feet. 

T = width of tire in feet, taken as one inch for each 1000 lbs. of wheel load. 

xz = distance in feet from the center of the nearer support to the middle 
point of the line of contact of the tire with the slab. For shear 
the distance “x ”’ shall be taken as 23 times the effective depth 


of the slab. 
(a) Axles perpendicular to the supports: 
4x 
We= fair 


(b) Axles parallel to the supports: 
4x 
W= 3 + T. 
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(c) If the position of the wheel loads is such as to make the individual 
strips overlap more than } of the width of the narrower strip, the slab shall be 
designed for the sum of the intensities of the loads. 


(32.) In calculating bending moments in stringers and floor beams wheel 
loads shall be assumed as concentrated at a point. 

(33.) Each interior stringer and each floor beam without stringers shall 
be assumed to support that portion of the wheel loads determined by the 
following formulas, in which 


L = load carried by one stringer or floor beam. 
P = the wheel load. 
S = the spacing of stringers or floor beams in feet. 


For Stringers. 
When the floor is designed for one truck 
PS 


ae 


When the floor system is designed for two trucks 
2S 


Rem 


When the stringer spacing is such that “ L” would exceed ‘“‘ P” the stringer 
loads shall be determined by the reactions of the truck wheels, assuming the 
flooring between stringers to act as simple beams. 

(34.) The live load supported by outside stringers shall be the reactions of 
the truck wheels assuming the flooring to act as a simple beam, but this live 
load shall in no case be less than would be required for interior stringers under 
the requirements specified. 


For Floor Beams Without Stringers. 
PS 
Ae 

When the floor beam spacing is such that ‘‘ LZ.” would exceed ‘“ P,” the floor 
beam loads shall be determined by the reactions of the truck wheel assuming 
the flooring between floor beams to act as simple beams. 

(35.) In calculating the end shears and end reactions of stringers and floor 
beams, no lateral or longitudinal distribution of concentrated loads shall be 
assumed. 


Specifications for distribution of concentrated loads proposed by Professor 
Ketchum in his “ Structural Engineers Handbook,” 3d. Ed. enlarged, page 
150. Using the same notation as before: 

(a) The distribution of concentrated wheel loads for bending moments in 
reinforced concrete slabs with longitudinal supports shall be calculated by 
the formula ; 


We 3S) 


with a maximum limit of 6 ft. 
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(b) The distribution of concentrated wheel loads for bending moments in 
reinforced concrete slabs with transverse girders shall be calculated by the 
formula 


W =28/3+T 


with a maximum limit of 6 ft. 

(c) The distribution of concentrated wheel loads for bending moments 
in slabs of girder bridges, in which the span of the bridge is not less than the 
width of bridge center to center of girders, shall be calculated for spans of 9 
ft. or over by the formula 


W =28/3 


with a maximum limit of 12 ft. 

(d) The effective width for shear in beams carrying concentrated loads 
shall be taken the same as for bending moment (‘.e., as calculated by the first 
two formulas above given) with a minimum effective width of 3 ft. and a 
maximum effective width of 6 ft. The total shear for an effective width of 
3 ft. shall be considered as punching (pure) shear. The total shear for an 
effective width of 4.5 ft. and over shall be considered as beam shear (a measure 
of diagonal tension); for effective widths between 3 ft. and 4.5 ft. the total 
shear shall be divided proportionally between beam shear and punching shear; 
beam shear shall be used in calculating bond stress and as a measure of diagonal 
tension. 

(e) In the design of longitudinal joists or stringers with concrete floors the 
fraction of the concentrated load carried by one stringer for spacings 6 ft. or 
less will be taken equal to the stringer spacing in feet divided by 6 ft. Outside 
stringers are to be designed for the same load as intermediate stringers. 

(f) In the design of transverse stringers or floor beams with concrete 
floors, the fraction of the concentrated load carried by one floor beam for floor 
beams spaced 6 ft. or less, will be taken equal to the floor beam spacing divided 
by 6 ft. For floor beams spaced 6 ft. or over the entire reactions are assumed 
to be carried by one floor beam. Axle loads are assumed as distributed on a 
line 12 ft. long. 


The reader is referred to the complete specifications for general 
information concerning the loads for which modern highway 
bridges should be designed. 

79. Design of a Slab Bridge. (Computation Sheets SB1-SB2.) 
The example chosen was the design of a slab bridge to carry a 
26-foot macadam roadway across a 16-foot clear opening. The 
loads are those usual for heavy traffic and are shown with other 
necessary data on the first computation sheet. The working 
stresses are those designated by the 1916 Joint Committee for the 
quality of concrete here used. The designer completes the as- 
sembly of data on this first sheet with a cross-sectional view that 
shows the general features of the structure. The balustrade and 
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curb will be poured after the slab has set and so the deeper section 
at the edge will be of no assistance in carrying load. The slab, 
then, acts as a rectangular beam about 29 feet wide with supports 
about 17 feet apart center to center. 

The A.R.E.A. formula was chosen (see Computation Sheet 
SB1) to determine the width of slab supporting one wheel, but 
the same result, 6 feet, would follow from the use of Ketchum’s 
specification. The moment and shear were computed for a strip 
of slab 12 inches wide, maximum moment occurring with the heavy 
wheel at the center of the span and maximum shear with it at the 
end, bringing the lighter wheel 5 feet on the bridge. Equations 
(17) and (1) were used to determine the depth required by the given 
stresses in bending and in shear respectively. The value of R 
was taken from Plate VI. As it happens both shear and moment 
require practically the same depth (d) and 2 inches were added 
to this value to give the total thickness. This provides about 
13 inches of concrete below the steel to protect it from corrosion. 

The actual value of d taken for the slab is so near to that theo- 
retically necessary for balanced design that the steel area was 
calculated without discernible error by Equation (16) (see Compu- 
tation Sheet SB2) using the approximate value for j of 7. (Com- 
pare Art. 74.) The operation of choosing the steel and its spacing 
consists in dividing a number of bar areas by the area required per 
inch, thus determining the spacing for each size. To do this 
easily, set the area required per inch of slab on the B-scale of the 
ordinary Mannheim slide rule, below the left index of the A-scale; 
above the several bar areas on the B-scale read on the A-scale the 
corresponding spacing. There are only eleven standard bars and 
it is probably simpler to indicate each of these areas by a pen- 
knife scratch on the B-scale than to bother with the use of tables 
of bar sizes and spacings. The bond stress was found by Equa- 
tion (9). 

Even when no diagonal tension steel is needed, as in this case, 
it is customary always to bend up a portion of the main reinforce- 
ment, as shown on Computation Sheet SB2, to make the beam more 
dependable. This bent steel is arranged so that a few sloping 
bars cross the vertical plane through the slab above the face of 
the abutment, thus lessening the danger of any vertical crack at 
this section, such as might result from shrinkage or temperature 
restraint. 
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COMPUTATIONS FOR SLAB BRIDGE 


Sheet SB1 
Data: 
Slab Bridge: 26’ Highway 
16’-0"" Span — Clear — 
Wearing Surface: Ordinary macadam surface carried across bridge 


Loading: 100#/n’ 
20 Ton Trucks covering area — 
14 T. on rear axles 
Impact: 30% 
Materials: Concrete: 2000#/0"" Ultimate 
Strength @ 28 ds. 
Steel: Structural Grade — Deformed Bars 


Stresses: 


fs = 16,0002/0". fe = 6602/0". n= 15 

v = 40/0” without diagonal tension reinforcement. 
= 120 with diagonal tension reinforcement. 

= 100#/a" 


| 


| 


s 
| 


elt. 


Slab: 


Width of Slab supporting wheel load — 
Assume 12” abutment making span 17'-0” c-c bearings 
W =42-4T (A.2.E.A.) , 
=4X ¥4+ 1.17 = 12.5’ > 6’. 


Take W = 6’ 
Moment: 
Lines EU X 7 x4 = 9,920'F 
Impact: 30% 2,980 
Dead: 


12” Rd. Surface 1804/0’ 
Try 18" Slab 225 
3554/0! X 172 X 4 = 12,800 __ 
25,700 F 


ee eee Oe ee 
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The cross reinforcement serves several useful functions. It 
binds the whole slab together and prevents longitudinal cracking. 
This ensures the integrity of the section, which is necessary if the 
effect of a concentrated load is to be distributed over a width of 
slab greater than the width of the area under bearing. The prin- 
cipal agent of this distribution is the shearing resistance of the 
concrete which tends to cause equal deflections of the strip of 
slab beneath the load and the strips adjacent on either side. _ 
These cross rods are often called distributing bars because they 
assist this action by carrying any cross tension incident to it. 
These bars are also useful in construction in holding the main 
reinforcement in place, the two sets of rods being wired together. 

As a guide to the amount of this steel, the usual rule for tem- 
perature reinforcement was used (Art. 75), although of course the 
resistance to transverse contraction and expansion offered by the 
abutments is very much less than would be provided by rigid 
restraint along the sides of the span. A common practice is to 
use 4-inch square bars spaced 12 inches on centers which furnishes 
about the same area as that here used. 

With the short spans of slab bridges it is not necessary to take. 
-elaborate precautions to prevent temperature stresses due to the 
restraining action of the supports. A double layer of heavy tar 
paper at one end prevents adhesion of the bridge slab to the 
abutment. It is not uncommon with short spans to provide for 
movement at both ends in this same way. 

The following is ordinary reinforcement for a hand rail such 
as that here used: vertically, 4-inch square bars 12 to 18 inches 
on centers, with hooked ends well anchored in the slab; longi- 
tudinally, 24-inch square bars in the top and nominal temperature 
reinforcement below. 

In order that no water shall stand on the bridge deck weep- 
holes or drains should be provided as shown. For pleasing ap- 
pearance a slight camber, /5 inch per foot, a total of about 3 inch, 
should be given the structure. A slight sag below the true straight 
level of the supports, due, for example, to deflection of the form- 
work on pouring the bridge, is very unsightly. 

80. Design of a Deck Beam Bridge. (Computation Sheets 
Bi-B8.) For this example a deck beam bridge was chosen, 
with a clear span of 40 feet. The general data as to roadway, 
loads and stresses are the same as in the previous article (Sheet 
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COMPUTATIONS FOR SLAB BRIDGE 


Sheet SB2 

Slab: Continued 
Shear —_ Live 3 (14,000 + 3; X 6000) = 26304 

Impact: 380% 790 

Dead: 355 X17 X44 3020 

6440 
: M 25,700 X 12 
Depth (d) Moment: d = aa ee ie oad 
pth (d) Momen BB yo 15.4" 173" slab 
Bi ee eS “ 


bp 12 XE KO 
173" thick — 184’ to steel. 


Steel 
vt ake feo 
Try 3'¢ @ 5" o.c. = 0.1200" /". 
vb 4O XK GF ee ; 
Bond — u = adhe ar = 73 < 1004/0” “af all bars straight. 


Edge of Support 


Bend up 3 of steel for diagonal tension. 
Alternate straight and bent bars in bottom of slab 
Practically %-of steel available for bond at end 
=4x<73<100 O.K. 
Main Reinforcement a @ 8” o.c. 


Cross Bars — 


0.002 X 12 X 17.6 = 0.420"! = 2"¢ @ 12” o.c. 
Cross Reinforcement #’¢ @ 12” o.c. 
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B1), except that a 2-inch bituminous wearing surface is used. 
(The method of laying such a surface is described on page 159 of 
Ketchum’s Structural Engineers Handbook, 3d Edition, Enlarged.) 
The standard 40-foot bridge of the Division of Highways, Massa- 
chusetts Public Service Commission (1922), closely resembles the 
structure here designed, the same stresses and live loading being 
used for both. 

81. Slab. (Computation Sheets Bl and B2.) The slab is 
treated as a rectangular beam, continuous over the several longi- 
tudinal supporting beams, and with a width equal to the length 
of the bridge. For simplicity a typical strip one foot wide is used 
in the computation. The first design, based on the A.R.H.A. 
specification, resulted in a 10-inch thickness which is considerably 
heavier than that ordinarily used in similar cases. By Ketchum’s 
specifications a 74-inch slab is possible. It is good practice to 
set the limit of minimum thickness for bridge slabs at 6 inches. 

Since the floor slab is continuous over the several longitudinal 
beams that support it the bending moment was reduced 20 per 
cent, the reason for this being discussed in the next chapter. It 
was assumed that the maximum positive moment at mid span 
equals the maximum negative moment over the supports, which is 
probably reasonably near the truth. 

Perhaps the most peculiar feature in these figures at first glance 
is that the maximum shear is not computed; but, instead, the 
shear that accompanies maximum moment. This is because 
shearing stress is used as a measure of diagonal tension and bond, 
both of which will be extremely small when the shear is a maxi- 
mum, there being practically no moment when the load is placed 
16% inches (the value of «, A.R.E.A., par. 31; quoted in Art. 78) 
from the center of the support. If the maximum shear is com- 
puted the proper unit stress to use in judging its effect is that 
commonly set for true or punching shear, 6 per cent of the 28-day 
ultimate strength. 

The provision near the top of Sheet B2 for a higher shearing 
stress with anchored bars is that of Art. 19la, 1924 Joint Com- 
mittee. (See Appendix B.) 

The bond stress in the chosen design (the 74-inch slab) is more 
than 100 pounds per square inch and so special anchorage must be 
given the bars. A similar situation is discussed in Art. 74, page 
138. This bond stress is for the tension reinforcement in the top 
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COMPUTATIONS FOR BEAM BRIDGE 
Sheet B1 


Data: 
Beam Bridge: 26 ft. Highway. 40 ft.-O in. Clear Span. 
Bituminous Wearing Surface: 2 in. thick. 
Loading: 100 lbs. per sq. ft. 
20 Ton Trucks 
covering 
area > 
14 Ton rear axle 
Impact: 30% 
Material: Concrete: 2000#/n’’ Ultimate Strength @ 28 ds. 
Steel: Structural Grade: Deformed Bars 
Stresses: fs = 16,000#/O0". fe = 650#/0". n=18 
v = 407/00” without diagonal tension reinforcement. 
= 1204/0” with diagonal tension reinforcement. 
u = 1002/0” 


C.L. Roadway 


16 or AL 
more |) Fl |/Curb Guard ; i, 
7 720 2" Surface 2 Crown 
Joint eee eo) 
2 4 drains i Hi 
each side IF 
pee [2-105 


Slab: 
Moment. Assume 15” beams making clear span of slab = 4'-6" 


Live: a X45 X4X B= 3290'f 
Impact: 80% 3990 
m| Dead: 2" Surface 25¢/O' 
Try 8” slab 100 
125 
W = width of slab sup- 125 X FO X4kX A= 250 
porting 1 wheel ae a0 


= $2 (A.R.E.A.) 
=*X Y = 46" =3.83' 
Shear: Here x (see Art. 78, par. 31) = 2.5 X 6.6 = 16.25” for 8” slab, d = 6.5" 
W =4X 16.25 = 21.7" = 1.8 


eee Live: Heme xi 88904 
Vi Impact: 30% 1170 


Dead: 128X45X}4= 280 
Vis 53404 
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of the slab over the supports. The anchorage required is the 
extension of a portion of the steel beyond the point of inflection. 
(See Arts 139 and 140a, Joint Committee, Appendix B.) This 
requirement is far exceeded by the arrangement of steel described 
in the next paragraph. 

Equal areas of tension steel are required in the bottom of the 
slab between beams and in the top over the beams. It is possible 
to furnish the required area of top steel satisfactorily by a com- 
bination of straight and bent rods, various arrangements being 
common. The use of an equal number of straight rods in the 
top and in the bottom is believed to give a better solution of the 
problem. When two trucks are passing on the bridge there will 
be need of tension steel in the top across the whole width of the 
middle panel. A single truck at mid panel anywhere on the bridge 
will cause tension in the top of the slab in the adjacent panels for 
the whole width also. There should be steel in the slabs placed to 
carry these stresses. 

82. Inside Beams. (Computation Sheets B3-B5.) 

(a) Loads and Stresses. While differing in detail both specifi- 
cations give in this case the same proportions of the weight on an 
axle for the load on a beam, namely, one wheel load. The sketches 
on the third sheet of computations show the various loadings 
tried in search of the maximum live load shear and require no 
explanation. The sketch for maximum moment shows a front and 
a rear wheel of a single truck placed on the beam in such a position 
as to cause maximum moment in the span, in accordance with 
the well known theorem that the center of the span should lie 
midway between the resultant of the loads and the proper ad- 
jacent wheel, in this case, plainly, the heavier one. In addition, 
the uniform live load of 100 pounds per square foot, 575 pounds 
per foot of beam, was placed to cover all of the beam not covered 
by the truck, and the possible effect of this uniform load upon the 
position of the truck for maximum moment was neglected. 

Before the dead load stresses are known the size of the beam 
stem must be fixed, which may be done approximately by com- 
putations on scratch paper, giving a trial size to be used as the 
basis of further investigation. The stem of a simple tee beam, 
such as these, must be large enough to provide ample resistance 
to the diagonal tension stresses, measured by shearing stress, and 
also large enough to allow the longitudinal reinforcement to be 
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COMPUTATIONS FOR BEAM BRIDGE 


Sheet B2 
Depth: (dad) Moment: 
M 4530 
d= ee = 6.57" a 
be VV ios oe 
Shear: 
— e =F 5840 vt Mt 
d aos Tend EE ae X10 = Lee Lees 0 
By anchoring bars v may be raised to 604/00” 
a=2 x 12.7 = 8.5" 10" slab 
As 10” slab ws very heavy try results - Ketchum’s Specifications. 
Alternate Design for Slab: 
W = width of slab supporting wheel (Sketch-Sheet B1) 
=2(8S +7) = 3(694+ 14) = 55.3 in. = 4.6’ (Ketchum) 
‘ 14,000 1 eer 
Moment: L 16 X 4.6 a 70 2740'# 
I 380% 820 
D (8 slab) 250 
3810'#/’ 
14,000 ., 1 _ 
i 380% 460 
D 280 
22604," 
V 2260 % 
Depth: Shear d = bjo = 72XtxX40 — §.4 
Since W > a 5’ beam shear only to be taken. 
= 3810 _ "oO ay 
Moment d = eV fe FT aes OME Use 74" slab. 


Steel. As = pod = 0.0077 XK 1X 6 = 0.04620" /" = 3" ¢ @ 64” 0.¢. 


b (72 x 40) 6.5 
Bond u 2 eee 
Zo TX 


Use 74” slab, 6’ to steel, 36 @ 6" 0.c. top and bottom anchored. 


= IGE .. Anchor bars 


Longitudinal Steel — 74" slab; 4’-6"" clear span. 


As = 0.002 (7.5)(4.5 X 12) = 0.810" 5-4"% = 0.980" 
Use 3-3’ in bottom 2-4'' in top per panel. 
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placed with proper clearances. It is also desirable that the pro- 
portions be such that the design be economical. The preliminary 
scratch computations whose results are used on Sheet B3 were 
based on the need of providing a beam with sufficient shearing 
(diagonal tension) strength and the recorded calculation of the 
required cross-section area shows that the assumed size and 
weight is satisfactory for that purpose. The proportions shown 
in the sketch are within the limits set by the common rule of 
making the depth between two and three times the breadth, but 
the depth is somewhat shallower than that set by another equally 
common rule which makes the depth in inches about equal to 
the span in feet. 

(b) Proportions. In this simple situation a formula for eco- 
nomic proportions has some justification. The following 


was devised by Professors Turneaure and Maurer in their book 
“ Principles of Reinforced Concrete Construction ”’ (third edition, 
page 186), and is here used for illustration (Sheet B4). The 
term r is the ratio of the cost per unit volume of concrete and steel, 
that for steel being increased by 25 to 40 per cent to cover the cost 
of stirrups and other items not considered in the derivation.! 
Its use shows that for economy a considerable increase should be 
made in the depth of the 14-inch beam, the total becoming 39.9 + 
8.5 = 43.5 inches. This is relatively rather slender, so the 16- 
inch breadth with d = 38 inches, total 41.5 inches, was chosen 
arbitrarily. 


1 The derivation is as follows, using the data of Fig. 52: It is assumed 
that no appreciable difference is made in the cost by the small difference in 
form work involved. Let c = unit 
cost of the concrete and rc = unit 
cost of the steel. Then the total 
cost of the stem per unit length, 
exclusive of the portion below the 
center of the steel, is 


rM 
Pre. 52 et ar carer) 
Differentiating with regard to the variable d’, and equating the result to zero, 
gives for minimum cost 


d’ + t/2 or d —t/2 = VrM /fsb'. 
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COMPUTATIONS FOR BEAM BRIDGE 


Sheet B3 
a eee TIO EEED 
Inside Beams: 
Assume 18’’ abutments: .. Span = 40’ + 1.5' = 41.8! 
Proportion of one wheel load carried by one beam 


Rafa eG BE Se eB 


9 9 
., Assume one beam carries total load on wheel. (Assuming 21" clear between 
trucks.) 


Live Load Stresses: 
Shear 14 19.5 
pre 
41,5! RONG 41,.6' 7 
1 Truck +- = 
Uniform Load hh 
Max. from 2 Trucks 
Moment 1.8! 
R R=20 if 7 
16 14 6 14 9 (=8.95) 
0.575 /:=5.2 total 
6x12 = 3.6’ : 7 
| Zero shear here 
5° L? 
Moment; 722 = 178,000#" > = 
: or 
4.6 Bt ie 12,800 0.575 X 41.6? _ 
a "NY 4 ree ee aay eee z ——_——— = 124,000 
5.2 X Tre X 22.55 755.3004 2 yp 
Stresses: Dead: 
yn Wearing Surface 254/27’ 
i 7¥" Slab 94 
119 X 6.75 = 6844/' 
Stem (Trial) 452 
Total 11404/' 
100 IVE il AEE lt 
Be 144 
Trial Size 
Shear: V =%4 X 1140 X 41.6 = 23,700# 
Mom: M = 1140 X 41.6 X } = 245,000'f 
Stress Summar V M 
Dead: 23,7004 246,000' 
Live: 21,500 185,800 
Impact 30% 6,500 56,800 
51,700 786,600 
Stem: 
‘ Vee (00 = re af c= TY 
Shear [Bd = 5 = Pe = 1920 d = 36" 


total depth = 38.5" 
oe eel) a ee a ee eee 
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(c) Steel. Choice was made of eight large bars to give the 
required steel area (Sheet B4) as trial calculations show that the 
use of more than eight makes necessary three layers of rods, which 
is not desirable. It is customary, though not universal practice, 
to use an even number of bars and make the beam symmetrical 
in every respect about the vertical axis. It is also good practice 
to use not more than two sizes of bars in any beam and make those 
two adjacent sizes, that is, within 4 inch of each other. The re- 
quirements as to bar clearances are illustrated by the sketch on 
this sheet. (Compare Art. 63, 67 of the Joint Committee 1924, 
in footnote.)! It is obvious that there must be a sufficient mass 
of concrete about each rod to transmit the shearing stresses set 
up. (See the derivation of Equation (9), Art. 54.) It would be an 
interminable task to calculate this embedment afresh for each 
beam designed, and unnecessary, as the standard spacing rules 
give safe results for ordinary beams with not more than two layers 
of steel. When there are more than three layers the variation of 
stress in them may be of importance; the spacing of the rods, both 
horizontally and vertically, should be generous. For this beam 
the spacings conform closely to the rules laid down by Taylor, 
Thompson and Smulski in ‘‘ Concrete, Plain and Reinforced,” 
Vol. I, page 273. Horizontally the clear spacing is limited to 14 
times the diameter of a round rod, or two times the side of a square 
rod, or 1} times the maximum size of aggregate, with a minimum 
of 1 inch. Vertically the clear spacing is limited to 1 inch. A 
more conservative rule limits the vertical spacing to 1 inch or to 


1 (63.) Placing. Metal reinforcement shall be accurately positioned, and 
secured against displacement by using annealed iron wire of not less than No. 
18 gauge, or suitable clips at intersections, and shall be supported by concrete 
or metal chairs or spacers, or metal hangers. The minimum clear distance 
between parallel bars shall be one and one-half (13) times the diameter of 
round bars, or one and one-half (13) times the diagonal of square bars; if the 
ends of bars are anchored as specified in Section 140, the clear spacing may be 
made equal to the diameter of round bars, or to the diagonal of square bars, 
but in no case shall the spacing between bars be less than 1 in., nor less than 
one and one-quarter (1{) times the maximum size of the coarse aggregate. 
Bars parallel to the face of any member shall be embedded a clear distance of 
not less than one (1) diameter from the face. 

(67.) Moisture Protection. Metal reinforcement in wall footings and col- 
umn footings shall have a minimum covering of 3 in. of concrete. At surfaces 
of concrete exposed to the weather metal reinforcement shall be protected by 
not less than 2 in. of concrete. 
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COMPUTATIONS FOR BEAM BRIDGE 


Sheet B4 


Inside Beams: (Continued) 
Economical depth 


Scrat £ _ 492 X 0.045 _ 
d = v= +9 where r = 12.00/87 = 50 approx. 
_ . /50 X 486,600 X 12 
¥ \/ 16,000 X b’ ae 
= 39.9" for b’ = 14" Try 
= 37.6" = 16” 6’ = 16" 
= 36.5" = 18" GSB 
Total depth = 41.5” 
Revised Shear and Moment 
2 150 _ 7 
ee a 
AV =3 X 117 X 41.5= 2400# Total V = 54,1004 
AM =} X 117 X 41.8" = 25,300 “ M = 512,000'4 
: : at 54,100 ¥: x 
Unit Shear: v = ex tx 38 102#/a"" < 120 O.K. 
si 
ea, Ms Stee ite, Ty 47 I 
cel “Ss = F.5d 16,000 X 0.90 X 8 11.08 41770 = 6.07 
Check of fe 0.915 71.810” 
L/4 = 41.5/4 = 10.4! rit LEI 
b 116 X 73 + 16 = 136" Pl. VII)? = 69 x 38 ~ 9-9048 
Spacing = §'-9" = 69" — t/a = 75/88 = 0-2 
b J = 0.916 
| No change in steel. 
16,000 
Ae fe < — < 6204/0" 
, Spacing of Bars 
Pee sx 1h = 88" 
Steel Spacing 
Top Layer — 4-13" O bent 
Bottom Layer 4-1% ( straight 
Bont vb _ 102 x 16. i = 8934/0" < 100 O.K. 


ee alla 


No anchorage required. 
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the diameter of the largest bar. This will allow mortar to work 
freely around the rods even if the maximum aggregate cannot 
pass. As shown on this sheet the rods are a trifle too close to the 
surface of the concrete, a minimum of 2 inches being desirable. 
The use of some one of the several varieties of bar supports and 
spacers now on the market is strongly urged to ensure the proper 
placing of this steel. 

If the center of gravity of the steel area is assumed as halfway 
between the two layers, as is customary, the value of d is slightly 
less than that used in calculations. The difference is too small to 
be regarded. 

These intermediate beams are tee beams and the limits to the 
width of slab that may be assumed to act integrally with the 
stem are indicated in the sketch on Sheet B4. These rules are 
those of the 1924 Joint Committee (Art. 115, Appendix B). The 
assumed value of 7 used in Equation (16) and the ratio of fiber 
stresses were checked by Plate VII. Since there is an excess of 
steel, f, is less than 16,000 pounds per square inch but the exact 
stress is not of interest. 

It was assumed (bottom of Sheet B4) that the lower layer of 
bars is left straight in the bottom the length of the beam and 
the bond stress was calculated accordingly. 

The assumption was made that the maximum possible bending 
moment at any section of the beam is equal to the ordinate at that 
section to a parabola drawn (as shown on Sheet B5) with the 
maximum moment already computed as the center ordinate. 
This would be exact were the live load either a uniform or a single 
moving concentrated load and, as it is, gives results close to the 
truth. On this basis the limiting positions of the points of bend 
were found. 

The design of these interior beams was completed by making 
a sketch to give all the essential information regarding them and 
to serve as basis for the design of the diagonal tension reinforce- 
ment. It was decided to arrange the bent steel so that one pair 
of bent rods cuts the vertical plane at the support, with the second 
pair close enough to the first so that no stirrups are required 
between the points of bend. Since the distance between these 
points, 24 inches, is less than $ d, this is accomplished if the slop- 
ing rods can carry the stress in that distance. For stirrup design 
it is sufficiently accurate to use the clear span, taking the shear 
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COMPUTATIONS FOR BEAM BRIDGE 


Sheet B5 
Inside Beams: (Continued) peveene 
Points of bend — 
Assume parabolic moment curve > 


2.54 
20.7%, Pir ! 
o i/ 24 a 


20.75 \/ 206. = 13.9" 


Design of Inside Beams. 


a 


o~ 
Il 


gf 
rg 
415 
m 
16 
Diagonal Tension Reinforcement 14 6 
. 12! | 8.76' 
Max. Shear@C.L. 1.3 41.5 
Live 8. é 
30%lmp. 2. 70,800 
eS 0 Ba 
Dead _0.0. Ux been 
100#/o” 70. 8 
Shear 
Curve 


No stirrup 
needed 
this side 


20 


Stress in 1st pair of bent rods 


ape a ee oni < 1600010” OK. 
Ss 


2x 1.125" 
*. 2nd pair also O.K. 
Stirrups. Try %" ¢ | @ 16,000#/0”" = 2 X 0.196 & 16,000 = 62704 each 


Spacing: 
End. 7" 
= 6270 i : > 
ee GO Ie = 63" Use two stirrups 
: d 
Inside of bent bars. Max. Spacing = a 19” 
ee as 


40 X 16 
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at the edge of the support as 100 pounds per square inch, with a 
straight line variation of shearing stress down to the maximum 
intensity at the center of the beam. Any possible shear curve due 
to any loading will fall within the shear curve thus drawn, and 
accordingly the reinforcement proportioned by its use will be 
adequate. : 

The intensity of stress in the pair of bent rods nearer the sup- 
port was computed by aid of Equation (7) (assuming that the 
concrete carries diagonal tension to an amount measured by a 
unit shear of 40 pounds per square inch) and is very small. It 
is plain the stress in the second set of rods is still less and that 
the length from the lower bend nearer the centre to a distance 
of 2 X 38 = 28 inches toward the support from the other bottom 
bend is cared for properly by the bent rods without stirrups. 

Stirrups are needed in the 8 inches at the end of the beam not 
reinforced by the large bars. The 34-inch round stirrups used 
must be spaced 63 inches apart, or less, at the end and so two are 
required. The necessary stirrups in the 10 feet inside the bent 
rods were placed by making enough spaces, about equal to the 
minimum computed, to reach to the section where the shear 
permits change to the next practical spacing, and so on. [If the 
sketch is to scale and the rate of change of shear per foot is shown, 
it is simple to do this mentally. Stirrups should be used through- 
out the beam for the purpose of tying the stem and flange to- 
gether even though not required by shear. Many designers would 
place the stirrups in this beam without counting at all upon the 
bent rods. 


Problem 31. Compute the maximum total moment at the quarter point 
of an interior beam and compare with the value given by the assumption of 
. parabolic variation of moment made on Computation Sheet B5. 


Ans. 390,800’# % X 512,000 = 384,000’#. 
Problem 32. Compute the maximum intensity of shear at the quarter 


point of an interior beam and compare with the value given by the assumed 
shear curve on Computation Sheet B5. 


Ans. 58 lbs./sq. in. 60 lbs./sq. in. 


83. Outside Beams. (Computation Sheets B6-B7.) The out- 
side beams were designed for the same live moment and shear 
as the intermediate ones, although normal traffic will not cause 
these stresses. The possibilities of accident make this a wise plan 
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COMPUTATIONS FOR BEAM BRIDGE 


Sheet B6 
Outside Beams: 
Live Shear and Moment same as for inside beams 
Dead V & M: 
Weight of parapet above slab (and curb) 500#/' 
Weight of slab and wearing surface} X 4.5 X 119 268 
Weight of beam: Try 16 X 42 700 
387 1468#4/' 
V =34 X 1468 X 41.6 = 30,5004 
M =%31X 1468 X 41.6% = 316,000' # 
Shear Moment 
Live 21,500 185,800 
Impact 6,500 55,800 
Dead 30,500 316,000 
58,500 557,600 
. : 43" 
Trial Section: d = 38" TE! 


= Seno - 38° 
Tex Exes 1%r/O ee 


557,600 X 12 


et Ee Ly 6-150 = 9.38 
16,000 X 0.91 x 38 21k oO = 253 
7910" 
11.91 . 
Pie 0.0078) 7 = 0.91 16,000 
t/d = 7.5/38 = 0.2 i, = 22 
c 
> 0.7 X 660 
*, VOID 


Try as unsymmetrical rectangular beam. 


M _ 557,600 X 12 k = 0.876 
R= > = — = 107 
ba? 25 X &0 p = 0.0076 
From Pl. VI stresses = 16,000 — 650 oi 
As = pod = 0.0076 X 25 X 50 = 9.680" 1", 
6-140 = 7.59 
2-10 = 2.00 
9.690" 
58,500 re 
Shear: v = lee Tr, = 844t/O 


bjd 16X%X 50 
Bond — on 4-14 O straight Se oo = 48 € 1007/00" 


164 HIGHWAY BRIDGES 


and it is required by both of the load specifications. The dead 
moment and shear were figured, assuming a section below the 
slab about equal to that given the interior beams. 

The first investigation of this section (Sheet B6) was on the 
assumption that a construction joint comes at the top of the slab 
and that the slab acts as a flange, giving a non-symmetrical L 
section. Taylor, Thompson and Smulski recommend (‘ Concrete, 
Plain and Reinforced,” Vol. I, page 142) that for such a beam 
the allowable stresses be reduced 30 per cent. 

This section being entirely inadequate, study was next made 
of the rectangular beam (Sheet B6) made by including the 
12-inch curb, which must be poured at the same time as the slab 
to permit of this. The full width of 25 inches was taken on first 
trial and the lack of symmetry ignored, noting that the neutral 
axis comes in the slab. Since a curb guard, made of a steel angle 
section, will extend the length of the bridge, this full width is not 
properly available. The lack of symmetry is not a desirable 
feature. Since a sturdy beam is wanted the 8 bars (6—14-inch, 
and 2—1-inch squares) found necessary were changed to the largest 
size available, 1} inches square, and approximate computations: 
made to determine the width of compression face called into play 
without exceeding the given stresses. A direct computation by 
means of the transformed sections would be rather laborious. So 
a width was assumed and by aid of Equation (17) and Plate VI the 
steel area required was found. Evidently a width between 21 
inches and 23 inches requires the 12.5 square inches furnished. 
Since this arbitrary increase in steel results in neglecting only 
between 2 and 3 inches of the total top width it seemed advisable 
to use the 8-inch heavy rods. The rest of the design is similar to 
that of the interior beams. 

84. Expansion Rocker. (Computation Sheet B8.) To pre- 
vent high temperature stresses and undesirable cracking in bridge 
and abutments, provision must be made for free expansion and 
contraction of the structure with temperature changes. The 
manner of making this provision varies with the length of span 
and no definite rule of practice can be given. Some standards 
would require a rocker bearing at one end for a span as short as 
this and others would use a sliding support of metal plates for 
spans up to 50 feet. In this design expansion is provided for 
by supporting one end of each beam on a cast iron rocker, placed 
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COMPUTATIONS FOR BEAM BRIDGE 


Sheet B7 
eee ee rene ee ne a 


Try b — required for 8-14.10 = 12.50)" maz. area possible in 2 layers. 


for b = 23" R=11g. p =0.0092. kd = 21" 
As = 10.60" 

HOnOt— oI. R=125. p=0.0128. kd = 239"+4 
As = 13.40" 


Use 8-14 0 to compensate for lack of symmetry — uncertain action of curb 
— neutral axis below slab — etc. 


Outside Beams — Design 


Diagonal Tension Reinforcement. 


@ Centre 


AN, 510800. %. 
= 76x 4x50 ~ 18r/0 


80*/0" 24H) y+ 


Shear Curve 24#/0" 


From previous computations — (Sheet BS) bent bars are O.K. 
Stirrups: $6 U @ 62704/0” 
Spacing: 


6270 

Be 8 ae 

. d Mt ps 40 = wt 
Inside Bent Bars — Maz. s = Be 25 o= 2h Ona 


= 10". Usel U stirrup 
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between steel bearing plates, proportioned to bring the bearing 
stresses on the concrete within the given limit of 500 pounds per 
square inch. The bearing of the cast iron rocker on steel is 
limited to 300D pounds per inch of length, where D is the diameter 
of the rounded surface of contact. The length of the rocker is 
made 2 inches less than the width of the beam, giving a net width 
of 12 inches and a required diameter, and also height of 16 inches. 
A thickness of 24 inches, about the minimum advisable, results 
in very low column stresses. Two small lugs are arranged to key 
into holes in each plate and prevent the overturning of the rocker. _ 

When the beams are ready for pouring each rocker is in place 
in its asphalt-filled pocket, with the upper steel plate resting on 
it and on the felt joint. This plate is kept in place during pouring 
by a mortar joint about the edge. A piece of tar paper on top 
keeps concrete from clogging the key holes. 
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COMPUTATIONS FOR BEAM BRIDGE 


Sheet B8 


End Bearings: 


Fixed End — fy = 5004/0” allowable 


_ 57,800 _ eee es ; 
A 7 aa 1160 With 18" abutment 


16 X 18 = 2880" available. O.K. 
Expansion End. C.I. Rocker 


Allowable bearing of C. I. Rocker on steel plate — 


fo = 300 D per inch length (Ketchum’s Spec. for Hy. Br.) 


Il 


57,300 _ D 
LD =-3— = 191 e 


14” or 16” D = 16" 
= 14" or 12” L = 14" oe 


Expansion = 80 X 0.0000065 X 41.6 X 12 = 0.26" 
Plates — 14 X 9 = 126 > 116 required 
Rocker thickness — fp = 9000 — 40 L/r (Ketchum) 


— 87,300) Pe 
f= igxes~ 1700#/0O" O.K. 


Cover with 


a h | tar paper 
By ay 


7.3” 


& 


1' Steel Plate 
9" 14" 


ituminous 
Felt Joint 


Face of 
Abutment 


}Filled with 
Asphalt 


Accurate bed 


Lugs 1x 1'x 2high 
Holes in plates 14x18 ‘ 


The rocker here shown is closely the same as that on P412, Reinforced Concrete 
and Masonry Structures, Hool and Kinne. 


CHAPTER XI 
CONTINUOUS BEAMS AND RIGID FRAMES 


85. A reinforced concrete structure is, in effect, a monolith, a 
unit in itself, and not merely an assemblage of individual beams and 
columns. Any load causes stress, not only in the members 
immediately supporting it, but also in every other member of the 
frame, the magnitude of this effect rapidly decreasing with the 
distances of the unit from the load. In ordinary steel construc- 
tion the joints are not generally rigid enough to develop large 
bending resistance. The only parts of the steel frame shown in 


Steel Frame Reinforced Concrete Frame 
Shape under load shown by dotted lines. 
Mies, 3 


Fig. 53, stressed by the load P, are the beam beneath the load and 
the two supporting columns. In the similar reinforced concrete 
frame, Fig. 58, the rigidity of the joints causes every member to 
deform under the load. Accordingly the steel beams are designed 
as simple end-supported members, and the columns as members 
carrying direct stress only. In a reinforced concrete frame the 
beams are restrained at the ends by their rigid connections, and 
these end moments must be considered in design. The columns 
likewise are subject to both direct stress and bending. 


1 The steel frames of tall buildings exposed to the horizontal force of the 
wind are made rigid enough to carry the resultant stresses by rigid construc- 
tion at the joints. The columns and beams are proportioned to resist the 
resulting combination of direct stress and bending. Every steel frame must 
be made stable by proper bracing. 
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The perfect continuity of reinforced concrete structures is 
weakened by construction joints, formed when fresh concrete is 
poured in contact with concrete that has already set. Com- 
monly reinforcing steel crosses such joints and the break in con- 
tinuity is not regarded. To make such a joint capable of trans- 
mitting shear as well as bending the surfaces of contact must be 
keyed together, either by a formed mortise or by roughening the 
surface and the use of projecting stones. If the joint is smooth 
with no steel crossing it, neither shear nor bending can be con- 
sidered as transmitted. 

It is evident that the moments and shears in any beam of a 
rigid frame cannot be determined by the principles of statics 
alone since there are two unknown end moments, two unknown 
vertical reactions and possibly two unknown horizontal reactions, 
a total of 6 unknowns, 3 more in number than the conditions of 
equilibrium of a non-concurrent co-planar force system. The 
exact determination of the maximum moments, shear and direct 
stress in any member of a monolithic structure is a very compli- 
cated matter, and in consequence, for ordinary structures, simple 
rules have been devised for obtaining these stresses that give 
results close enough to the truth for safe and economical design. 
For unusual structures special methods must be used. The two 
most important of these methods, those of Least Work and Slope 
Deflection, are described in this chapter. 

86. Continuous Beams, Theorem of Three Moments. A 
simple case of a continuous beam of reinforced concrete was 
furnished by the floor slab of the beam bridge designed in Chapter 
X. Here the slab is to be poured at the same time as the beam 
stems and so forms a rectangular beam, rigidly attached to its 
supports, continuous over several spans. The Theorem of Three 
Moments offers a convenient means of studying the stress in such 
a case. This theorem is an equation expressing the relation that 
exists between the bending moments in a continuous beam at any 
three consecutive supports, and for a beam of uniform moment 
of inertia, supported on knife edges, all either at the same level 
or at the proper elevation to fit the unloaded beam, it takes this 


form: 
Mil, + 2 ML, ss Lz) + M;L2 = —j w,L — 4 Weld? = 
DP,L2(Ki — Ki) — 2P2L2(2 Ke — 3 Ke + Ke*), (40) 
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where (see Fig. 54) 
M, = the bending moment at support 1 in foot-pounds; 
M, = the bending moment at support 2 in foot-pounds; 
M; = the bending moment at support 3 in foot-pounds; 
L, = the length of the left-hand span, 1-2, in feet; 
L, = the length of the right-hand span, 2-3, in feet; 
w1 = the uniform load on the left-hand span in pounds per 
linear foot; 


Fig. 54 


the uniform load on the right-hand span in pounds 
per linear foot; 
P, = any concentrated load on span 1-2, a distance K,L; 
from) 
P, = any concentrated load on span 2-3, a distance K2Le 
from 2. 


§ 
1 


The signs used with this equation are those relating to beams, 
where negative moment is that which causes tension in the top 
fiber. 

The equation can be extended to care for a uniform load cover- 
ing only a part of a span by substituting in the term giving the 
effect of a concentrated load in the given span, wdz, for P, x for 
KL, and replacing the summation sign by that for integration. 


The following derivation of the Theorem of Three Moments for uniform 
loading is given to make possible a ready review. For more general state- 
ments of the theorem and its der- 
ivation the reader should consult 
a good text on the strength of 
materials. 

In Fig. 55 are shown any two 
consecutive spans of a continuous 
beam of uniform cross-section and 
Fig. 55 level supports, with a loading that 

is uniform over any one span. By 


Cc 
Tp Shape} taken by 
loaded beam. 


2, 
use of the equation for the elastic curve, M = EI a , the slope of the tangent 
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at any support, as b, may be expressed, first, in terms of the load, etc., to the 
right, and then in terms of the similar factors to the left. These two expres- 
sions are for the same quantity and so are equal to each other. Their com- 
bination gives the Three Moment Equation. 

The moment at any section in the right span equals 


M = BIS = Ms + Sex — ow, 


where 5; is the shear to the right of support b. Integrating 


dy 


EIT. = Mox + = S72? — $ woe? + (Constant = TREI). (1) 


Here the constant of integration is expressed as the product of three constants 
and TR is chosen to represent the tangent at b expressed in terms of the right 
span factors. Integrating a second time 


Ely = } Mox? + § Sra? — oy wort + TrEIx + (Constant = 0). (2) 


Placing in equation (2) ZL» for x, y = 0, and substituting the value of S, ob- 
tained from the expression for the moment atc, (Mc = Ms + SrLe — 4 w2L,?) 
gives the following expression for the slope of the tangent to the curve of the 
beam at 6 in terms of the right-hand span elements: 


Te= a (-4 Mol, — § McLz — gy wel’). 


A similar expression for the slope at 6 in terms of the left-hand factors may be 
written by analogy from the expression for that at c (7) obtained by writing 
equation (1) with z = Lz, substituting the value of 5; as before, 


— Maly + 3 Moly + ¢ wil’). 


1 
EI (& 
Equating Tr = Tz gives 

Mal, +2 Mo(Li + 1) + MeL, = —i wil} — 1 w.L.3. 


The use of the theorem is illustrated by the following examples: 


Example 45. What is the maximum 
moment at b in the beam shown in 
Fig. 56? Dead load in pounds per 
foot = w1; live load = w, = 3 1. Fic. 56 

Solution. Note that M, = Mz =0, 
and for dead load, Mz = M,, the beam being symmetrical. For dead 
load the three-naoment equation takes this form 


M,.L+2Mi)(L4+L) + ML = -t wil? — 3 wil. 
Solving: 


5 My, = —4 wL? 
My, = —75 wil’, the dead load moment. 
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In order to determine the spans which should be loaded to produce 
negative moment at b place a single load on each of the three spans in 
turn (Fig. 57a-b-c) and consider the resulting deflection of the beam. For 
example: a load on ab, with supports c and d removed, brings the beam to 
the position abd’. The action of the c support is to pull the beam down 
into the position abcd’’, causing tension in the top of the beam at 6 and 
thus negative moment at that point. The subsequent pushing up of the 
beam into place by support d does not change this. Loads anywhere on 


ae Line Load =W, 


L\ £\ £\ 


+ + WN 4 d 
(¢) (d) 


Fig. 57 


spans ab and be cause negative moment at b, and so both these spans 
should be covered with the live load for a maximum value of that function. 
For this loading (Fig. 57d) there are two unknowns, Mz and M, (Mz = 
Mz = 0), and two simultaneous equations involving these two unknowns 
may be written by applying the Theorem of Three Moments twice, first 
to the three supports abc, and then to the three bcd: 


M.L+2M,(L+L)+M.L = -3 wl — i wl 
and 
M,L+2M(L4+L) + Mal = -1 wl. 
Solving 
Ms, = —xy w2L for live load moment. 
The maximum moment equals the sum of the dead and live load moments 


and would be expressed in terms of the total load per foot w = w; + w2 = 
Wi +31 = 4wu; giving ° 


Mp =e ie ear = —2, wl. 
4 4 
In expressions for moment the multiplier of wl? is known as the 
Moment Factor or Moment Coefficient, 
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Example 46. What is the shear at a section 2 ft. from the right end 
of this beam (Fig. 58a)? 

Discussion. The difficulty introduced by the fixed end at c¢ can be 
met as follows. Imagine the support at that point changed to a knife 
edge and the beam to be continued to 
the right, a distance L, to another 70,000 
support d. (Fig. 58b.) The beam 
with its extension deflects more than q 
the original beam because the restraint 
offered by the span cd at c is not 
sufficient to make the tangent to the 
elastic curve horizontal at that point. | 
However, the shorter the distance L, | 
the stiffer the span cd and the flatter | 
the tangents atc andd. When L =0 | 
these tangents coincide and are hori- @ 
zontal, giving a condition of fixity atc. 
Accordingly the theorem of three mo- ~ (6) 
ments can be applied to this problem Fig. 58 
by replacing the fixed end with an 
unloaded span of zero length, supported on knife edges. 

Solution. The beam with its added span is continuous over three 
supports, at which there is only one unknown moment, that at c(M;). 
Mz =0; Ms, = —2 X10 x 5 = —100 kip-ft. (A kip is 1000 lbs.) 
Writing the equation of Three Moments: 


—100 x 200 +2.M. X20 +0 = —1 X 2 x 20° — 10 x 200° (0.6 — 0.6°) 
M, = —88.4 kip-ft. 


Fixed End 


20008: 

Z\ 

ve (6 
| 102 20! 


Il 


The negative sign of this moment indicates that it causes tension in the 
top fiber and therefore it acts in a clockwise direction upon the beam at 
c as shown in Fig. 59. Either of the 


“pet unknown vertical reactions may be 

found by applying the condition of 

on M.= equilibrium, 2M =0. In using this 

a b ¢ PRA condition it is customary to name a 


clockwise moment positive. It is im- 

Ys V. portant to distinguish clearly between 
Fig. 59 these two conventions of signs: that 

for bending moment in beams and that 


for moment in force systems acting on (assumed) rigid bodies. 
=M, = 0 


Vs X 20 —2 X 30 X 15 —10 X 8 + 88.4 =0 
Vp = 44.6 kips. 
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The positive sign of the result indicates that the assumed upward direc- 
tion is correct. The desired shear is: 


44.6 — 2 x 28 — 10 = —21,400 lbs. 


87. Moment Factors for Continuous Beams and Girders. In 
Example 45 is illustrated the process of finding the moment factors 
to use in designing a given continuous beam carrying uniform 
loads. Applying the same methods to beams of a varying number 
of equal spans the following table was constructed. ‘The columns 
headed “ Dead ” loads give the maximum values of the positive and 


Conrricients? For Maximum Moments in Continuous Bras (2) 
M =xvl’ 


Intermediate spans and supports End span and second support 


Number of spans At center (++) At support (—) At center (+) At support (—) 


Dead Live | Dead Live Dead | Live Dead Live 


TWOse otic ROS On cee| kane price Weert. il Moca tose Ileana ae 0.070 | 0.095 | 0.125 0.125 

HYCO 5,8 GottaaPsle oer OAH OG) Bogue || Asuare 0.080 | 0.100 | 0.100 0.117 

Plourrasanete estan utes 0.036 | 0.081 | 0.071 | 0.107 0.071 | 0.098 | 0.107 0.120 
(0.115) 

EVO sete coiahersieiaie'¢.cleleieisis 0.046 | 0.086 | 0.079 | 0.111 0.072 | 0.099 | 0.105 0.120 
d (0. 106)2 (0.116) 

Bix cin i eratelacale eleeienes 0.043 | 0.084 | 0.086 | 0.116 0.072 | 0.099 | 0.106 0.120 
(0.106)2 (0.116)1 

HOVEN soe oe ce mec secs 0.044 | 0.084 | 0.085 | 0.114 0.072 | 0.099 | 0.106 0.120 
: (0.106)! (0.116) 


1 Where two adjacent spans only are loaded. 


negative moment to be found in the beam due to the dead load, 
which of course covers the whole length. The columns headed 
“ Live ” loads give the maximum moments, positive and negative, 
that can be caused anywhere in the beam by the live load, by 
placing it only on those spans where its effect is to increase the 
moment under consideration. Reasonable maximum values of 
all those given in the table are indicated by italics, the larger 
values being rejected as involving unreasonable assumptions as 
to the position of the live loads. In the following table these 


2 This table and the following one are reproduced with some variation from ‘‘ Principles of 
Reinforced Concrete Construction;,’’ by Turneaure and Maurer, 
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maximum values found above for live and dead loads are com- 
bined into a single term for various ratios of live and dead, 1 to 2 
being the usual range of that ratio. 


CozFFICIENTS FoR Maximum Moments 1n Continuous Brams or THREE 
oR More Equat Spans Dur To Compinep Deap anp Live Loans (2) 


M = zwl? 
Intermediate spans End spans 
Ratio of 
live : dead j 
At center At support At center At support 
1st 0.066 0.097 0.090 0.112 
an | 0.073 0.099 0.093 0.114 
See! 0.079 0.104 0.097 0.115 


Based on this study the following conclusions are usually 
drawn (compare Art. 107, 1924 Joint Committee, Appendix B): 
that for continuous beams of three or more equal spans, carrying 

uniform loads, the maximum positive and Bee moments to 
be expected in interior spans may be taken as i , the width and 
rigidity of the supports serving to reduce the theoretical values; 
for end spans the maximum positive and negative moment to be 
a , the negative moment being that at the first 
interior support. For two span beams the maximum positive 


2 


moment is taken as ae and the negative moment as a 


Certain of the above factors are somewhat less when the outside 
support is a reinforced concrete column and offers considerable 
resistance to hending. The 1924 Joint Committee report (Art. 
110, Appendix B) makes recommendations covering the action 
of supporting columns, based on studies made by more elaborate 
methods than that just outlined. 

For girders, that is, for beams carrying concentrated loads, 
it is sufficiently accurate ordinarily to compute the maximum 
positive moment as though it were a simple non-continuous 


expected is 
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member, and then modify this result in the same ratio as for the 
same section in a uniformly loaded beam of the same number of 
spans. 


Example 47. What are the maximum positive and negative moments 
in the center span of a girder continuous over three equal spans with a 
single load, P, at the center of each? Neglect the dead weight of the 
girder. 

Solution. For a similar beam with uniform load the maximum positive 


“ 2 
moment at the center of the interior span is = and the maximum nega- 


: wl ; aN : z 
tive moment ——. The maximum positive moment for a simple girder 


10 
with center load is ar for a simple beam, uniformly loaded, ss . 
2 
Since ae = ve x = the maximum positive moment in the center of 
the girder is 22 x = = te ; the maximum negative moment is nt x 
See EL 
1055 oD 


Problem 33. A girder which is continuous over two equal spans 
carries equal loads at the center of each span. Compute the maximum 
moment at the center support (a) by means of the theorem of three 
moments, (6) by the approximate method described above. Neglect 
girder weight. 

Ans. (a) —0.19 PL. (6) —0.20 PL. 


88. Method of Least Work. The stresses in statically inde- 
terminate structures, such as those formed of beams and columns 
meeting in rigid (hingeless) joints, may be determined by the 
method of Least Work. The Theorem of Least Work states that 
the internal stresses in any statically indeterminate structure are 
such that the total work done by them, as the structure deforms 
under load, is a minimum. _ It is possible, therefore, to make exact 
solutions of rigid frames by writing an expression for the internal 
work in the structure in terms of one or more unknowns (moments, 
shears and thrusts, the number being the excess of the total num- 
ber of unknowns over those that may be obtained by application 
of the principles of statics), placing the several partial differentials 
of this expression equal to zero, and solving. 


METHOD OF LEAST WORK Wey; 


Expressions for the work done by internal fiber stresses are 
obtained as follows. Let 


P = total axial stress in a piece; 

A = cross-sectional area of piece; 

L = length of piece; 

E = modulus of elasticity of the material = f/e; 

f = unit stress = P/A for column or tie = Mc/T for beam; 
é = strain or deformation per unit length = f/E; 

I = moment of inertia; 


y = distance from neutral axis of a beam to the stressed 
fiber. 


In a member subjected to axial stress the internal work equals 
the average force acting during deformation, multiplied by the 
total deformation, 

Py, 


PL 
x AB - TAE: (41) 


P Be 


Fic. 60 


A beam is simply an assemblage of a vast number of elementary 
columns and ties, such as that shown in Fig. 60, with dimensions 
b x dx X dy. The work done in any such prism equals 


_ PL 1(My? sa) (2) 
| P x bay’) y 


and the total work in the beam equals (noting 4 ybdy = I) 


M?dx 
= ——— 42 
is aff 2 EI (2) 
Example 48. What is the moment at the end of the beam a-b of the 
rigid frame a-b-c-d (Fig. 61a)? The section is uniform both as to size 
and material throughout. 


Solution. The values of EZ, I and A are the same for all members. 
Cut the frame at any convenient point, as at a, Fig. 616, and represent 
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by arrows the unknown thrust, moment and shear there acting. From 
the symmetry of the structure it is plain that the shear in ab at a equals 
one-half of the load; S = 20,000 lbs. It is also plain that the thrust in ab 
must be the same in amount and direction as that in de. This thrust, T, 
then must equal zero as otherwise there would be two equal horizontal 


(c) 
Fig. 61 


forces acting on the vertical ad in the same direction, which is not con- 
sistent with equilibrium. The moment M;, in ab at any distance x from 
a, equals (see Fig. 61c): 


Mec —M - “2 + 80 = —M -~=2 4202, 


The total work in the structure equals 


0 
W -2f° (—M — a + 20 2)? Bn [PE + 2( x ”). 
0 


2 HI 2 EI 2AE 
Differentiating in respect to M and placing the expression equal to zero, 


aw _ »f? (—M — 2 4202)(—1)de |. (2 Max 
dM ; 2 EI + Shr tn 


(Ma + «3/3 — 10 x?) 


20M +? _ 4000 +15.M = 0 


M = +38,000 ft.-lbs. 


20 
+ (Mz)| =0 
0 


1b 
0 
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The positive sign indicates that the assumed direction for the moment 
at a happened to be correct, 7.e., negative moment, causing tension in 


the top fiber. The moment factor here equals xt : 

89. Method of Slope Deflection.!. A method of analysis of 
rigid frames that has come into prominence within the last ten 
years is that of Slope Deflection which in general is much simpler 
of application than Least Work. Briefly described the method 
is as follows. A series of simultaneous equations is set up and 
solved, each equation expressing a relation between certain of 
the bending moments at the ends of the several members of the 
structure under consideration, and giving as a result the values 
of all these end moments. The relation most commonly used in 
setting up these equations is the equilibrium existing between all 
the end moments at any one of the rigid joints. The determina- 
tion of the shears and direct stresses, completing the solution of 
the structure, is a simple matter once these moments are deter- 
mined. 

It should be noted that this method is an approximate one, as 
no account is taken by it of the change in length of any member 
due to axial stress. Its use gives results identical with those of 
the method of least work when the work due to axial stress is 
disregarded. 

90. The General Slope Deflection Equation. The differential 
equation of the elastic curve (d’y/dz? = M/ET) of a loaded beam 
provides a means of expressing the moment at the end of a re- 
strained member in terms of the three variables, slope, deflection 
and load. The complete argument necessary for the deduction 
of a general expression for end moment for any member of uniform 
cross-section and constant modulus of elasticity, with any system 
of transverse loading, may be obtained by study of the special 
case of a restrained beam with a uniform load over its whole 
length. 

Consider the beam shown in Fig. 62, of which mn is the original 
unloaded and unstrained position (or is parallel to it) and mn’ the 
final position. The tangent to the elastic curve at m has rotated 
through the angle @,, and that at through the angle @,. The 
end n shows a deflection d from the original tangent through m; 
and conversely the end m the same deflection as regards n. The 


1 Presented by Professor George A. Maney, 1915. 
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directions assumed for the end shears are immaterial and are taken 
as shown.! For convenience the end moments are assumed as 
positive, that is, acting in a clockwise direction. Note that Moan 
indicates the moment at the m end of the member mn and Mam 
that at the n end. 

The following convention of signs is adopted: 

(a) external moment acting in a clockwise direction at the end 

of a member is taken positive; counter-clockwise, negative; 

(b) clockwise rotation of the tangent at either end is called 
positive slope; counter- 
clockwise, negative; 

(c) deflection is positive 
Mya when the line connecting 
the two ends of the 
member revolves in a 
clockwise direction; neg- 
ative when counter-clock- 
Fic. 62 wise. 

In Fig. 62 moments, 

slopes and deflection are all shown as positive. 

The sign conventions for the equation for the elastic curve, 


EI ge = +M, are as follows (see Fig. y 

63a): x positive to right; y positive ry vs 
upward; M positive when causing +M Oe 
compression in the top fiber of a hori- -y 

zontal beam. (a) for Beams 


Since this convention differs from 
that assumed for the slope deflection 


4 

method it becomes necessary to relate oY ar 

: 5 M xX 
the two sets of signs and inspect the as 
elastic curve equation to determine Y 
how it should be written to agree with Satie eo 
the slope deflection signs. Sign Conventions 

For this derivation the origin is Fia. 63 

taken at the left (m) end of the beam 
with x positive to the right. Since clockwise rotation is positive, 


y is positive downward and negative upward. (Fig. 63b.) Clock- 


1 The student should verify this statement by assuming opposite directions 
for the shears and carrying the change through the derivation that follows. 
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wise moment at the left end is positive by both the slope deflec- 
tion and beam sign conventions, such a moment causing compres- 
sion in the top fiber. The only difference in the two sets of signs, 
then, is that relating to y (the origin being to the left). 

The following considerations show that if the signs are taken 
as chosen for the slope deflection equation, the elastic curve 
equation must be written EJ oe = = —M. Consider, for example, 
a cantilever beam ab (Fig. 
64a) of which ab’ is the 
elastic curve under load, 
and note that the moment u(: e) M 
acting on the beam atthe 9 -\ { ~"[--7x"--77 
support at @ is counter- 
clockwise and _ negative 
by both conventions. By 


Bent shape, accompanied 
by LM (clockwise) 
at left. 


Fic. 64 


the slope deflection convention the slope of this beam at any 


point away from the support is positive; that is, = is positive. 


; dy ; 
This slope increases with x; that is, dx Z is also positive. Since 


the moment acting is negative the equation must be written with 
the negative sign for M so that when the value of the moment is 
inserted the result will be positive as required. It is suggested 
that the student carry through this argument with a beam 
acted upon by two equal and opposite ene moments as shown 
in Fig. 646. 

The equation for the elastic curve of the beam of Fig. 62 is 


2 
Br SY = —M = — (Mam — Va — "F): 
x 
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Integrating once gives 


1 ie = —Mayyxt 4 ot ds 5M —— Ne (Constant = HI6,) (a) 
since for x = 0 dy == Ops. 
dx 


A second integration aoe 
M. = 


Ely = — See a e+e — + EI6,« + (Constant = 0) (6) 
sinceforz =O y=0. 
For z = L, = = 6,, y = d, and these equations become 
lo a +4 + EO, (a’) 
hipaa _ Vr a + + Bie.0e (b’) 


2 60 
Substituting in (b’) the value of V,, obtained from ie ! gives 


BIO: Mogi? wLe crle,b = My 


OU ere eee Ep Cay ee ear Zt ElqL 
whence 
2EI d wl? 


2 
It will be recognized that = (the negative sign indicating 


counter-clockwise moment) is that moment that occurs at the 
left end of a fixed-ended beam of span L carrying a load of w 
pounds per foot over the whole length. 

If the origin is taken at the right end of the beam (Fig. 62), 
another investigation of the relation between the two sign con- 
ventions becomes necessary, and, based upon their reconciliation, 
the derivation yields: 

2 EI 


3 wL? 
avi (20, Tt Om —35)+45 (d) 


M. mm — 
The student should verify this statement, noting that the positive 
we 
sign for the 55 5 term indicates clockwise moment such as exists 


at the right a of a fixed-ended beam. 
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An inspection of Equations (c) and (d) shows that each consists 
of two terms, one involving the changes in end slopes and the 
deflection, and the other the end moment occurring on a fixed 
ended beam with a uniform overall load. It is evident that this 
could have been anticipated by a preliminary consideration of 
the problem, for the moment at the end of any restrained beam 
can be considered as consisting of two parts: first, that existing 
at the end of the beam without load, assuming the final changes 
in end slopes and the final deflection to be realized; second, the 
moment made necessary when the load is applied in order to pre- 
vent further rotation of the end tangents; in other words, the 
moment required to fix the end of the beam. This second term 
is one that is easily found for any system of transverse loads by 
use of the Three Moment Equation as described in Example 46, 
Discussion, page 173. Tables of these values for common types 
of loading are given in several texts and handbooks.! 

The general slope-deflection equation takes the following form, 
the end of the beam for which the moment is written being desig- 
nated the ‘“ near ” end: 


t,o = 2 EK(2 Oncas + Otar — os R) = Crean (43) 
where K=1/L E = modulus of elasticity 
k= d/L = moment of inertia of section 


Crear = the moment caused at the near end of an identical 
fixed-ended beam carrying the same load as the 
given beam. 


The sign of the C term is determined by the direction of the 
end moment of the fixed beam. For example, in writing this 
equation for the moment at the right Host fpr ie 


end of the beam in Fig. 62, the C term 
is positive, for the left end, negative. An é b 
. . . ab 
For slope deflection problems it is 
desirable to have conveniently at hand 
a single sheet giving the general equation Fic. 66 


with explanation of signs and notation. 
Such a sheet should also show a special form of the general equa- 
tion to use when one end of a member is hinged. This is derived 


1 For instance, in Bulletin 108, University of Illinois, “ Analysis of Statically 
Indeterminate Structures by the Slope Deflection Method”? by Wilson, 
Richart and Weiss. 
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as follows (Fig. 65): 


Me = EKO 0) — 8 Ree (a) 
Mi 20 2 ERK, 6, 38 eo (b) 


Solving for 4, 


ae t(-sae ed & +32) 


Substituting in (a) 


vege 2 EK(26, — ad os pe 3) Ce 
= 2 ER(15 6 — 18 R) — (Caend Ca). G 
TABLE I 


VALUES oF Constants C anD H 


Loading Cmn Cum Hin Aum 


Iz e Poa P b 12? b 
Be | | sn et | 57. Ge) 
wL=W 
WL WL WL WL 
« ie q j 12 12 ron ee 
L 
W. 
WL WL TREE 2 
C < 7 ) 15 10 60 15 VE 
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The general form of this equation is: 
Morea = 2 EK(1.5 Onear — 1.5 R) + Hnear (44) 


where Hnear = the arithmetical sum, (Chear + 4 Cfar), the sign 
being as for Crear. The values of the constants C and H for 
certain simple loadings are given in Table I. 


Total Shear 
on the3 
columns = 


UP A Saree 
fa me eb Mic 


Fig. 66 


Example 49. Compute the reactions for the three column bent shown 
in Fig. 66. The product of the modulus of elasticity by the ratio of 
moment of inertia to length ([/L = K) is taken as HK for the girders; 
for the outside columns, n#/K; for the middle column, mEK. 

Solution. Since the joints are rigid, all the tangents to the members 
meeting at any joint rotate equally with the deformation of the structure; 
that is, 4, for member ab equals 6, for member af. By use of the general 
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slope-deflection equation the end moments for all members may be 
expressed as follows: 


Map = 2 EK(2 6, + %) 

My = 2 EK(2 nog — 3 nk) 
Moq = 2 EK(2 6 + 02) 

Moe = 2 EHK(2 me — 3 mk) 
My, = 2 EK(2 6 +6) . 
Ma = 2 EK(2 6 + 4) 


Mig = 2 EK(2 ne, — 3 0R) 
Ms = 2 EK(mé — 3 mk) 


It will be noted that in writing these expressions the value of R = d/h 
was taken as equal for all three columns, the shortening of the girders 
under direct load being neglected. Similarly it was assumed that points 
a, b and c remained on the same level as regards each other. Also 6 = 
OQ; = 0) = 0s 

In this series of expressions for moment there occur four unknown 
quantities, 0a, 5, 6- and R = d/h, the evaluating of which will make it 
possible to determine the values of all the end moments and so lead to 
a complete solution of the structure. Four independent equations are 
required for the finding of these four unknowns. Three of these equations 
are found at once from the condition of equilibrium at each joint. 


Ma + Ma = 0 (1) 
Moa + Mix + Moe =0 (2) 
Mea == Mea Be 0. (3) 


The fourth is given by consideration of the three columns isolated from 
the rest of the structure by sections just below the connecting girder and 
just above the supports. (Fig. 66b.) Here the unknown direct stresses 
and end moments acting on the columns are represented by double- 
headed arrows and the total shear on the three columns (the distribution 
of which is unknown), by the horizontal arrows marked H. This system 
of forces is in equilibrium and taking moments about any point gives 


Ma Ar Mya ae Moe ae Me ap Mea ap Mac + Hh = 0. (4) 


In these equations the unknown end moments are assumed positive. The 
moment of the shear is positive, being clockwise for any section. The 
direct stresses balance and do not appear in the moment equation. The 
first of these equations, when rewritten with the two moments expressed 
in terms of slope and deflection, takes this form 


2 EK (2 64 + 0% +276, —3nR) =0. (1’) 


The solution of four simultaneous equations written out in this form 
would be inconvenient and so the four equations are tabulated as follows, 
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A general solution is cumbersome and accordingly the table continues 
with the equations as they appear for n = m = 1, for which values a 
solution is obtained. 


Coefficients of 6g, 0b, ete. Right side of equation 


No. | Operation 


O¢ (—3 R) THK Check 
ee ONAN Oy a | do We tee. | n Oe pit oe 
2 General 1 m OS | eee 
3 Form 2+2n n Orme fo beeeenue 
4 3n 4n+2m Reh meron te 
1 mee tee Ne OE aces 1 0 6 

*2 oe 1 1 0 9 

n=m 

3 or 4 1 0 6 

4 3 6 —Hh 15 

: ie eee Pad ay OO 0825 eo eee 0.25 0 1.5 
é 4+3 1 2 —0.333 Hh 5 

5 #2 — #1’ 1 0.75 0 7.5 
6 | REE A | PIS al eae oo a ee —1.00 0.333 Hh 4 

5’ #5 + 5.75 0.174 0.1306 0 1.30 
6’ FORO A MN Setse ee are kN antes —0.200 0.0667 Hh 0.80 
(d #3 — #5’ 3.826 0.8694 0 4.70 
8 #3 — #6’ 4 1.200 —0.0667 Hh 5.20 
7 | #7 + 3.83 1 0.2275 0 1.23 
8 | 48+4 1 0.30 —0.0167 Hh 1.30 
9 ee! ET LS eee a aii aries aera MARE Gera es 0.0725 —0.0167 Hh 0.07 
Co te oy ee reeled | (Maleate arama (LNs See cea (le re 1 —Ones0bHh | |) se.cas 
(AN ec oences eA eee ace +0.05238 Hh | ...... 
CCR eee Mee ce a en et BT On isles |) tose tan +0.0207 Hh | ...... 
Rr rent TEN Wl ett Nawab 4) lea eiegvtnd +0.0523 Hh | ...... 


The work of solving these four simultaneous equations could have been 


done more easily by taking advantage of the various unit coefficients 
instead of working systematically across from left to right, eliminating 
the unknowns in regular order. In many problems this systematic pro- 
cedure is the easier method and it is followed here for sake of illustration. 
Each step of the work is checked in the right-hand column where is listed 
the total of the coefficients on the left-hand side of each equation. The 
operation performed on the individual coefficients results in a total that 
always should equal the result of the same operation performed on the 
total in the right-hand column. 

The final figures in the right-hand column of the table equal 2 HK times 
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the value of 62, 05, 6 and (—3R). Substituting the proper values in the 
equation for Map gives 


rye (2_X 0.0523 Hh , 0.0207 Hh\ _ . 9 195 Hh 
Mas = 28K (POE 2 EK es 


Note that the 2 EK terms cancel.1 Proceeding in similar fashion the 
other moments are found to have these values: 

Mog = +0.0987 Hh = Mz, 

Mie = —0.188 Hh 

Mf. = —0.177 Hh = Ma 

Mz = —0.209 Hh. 


b=2h b=2h 


0.857h 


0.09387 Hh 
| eee 
See 


0.109 H1| 0.302 HT of 0.396 fo foo HT 
As 
0.177 Hh 0.209 Hh 0.177 Hh 
Vig. 67 


The moments at the feet of the columns are negative, that is, acting upon 
the columns in a counter-clockwise direction. The desired reactions are 
shown in Fig. 67 with moment curves for the several members, the values 
being for the case where the girder span equals twice the column height. 


1 Since 2 HK does not enter into the result it is plain that the moments 
depend on the proportional stiffness of the several parts and not upon the 
properties of the actual material or sections. Also there is a definite relation 
between stress and deformation within the elastic limit. Because of these 
two facts it is possible to analyze complicated indeterminate structures with 
ease and certainty by study of the deformations of cardboard or celluloid 
models which preserve the same ratios of stiffness throughout as the original 
structures. Professor George E. Beggs of Princeton University is the origina- 
tor of this method, which he describes in the Proceedings of the American 
Concrete Institute of 1922 and 1923. His method has been used with success 
and economy for research and for actual design. Professor Beggs’ achieve- 
ment is a great step forward in an important field as indeterminate structures 
are being used more and more. The difficulties of mathematical analyses are 
generally tremendous and their results often regarded with suspicion as based 
upon uncertain assumptions. This new and direct method is free from these 
objections, 
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Attention should be called to the necessity of checking the computa- 
tion carefully at each stage of the work. It is very easy to make slips 
in setting up the equations, in preparing the table for the solution of the 
simultaneous equations, and in making that solution. The values of 6 
should not be used until they have been inserted in the original equations 
and found to satisfy every one of them. The best way to avoid mistakes 
in the calculation of reactions is to make liberal use of careful sketches. 


Example 50. Calculate the moments at the ends of the slabs ee 
up the culvert section shown in Fig. 68. 


Data. ‘For top of culvert J = 1000” for a 1-ft. strip. 
For walls of culvert J = 800’ for a 1-ft. strip. 
F£ is constant for all members. 


Solution. The only new ele- 
ments presented by this prob- 
lem are the transverse loads 
and the numerical values for 


the sections. Wee 
For the top and bottom 

K = 1000/240; for the sides 49 4/, 

K = 800/120. The ratio of 

these two values, called n on 90! 

the figure, is 1.6. Fic. 68 
For the top Ca = af = —150,000 in.-lbs., being counter-clockwise. 


At the other end of the member the moment is clockwise, so Cia = 


; WL : WL 
+150,000 in.-lbs. Similarly, Ca, = oGt ie: 100,000 in.-lbs.; Cog = Te 
Bie Oo mi ties CL = aa = =) 24.000 in Ibs. 

Certain information is given by symmetry: 0, = —%; 0a = —6. 


There are no deflections to consider, so R = 0 in all cases. 
The following expressions are written for the moments in the left half 
of the structure, using the general slope deflection equation (438): 


My =2EK26+%—3R)+Cu 
= 2 EKo, — 150,000 
Maa = 2 EK(2 no + noa) + 16,000 
= 2 HK(38.2 64 + 1.6 64) + 16,000 
Ma = 2 EK(3.2 6¢ + 1.6 92) — 24,000 
Ma = 2 EK6g + 100,000. 


The corresponding moments in the right half are equal to these numeri- 
cally and opposite in sign. These expressions contain two unknowns, 
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6q and 64, and two equations for finding these unknowns are obtained by 
the condition of equilibrium existing at each joint. 


Ma + Maa = 0 
Maa + Mau = 0. 
Substituting the values found gives: 
4.26. +1.66¢ = 134,000 + 2 HK 
1.6 6, + 4.2 64 = —76,000 + 2 EK. 
Solution of these equations and of the expressions for end moment gives 
the required information: 
Ma = —104,600’# Mac = +64,400”’ #. 
The directions indicated by these signs agree with evident facts. 


Problem 34. Solve the problem presented in Example 48, by the 
Method of Slope Deflection. 


CHAPTER XII 


BUILDING DESIGN. FLOORS WITH BEAMS 
AND GIRDERS 


91. The rapid growth in favor of reinforced concrete as a 
material for building construction is due to its durability, its fire- 
resisting properties and its relatively low cost. A reinforced con- 
crete frame can almost always be built more cheaply than one of 
structural steel which is fire-proofed. Usually it can be erected 
in less time following the completion of the plans than a steel 
structure which has to wait for the necessary shop work on the 
steel. ‘‘ A floor a week” is a common standard for progress of 
erection by competent contractors when conditions are favorable. 

In the usual form of construction reinforced concrete is used 
for the entire frame, floors, columns and footings. In tall build- 
ings the columns are often made of structural steel encased in 
concrete to save the floor space that would be occupied by rein- 
forced concrete columns. Reinforced concrete is also much used 
for the floor slabs in steel frame buildings. 

There are three main types of reinforced concrete floors: that 
made with beams, or with beams and girders (see definitions of 
Art. 77) supporting the slab in the same fashion as is usual with 
steel or timber framing; lightweight floors consisting of a series 
of closely spaced joists or ribs supported by beams; flat slabs or 
girderless floors consisting of a slab supported directly by the 
columns, made either uniform in thickness or with increased depth 
about the columns. The slab, beam and girder floor is shown in 
Fig. 69, the flat slab in Fig. 70 and a simple type of lightweight 
ribbed floor, made with clay tile between the joists, in Fig. 77. 

92. Floor Loads. The floors of buildings are usually designed 
to support a uniform load of intensity sufficient to ensure the 
strength required to carry safely any concentration of load that 
may be expected. In some instances these concentrations are 
of sufficient magnitude and definiteness so that they are used 
directly in the calculations. The following table from the Boston 
Building Code illustrates common requirements regarding live 


or movable loads in different types of structures. 
191 
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ER 7 Beam 


I 


Fia. 69. — Perspective View of Beam and Girder Skeleton.1 


1 Reprinted by permission from ‘‘Concrete Plain and Reinforced,” Taylor, 
Thompson and Smulski, Vol. I. Published by John Wiley & Sons, Inc. 
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Wall Beam 


‘ “Drop Panel 


“<Column Head 


--- Column 


Fia. 70. — Perspective View of Flat Slab Skeleton.1 


1 Reprinted by permission from ‘Concrete Plain and Reinforced,” Taylor, 
Thompson and Smulski, Vol. I. Published by John Wiley & Sons, Inc. 
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LIVE LOADS FOR BUILDINGS 
A Portion of a Table in the Building Code of the City of Boston 


Class of Buildings Pounds per sq. ft. 
Armories, Assembly Halls and Gymnasiums. ........--.+ sees eeeees 100 
Garages, Private, not more than two Cars. ......--- ++ eee eee eens 75 
PUBLGS Silo eels othoeeteiees Scr e casei aE ane Lae Reh eee me 150 
Grandstands' jac cee tinntecia cee oe rulna erence echelons eel tte ee tone 100 
Hotels, Clubs, Hospitals, etc. 
Public portions 2.0) <u tenis ol a: st ae ee Ces wes po stats aysectayae 100 
Residence sporuions™ -rientorecn ic iota cnet t terre 50 
Manutacturingswtleaviven uecmceineen ge aca ora On eerie et een aren 250 
1 Bia th ton, Sereno DIR Cora Miar yo, bso Said Litton G-0.0'0'3' 125 
OtticesBuildingst Pirstiioor sem maces aie teenie ere tenet ee teel-n acne 125 
Allrother Moors: Jioty.co8 arden ioe aes aoe eee 75 
Public’ Buildings, Public portions. sears sr eet oreo eee 
Office portions hese: ce teks eae soe re ieee eee 75 
Residence Buildings; meluding, Porches’ 535...525-%s55- +2) see eae 50 
Schools and Colleges; Assemtbly Rooms ........2.:5.-5+-2++2+:+5--- 100 
Class Rooms never to be used as assembly halls.................. 80 
Sidewalks ai Jee aha si laatos eases Cet con RA en Se le eee ee 250 


(or 8000 lbs. concentrated, whichever gives the larger moment and shear.) 
Stairs, corridors and fire escapes; 


From Armories, Assembly Halls and Gymnasiums................. 100 
Others sy Gecvatha, serteoee is Giese Oe eeees HES ee ec RNG ES «tenon ameter, aan 75 
Storage, Heavy a. | cies cetiene cus outeet ee oiae tess niteerot ec Che cieeey Seeger 250 
ight 2) Bestia rte bitte onchereicotertete Gyeven merece tok) ma CISe eases See 125 

Stores; Retail age A so ato eee tee tte Beeac aco Ree eae nes 125 
Wholesale cus % cay crease tesa Rea artes ote 12) Se ae Ee eer a ee 250 


The dead load, that is the weight of the complete floor itself, 
may be calculated from the data in the following table: 
WEIGHT OF STRUCTURAL MATERIALS 


Brickwork, OLGIM Ar yjecrenendiomhn ees Cociee eet ces eat 120#/cu. ft. 
pressed: brickt 2). fr. cutee ae chen sree 130 
Concrete; cinderistructuralleupeacte nee eee 108 
Hloorstilling cer, cre sonore 96 and less 
af sLonecronieravel enacts hin er 150 or 144 
Stone; granite, bluestone and marble..:........ 160 to 170; average 165 
p+ LIMeOStONne he yeaue ween ay eec ee een ere: 140 to 180; average 160 
Wood; yellow pine, grade i CE Or an 42 
NOMEN ee a oa 35 
a a i ee 43#/it. B.M.... 54 
oy Oak greeniGO) Swat c ee Se ee ee 50 
Pome SPLUCEN(OTECHLO A xe ne ae eet eee 30 
Rooting? copper sheets nacre cme ee aan 14#/sq. ft. 
corrugated iron without sheathing Wetton ees 1to3 
felt and asphalt Ley ee) Mier eae 2 
felt and gravel es cis (agate 8 to 10 
slate, Sin. thicktva sss cea we eer 9 
commonashing lessee eee ee nee 24 to 3 
skylights, including frames............ 4 to 10 
sheathing, 1 in. thick 
white pine, hemlock, spruce......... 3 
yellow pine Gigs. ose ee ee eae 4 
Plaster; on tile or concrete... .........0-+-ueee 5 
suspended metal lath and plaster....... 10 
Partitions; See pe Bes ft 
Thickness . 3” 4” oY 6” SLOW 
clavatile weenie 17 18 25 31 35 
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In many buildings partitions form part of the loads and they 
need particular consideration where the floor load is less than 
125 lbs. per sq. ft. They are usually made of gypsum, tile or 
brick and the data in the above table are sufficient to estimate 
their weight. Stud partitions are not used in concrete buildings 
and wood or pressed steel office partitions are too light to need 
consideration. When the structural design is made before parti- 
tions are located, it is common to include in the design a square 
foot allowance for their weight. For example: with a 12 ft. clear 
story height, a 6 inch tile partition plastered on both sides would 
weigh 420 lbs. per lin. ft. If from the use of the building it was 
possible that these might be located about 20 ft. on centers, this 
would amount to about 20 lbs. per sq. ft. In ordinary practice 
this load will vary from 10 to 20 Ibs. per sq. ft. Brick walls should 
be located and treated as concentrated loads. It should be noted 
that in light, short span construction, the possibility of a partition 
being placed parallel to and between beams may be the governing 
factor in slab design. 

93. Slabs Supported on Four Sides.1. The slabs in the floors 
shown in Fig. 75 are so long in proportion to the width of a panel 
that they are treated as though supported on two sides only. It 
often happens that panels are square 
or nearly so and that one-way rein- 
forcement is not adequate. 

In Fig. 71 is shown a rectangular 
slab supported on four edges. An 
approximate analysis of the load 
distribution may be made by con- 
sidering the two center strips, each 1 
foot wide, extending from beam to Fic. 71 
beam, each strip being assumed to 
carry a uniformly distributed load. The deflection of any point 
of the longer strip may be expressed as K,wz,l‘/EI where Ky, 
is a coefficient that varies with the point of deflection and wz, 
is the assumed load per foot on the strip. The deflections of 
the two strips are the same at their intersection and so for 


1See paper by Westergaard and Slater ‘‘ Moments and Stresses in Slabs,” 
Proceedings of the American Concrete Institute, 1921, Art. 7, page 430. 
Also “ Principles of Reinforced Concrete Construction,” Turneaure & Maurer, 
3d Edition, page 256. 
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that point 
Ky,w,L* <2 Kpwpb* 
ie eS TN § 
Bt Te 
i, = (F:)» and wz = w(a 3 


wp + wy = w = the total load per square foot on the slab. 
When L = B the load is divided equally between the two strips 
and the same reinforcement is needed in both directions; when 


w. The 1916 Joint Committee gives the 


where K, = Kz. 


l| 


1 
97 
following equation for the distribution 


teal, eee 


Wa = (5 = 0.5), (45) 


Inspection of these equations shows that the second considers the 
short span to be more heavily stressed than does the first, carrying 
all the load when the length exceeds 1.5 times the breadth, which 
is a universally accepted rule. The following instructions are 
given by the Joint Committee for applying this equation (45): 

“Two-thirds of the calculated moment ”’ (that is the moment 
in the width or length of the panel) “ may be assumed as carried 
by the center half of the slab and one-third by the outside quar- 
ters.” Regarding the design of the supporting beams the same 
report continues; “ The distribution ” (that is of load along the 
beam) ‘‘ which may be expected ordinarily is—in accordance 
with the ordinates of a parabola having its vertex at the middle 
of the span.”’” The 1924 Joint Committee report makes no men- 
tion of slabs supported along four sides. 

94. Floor Surfaces. The wearing surfaces for reinforced con- 
crete floor slabs are made of tile, brick, asphalt and wood as well 
as the more widely used cement or granolithic finish. A grano- 
lithic finish consists of a layer of rich mortar made with coarse 
sand containing many large hard particles which resist abrasion 
and wear. These hard particles are brought to the surface by 
trowelling before the mortar has set or by grinding after harden- 
ing. The thickness of this mortar layer depends upon the exposure 
to wear and the manner of placing. A layer as thin as 3 inch is 
satisfactory when laid upon the unhardened concrete slab with 
which it is perfectly bonded after setting. An integral finish 
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accordingly can be counted upon as adding to the strength of the 
slab when the work is well done. Thicker courses are required 
when laid after the floor slab has set. A terrazzo floor is a similar 
type of finish made with marble or granite chips whose broad 
polished surfaces give a distinctive variegated appearance. 

To be satisfactory, cement finishes must be applied by skilled 
men in accordance with the best practice. Standard specifica- 
tions are given in the 1924 proceedings of the American Concrete 
Institute. For information regarding other types of wearing 
surfaces the reader is referred to “‘ Concrete Plain and Reinforced ” 
Vol. I, Taylor, Thompson and Smulski. 

95. Slab, Beam and Girder Floor. General Features. (a) 
Inve Loads. Generally the live loads used in design are assumed 
larger than those that may ever be expected to cover the entire 
floor area, in order to cover the effect of local concentrations of 
heavy weight. Many building codes recognize the waste in- 
volved in designing beams and girders for full loading and permit 
a reduction of live load. For example the Boston Building Code 
contains these paragraphs: 


“‘ Live loads may be reduced . . . as follows: 

“Tn all buildings except armories, garages, gymnasiums, storage buildings, 
wholesale stores and assembly halls, for all flat slabs of over one hundred feet 
area, reinforced in two or more directions and for all floor beams, girders or 
trusses carrying over one hundred square feet of floor, ten per cent reduction.” 

“ For the same but carrying over two hundred square feet of floor, fifteen 
per cent reduction.” 

“ For the same, but carrying over three hundred square feet of floor, twenty- 
five per cent reduction.” 

“These reductions shall not be made if the member carries more than one 
floor and therefore has its live load reduced according to the table” given 
elsewhere in the code. 


(b’ Moments in Slabs and Beams. The 1924 Joint Committee 
recommends a higher positive moment in the end span and a higher 
negative moment at the first interior support of slabs (Art. 107 cd, 
Appendix B) than did its predecessor, which did not differentiate 
between end spans and interior spans except for beams. For long 
spans this is a better approximation to the facts. It is also an 
improvement to place a minimum value on the negative moment 
at the outer end of the end span. The two recommendations 
together are very conservative both as regards beams and slabs 
for a positive moment of wL?/10 will hardly be reached until there 
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is a readjustment at the outer end of the member which practically 
makes that a free or hinged support. An amount of steel in the 
top of slabs at the spandrel end sufficient to develop a negative 
moment of WZL2/16 will prevent any appreciable amount of 
cracking and force the readjustment to take place by rotation of 
the spandrel beam, thus putting that member in torsion. The 
resistance of the spandrel to torsion is usually assumed to be ample 
without calculation and if this is the case, a positive moment of 
wL?/10 is practically impossible of attainment. A different 
situation however exists regarding the moment factor for beams 
supported by other beams, for here probably the negative moment 
at the outer end is small and the positive moment in the end span 
correspondingly large. 

For short span slabs up to perhaps 6 feet or even 7 feet it has 
been an unwritten law with many to count upon the help of so- 
called arch action (the assumption that the slab acts as a flat arch 
with the bottom steel as tie rods) and reduce the amount of nega- 
tive reinforcement by one-third or one-half from that theoretically 
necessary. For spans of 4 and 5 feet many floors have been 
built with no steel in the top. These reductions are not good 
practice as often unsightly cracking has followed. Top steel is 
required wherever tension exists, a tendency easily visualized by 
picturing (in exaggerated scale) the form taken by a slab or other 
structure under load. A cracking sometimes neglected is that 
tending to occur parallel with and close to girders where the slab 
and girder reinforcement are parallel. Cross rods are needed over 
the girder in the top of the slab. 

A comparison of the moment factors in Arts. 107 and 110 of the 
Joint Committee Report (Appendix B), shows the estimate placed 
upon the effect of stiff supports in reducing the deflections of beams 
and accordingly the positive moments. The stiffness of a member 
is proportional to its moment of inertia and inversely proportional 
to its length and is measured by I/h which may be called its stiff- 
ness factor. The supporting columns in Art. 110 (b) (Appendix 
B), are stiffer in relation to the beam than in Art. 110 (c). Soin 
the second case there is more deflection and more positive moment 
and also less restraint at the outer end and therefore less negative 
moment. 

The maximum positive and the maximum negative moments in 
a continuous beam do not occur simultaneously. For maximum 
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positive moment the beam itself and alternate spans on either side 
carry a full load and the moment curve is similar to that marked a 
in Fig. 72. For this loading, with the maximum positive moment 
assumed as wL?/12, the corresponding negative moment at the 
supports is wL*/24, the total height of the parabolic moment curve 
being wL?/8. For maximum negative moment at B, Fig. 72, 
spans AB and BC are loaded and also alternate spans on either 
side. The resulting moment curve is not symmetrical but this 


Maximum Range of Bending Moment} 


Fig. 72 


may be ignored safely and a symmetrical curve such as b, assumed 
to represent the bending moment variation. Knowing the curves 
to be parabolas it is a simple matter to locate the points of in- 
flection and the points where any of the reinforcing bars may be 
dispensed with, following the familiar graphical method used to 
determine the lengths of plate girder cover plates. For office 
practice diagrams or a table such as Table 14 are convenient for 
rapid work. 

(c) Bending Moment in Girders. Reduction in the bending 
moments in continuous girders are made corresponding to those for 
continuous beams. See Art. 87. 

(d) Fireproofing. The Joint Committee rules for protective 
covering of steel are quoted in Art. 27. They are more conserva- 
tive than the older standards and are to be commended in general. 
However, in slabs the requirement of 1 inch of cover is somewhat 
open to criticism as the broad expanse of a slab is not highly vul- 


1 The total height of the moment curve for a uniformly leaded beam with 
equal negative moments at the ends is wL?/8. When the end moments are 
unequal, their mean plus the positive moment at the center equals the same 
total. 
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nerable. Up to the time of this report (1924), ? inch was consid- 
ered ample by most engineers who usually added 1 inch to the 
depth from the compression face to the steel (d) for the total 
thickness. To many the adding of 1 inches will seem a bit of 
academic precision. It is bound to be such unless use is made 
in the field of some approved form of bar support, which keeps 
the steel closely in the place assigned it in calculations. 

(e) Slab Reinforcement. Three different methods of arranging 
the reinforcement of continuous slabs are shown in Fig. 73. The 
first is that preferred for slabs up to about 6 inches in thickness 


Bars in same 
vertical plane 


Fig. 73 


where bending steel is troublesome on account of the small depth 
of the bends. This approval is conditioned upon the proper 
placing of the top steel. When the short straight bars in the top 
of the slab over the supports are placed during the pouring of 
the concrete, as is usual, they come to rest far from their as- 
signed position unless the work has been expertly done with 
careful supervision to prevent dislodgment by the workmen after 
placing. Of the two systems of bent rods shown the last is the 
better. The other gives uneven and sometimes excessive spacing 
of the top steel. A good rule limits the spacing of slab steel to 
from 13 to 23 times the thickness of the slab. 

Crossing the main reinforcement there are always placed 
spacer bars, sometimes called temperature or shrinkage reinforce- 
ment, These serve a very useful purpose in assisting to maintain 
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the spacing of the main rods wired to them and they also prevent 
the opening of cracks due to shrinkage and to temperature changes. 
In floor slabs ordinarily 3 inch round rods are used, spaced at from 
18 inches to 24 inches. 

(f) Minimum Thickness of Slabs. It is difficult to make thin 
slabs with the concrete of uniform quality and with the steel rein- 
forcement in proper position to resist the tensile stresses. In such 
slabs small variations in quality of concrete and in the location 
of the steel have very large effect. Therefore most engineers 
limit the thickness of slabs to a minimum of 4 inches. Usually 
the total thickness is made a multiple of the half inch. 

(g) Beams and Girders. The design of a continuous tee beam 
forming part of a floor system comprises two major operations; 
(a) choosing a stem of sufficient size so that the diagonal tension 
and the compressive stresses in the flange at the center and in the 
stem at the support are within working limits, and so that there 
are adequate clearance and cover for the reinforcement; (6) 
choosing the reinforcement. The problem opens with a flange 
(the slab) of known thickness and indefinite width already pro- 
vided. 

Diagonal tension is measured by shear and usually the first step 
in design, after the moment and shear have been computed, is to 
find the size of stem required by the limiting shear stress. Until 
the publication of the preliminary report of the present Joint 
Committee (in 1921), this limit was always set at 6 per cent of the 
28-day compressive strength of the concrete when diagonal tension 
reinforcement was used and at 2 per cent of the 28-day strength 
for no diagonal tension reinforcement. The 1924 report (Art. 
190-191, etc., Appendix B), proposes the 6 per cent limit for 
ordinary cases and a limit of 12 per cent of the 28-day strength 
when special anchorage is provided for the main reinforcing rods. 

The width of stem chosen is usually a whole number of inches 
and often an even number. Sometimes it is possible to save on 
formwork by making the width such that it may be built with 
stock widths of lumber without resawing. What is called for by 
the plans as an 8 inch beam width is probably often made with 
stock lumber to measure 72 inches. The majority of designers 
do not consider formwork in choosing the size of beam stem. 

It is entirely feasible, although not usual, for the second step, 
to estimate the size of stem required by the limiting compressive 
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stresses at the supports. A limiting value of R, (M/bd*), for use 
as a guide in choosing a trial section, can be determined from 
Plate IX or X by consideration of the desired ratio of tensile and 
compressive reinforcement at the support, a ratio depending upon 
the arrangement of rods and upon the size of the beam. A section 
may be chosen in a similar way by use of Tables 9 and 12. 

Quite commonly the maximum positive and negative moments 
in a beam are the same. If the main reinforcement consists of 
an even number of rods of one size, the required tension area over 
any support may be sufficiently provided for by bending up one- 


(b) 
Fig. 74 


half of the bars from each adjoining beam. The simplest arrange- 
ments are either the use of tension steel only, requiring a relatively 
large section, or the use of compression steel equal in amount to 
one-half or to all of the tension steel. The possibilities in this 
situation are illustrated by Fig. 74 a-b. In the first sketch the 
bottom rods extend so short a distance (e) beyond the face of the 
support that there is no opportunity to develop any considerable 
amount of stress, and the bars are inoperative as compression 
reinforcement. In the second case the lower rods are extended a 
sufficient distance (f) beyond the face of the support to develop 
the compressive stress existing at their level in the beam, and 
accordingly the area of the compression steel equals one-half of 
that of the tension steel (or p’ = 4 p, see Plate IX). In this case 
the distance f may or may not be enough to cause the bars to 
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extend into the adjoining beam. Usually there is sufficient clear- 
ance to allow the two sets of rods to lap by each other, making the 
dimension s (Fig. 74) zero. It is not necessary to follow the rules 
of bar spacing and clearance strictly for the short distance of this 
overlapping. The third arrangement is to extend the bars from 
one beam a sufficient distance (g) into the adjoining beam to be 
effective as compression reinforcement there. The distance g 
must be at least equal to that required to develop the compressive 
stress in the bar at the face of the support. Usually this arrange- 
ment demands two layers of steel, making s = 2 inches (center to 
center of rods). On Plates IX and X the values for R for p’ = 
3 pand p’ = pare directly indicated and may be easily estimated 
for other ratios. 

If the main reinforcement of a beam consists of straight bars 
only, each set of rods must extend entirely across the region of 
positive or negative moment for which it is used. If a bar is cut 
off in the zone of stress the end should be bent up or hooked 
beyond the theoretical point of cutting off so that it may take on 
the same strain as the surrounding concrete and be equally stressed 
with the longer rods alongside. A short bar should be placed 
inside of and across the hook to reinforce the concrete against 
splitting. 

Having chosen trial dimensions for the stem the next step is to 
calculate the area of steel required by the maximum positive 
moment and choose the bars. The steel area can be found by the 
familiar relation, total tension (moment divided by lever arm) 
divided by unit tensile stress, or by tables. The lever arm of the 
resisting couple may be approximated as from 0.90 to 0.92 of the 
depth (d) to the steel. In selecting rods it is necessary to pay 
attention to their spacing for proper clearance and sometimes to 
bond stress. 


The Joint Committee sets no limit to the bond stress when adequate anchor- 
age is provided. (See Arts. 136, 137, 139, 140 Appendix B and discussion in 
Art. 74.) Their equation (35) can be rewritten for a single square bar with 
side D thus: 

fsD? = Qu X 4 Dy +uX4 Dz 


The same relation holds for round rods and is recognized as Equation (8), de- 


veloped in Art. 54. 
In the case of negative reinforcement over the support, as in the slab shown 


204 FLOORS WITH BEAMS AND GIRDERS 


on Computation Sheet BF2, Art. 97, the section of maximum stress is at the 
face of the support and the anchorage begins at the point of inflection, about 
0.20 to 0.25 of the span length from the support. (Table 14.) For these 
values Q would equal 0.80 to 0.75 and Qy would be 0.16 to 0.19 of the span. 
So if the length of embedment required to develop the maximum stress in the 
rod exceeds this fraction of the span the bar must extend beyond the point of 
inflection a distance equal to the deficiency. The usual practice of extending 
these top bars to either the quarter or third points of the span often makes use 
of the Joint Committee equation unnecessary. 


When the steel area is calculated as above suggested a separate 
investigation must be made of the stresses in the concrete at the 
sections of maximum positive and negative moment. It is cus- 
tomary to allow a higher limit in compression at the support than 
at the center of the span for two reasons. The negative moment 
decreases very rapidly and the highly stressed length is very 
short indeed. The negative moment section is also less critical 
than that at mid span since cracking here results only in in- 
creased positive moment. However, the usual factor of safety 
for the support is even less than indicated by the fiber stresses 
employed (see Art. 188, Appendix B), since the bottom of the 
beam which is the compression face is liable to great damage in 
case of fire. 

96. Data for Design Problem. (Computation Sheet BF1.) 
Figure 75 shows a typical bay of a three-story industrial building 
with beam and girder floors. It is assumed that this lay-out has 
been determined by preliminary computations for economy (see 
Chapter XVIII) and conditions of use. The data necessary for 
design are listed on Computation Sheet BF 1 and should always be 
shown in a similar manner at the beginning of any set of compu- 
tations. . 

This is a relatively simple problem so far as application of theory 
is concerned. It is greatly complicated, however, by the fact 
that competent designers use many short cuts based on experience. 
The student of the subject is apt to assume from some of the short 
cuts he may see used that reinforced concrete design is largely a 
matter of guess work. Too many times, perhaps, it is but the 
student must remember that the work of the competent designer 
is based on much experience and much checking of assumptions 
and short cuts by exact methods. 

Two different solutions are shown for this problem, one using 
curves (Plates VI to X) and the other using tables (Tables 9 to 12, 
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Appendix F). Both methods are equally correct and it is simply . 
a question of speed and convenience which is used. 

Inspection of the computations for this problem shows that in 
every instance the first step in designing a member was to obtain 
the span and loads, making a sketch if necessary. No problem 
can be solved until it is first clearly stated. 

97. Design by Use of Curves. (a) Slab. (Computation Sheets 
BF1-BF2.) Reference to the typical floor plan of Fig. 75 shows 
that this floor slab is a rectangular beam about 19 feet wide and 
continuous over a series of supports about 10 feet apart. Since 
the width is greater than 1.5 times the span no main reinforce- 
ment is required the long way of the panel. For convenience a 
strip of slab 1 foot wide is designed and the same area of reinforce- 
ment placed in each foot the whole width. The Joint Committee 
specifies that the span of continuous slabs and beams used in 
computing the shear and moment shall be taken as the clear span 
(Art. 106, Appendix B), which may be taken as 1 foot less than 
the distance center to center of supports for a first trial compu- 
tation. 

In this floor there are many more interior spans than exterior 
and so it was decided to make the thickness as closely as possible 
that required for balanced design for the smaller moment of the 
interior span and use whatever extra steel might be needed to 
satisfy the conditions in the end panel. The end panels would 
be more economically designed with a greater slab thickness and 
less steel but this greater thickness would result in a less economical 
design for the interior panels. Which plan is the better in any case 
can be told only by a cost comparison. 

The steel area was calculated by Equation (16) (M = f,A,jd) 
using the average value of 7 recommended by the 1916 Joint Com- 
mittee and using the moment in inch-pounds acting upon a strip 
of slab one inch wide, which is numerically equal to the moment 
in foot-pounds acting on a strip one foot wide. The area found, 
0.026 square inch, is that required per inch of width of slab and 
the spacing of the 3 inch round rods was obtained by dividing the 
cross-sectional area of one bar by the required area per inch 
(0.196 + 0.026 = 73 inches). The resulting figure, the number of 
inches of width that one bar can reinforce, is the required spacing 
for that size rod. The steel area for the end span was determined 
by following the procedure of Example 32b, page 110. 
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COMPUTATIONS FOR SLAB, BEAM AND GIRDER FLOOR 
Sheet BF1 


Slab-Beam-Girder Floor Data Sheet. 

Sketches on Fig. 75 
Live Load: 1264/0’ 
Floors: 1 in. granolithic 
Materials: 

Steel: Intermediate grade: deformed bars. 

Concrete: Maz. size aggregate: 1 in. 

Ultimate strength at 28 days: 2000}/0" 

Specifications: 1924 Joint Committee except as noted. 


Stresses: ts = 16,000#/0” 
fe = 0.325 X 2000 = 6504/0" bending. 
= 660X1.15 =750 “ at supports. 
u= 0.08 X 2000 = 100 “ 
v = 0.02 X 2000 = 40 “ no web reinforcement. 


= 0.06 X 2000 = 120 “ with web reinforcement. 
Constants: 16,000 — 650 nm = 16 


R = 108 

p = 0.0077 
k = 0.879 
j = 0.874 


Remark: Figures in parentheses refer to articles in the Joint Committee Report: 
Appendix B. 


Computation for Floor Slab 
Allowable fe = 650 fs = 16,000 n=15 v=120 u = 100 


Live Load = 126 
Clear Span = 9'-0" Assume 12" beams. Slab 6” = 63 
Bearing Span = 10'-0" 1” Grano. Fin. = 18 
Panel Width Beam = 
2014/0" 
M = es = 201 X 9.0 X 3 = 1860'f/' strip: Interior span. [107c] 
= 2h = 201 x 9.0 X 4 = 9064 
Thickness cx 
gay | K( [BOOXE «| a gsr 
bk 12 X 108 
+ 1.25” 
4.80 Use 5" Slabe— 


d = 3.76" 
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The bond stress computed for the top rods over the interior 
supports was somewhat higher than the allowable without special 
anchorage for the rods. It was considered that this was supplied 
by following the common custom of extending these bars to the 
quarter point of the clear span, as indicated by the discussion of 
Art. 95 above. 

In this design the same value of d was taken for both positive 
and negative steel. Since there is a fireproof floor finish over the 
structural slab it would be proper, with accurate steel placing 
ensured, to place the top steel within 4 inch or $ inch of the slab 
surface, making d equal to 44 inches or 4 inches. This would 
decrease the steel area required over the beams and so increase 
the computed spacing. 

The sketch on Sheet BF2 shows the final design clearly. It is 
essential that the results of any computation be indicated defi- 
nitely so that the detailer working from the sheet may make no 
error in transferring the design to his drawing. 

(b) Beams. (Computation Sheets BF2-BF4). The beams in 
this floor system are parallel to the face of the building and extend 
continuously from one end of the structure to the other. The end 
spans are assumed to be equal in length to the interior spans. 
The task is to design a suitable interior beam of a size that, with 
additional reinforcement, will be satisfactory also for the more 
highly stressed end span. The superimposed loads to be carried 
are those brought to the beam by a width of slab equal to the beam 
spacing. The beams here designed are those carried by the girders 
midway between columns, with larger moment factors than re- 
quired for those supported by the columns. Both sets of beams 
would be made of the same size and usually, although not neces- 
sarily, reinforced the same. 

In estimating the weight of the stem of this beam a common 
guide was followed; the depth in inches was taken equal to the 
span in feet and the breadth made about one-half the depth. 

A trial size of stem was obtained as required by shear (diagonal 
tension) and by the compressive stress at the support, using for 
simplicity one-half as much compression as tension reinforcement. 
(See Art. 95 (g), above.) Two of the several arrangements of 
bars that provide the necessary area are shown. The 4-rod com- 
bination can be placed in one layer with proper clearances. (See 
Art. 82c, page 158.) The 6-bar combination requires two layers and 
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COMPUTATIONS FOR SLAB, BEAM AND GIRDER FLOOR 
Sheet BF2 


Floor Slab: Steel 


A M 1360" #/" 
Interior span: As = => = ——— 4 = 0.02690" /" 1" 720.0. 
* “fjd ~ 16,000X4 X33 Ee 
2 
Exterior span: R = cuss seca EZ = 116 [107c] 
ba? 3.75 
-. p = 0.0098 As = 0.0098 X 33 
* pie V1) = 0.03680" /"" 3" @ 8" o.c. —for Ext’r. 
Bond Stress at Supports. 
AE 905 i. 
“bd ~ i2xExay *t/O 
aw _vb Ma 23 x V8 fie 6G 00 1 ”" " 
For 3", u 5, Gr = 110#/0"" «. space at X 74 = OP (OE), 
or anchor bars. 
23 X 8 16,000 
Si —— = = per Spe tt ay i= " 
For 3",  u 7X 94} Anchorage: L 7x 100 X 3 = 20". 
5" gho'@ 8.0 Fb 5-0 O7z-0.0, 


4'b @ 7f-0.0. 


so Spacer Bars 


Computation for Floor Beam 
Allowable fe = 650 fs = 16,000 n=15 v=120 u= 100 


750 at supports Live Load = 126 

Clear Span = 19’-0” Assume 12” girders. Slab5” = 683 

Bearing Span = 20'-0" ah awe 
Panel Width = 10’-0"” Beam = 

201 


Loads: Live 4+ dead, from slab 
201 XK 10 = 2010 


Stem 200 [213 actually 12’ K 22” beam) 
WP Er : 
5" M= = 2210 X 19° X 5 = 66,500'4 Interior Spans. 
207+ 12 (107¢] 
Oi V=wL = “ X19 X 4 = 21,000f 


Trial 2 
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a 1 inch deeper beam. It was decided to use 4 bars as being 
simpler and somewhat more economical. On the other hand the 
6-rod design employs lighter bars which are more easily bent and 
handled, and the use of 3 instead of 2 bent rods would make the 
beam stiffer and better reinforced for diagonal tension. 

The investigation of the compression in the concrete at the sec- 


w 
10 
assumed end span requiring 1.2 times as much steel as an interior 
span. The procedure was that of Example 34, page 112. 

Similarly the investigation for compression at the support was 
first made for an end span following the argument of Exam- 
ple 39, page 115. The sketches on Sheet BF4 show plainly the 
steel arrangement assumed. It was possible to locate the steel 
2 inches from the top of the beam making d = 20 inches at the 
support as against 19.5 inches at the center of the beam, a gain 
very desirable in order to compensate for the lower value of 7 at 
the support. The assumption of equal areas for both positive and 
negative tension reinforcement disregards the very appreciable 
difference in the value of 7 at the two sections. 

As a result of this investigation it appears that at the first 
interior support the straight rods from each adjacent beam must 
extend into the other to act as compression reinforcement. (See 
Fig. 74.) At the interior supports the straight bars in each beam 
are sufficient without other aid. 

It is questionable whether there is justification for great pre- 
cision in the computations for the reinforcement at the support of 
this continuous tee beam. The slab assists the steel in resisting 
the tension over the support up to the point of very severe over- 
loading. It is not possible to take direct account of this added 
element of strength nor is it proper to do so since its action is 
uncertain and variable. However it would seem permissible for 
spans of equal length with equal positive and negative moments, 
to assume that the same area of reinforcement is required over the 
supports as at mid span without further computation other than 
required to determine the amount of compression reinforcement. 

It is to be noted that a considerable excess of steel is provided 
at each interior support. This is because it was judged better to 
make all beams alike with the heavy pair of rods bent, rather than 
unlike with alternate pairs of heavy and light bars bent, or alike 


: : ee 1b 
tion of maximum positive moment (a1 = —— ]} was made for an 
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COMPUTATIONS FOR SLAB, BEAM AND GIRDER FLOOR— 


Sheet BF3 
Floor Beam: Continued 
Stem: Shear: 
PRs et BOO | » 0 =10" d= 20.0" 
SY aang = 12" = 16.7" 
Support: 
Tryp =3p. For 16,000 — 750 te = 175 (Plate IX) 
Try d'/d = *” = 0.125 Jp = 0.0126 
rp _ M _ 66,500 X12 _ r= 10" m ” 
Ve == = = 650 = 10 d = 21.4 
ibe 19.6" 
Try b' = 12" d=19.6" y = 108¢/0" 
Steel. 
M 66,500 XK 12 ake 
ee — = 8840" 2-1" = 1.57 
fga 16,000 ae 19.5 de eon a 
0.92 actual — See below. = 2.7710" 
or 
4d" = 1.76 
2-4" = 1.20 
2.960" 
Trial. 
22'119.5 
Minimum Spacing: 2% diameters (page 158) 12" 
25 x 4 hee + #”) moe 2.84" 
vb LOE KAZ Excess not enough to demand 
Bond: u = 50 Oi a) 105 100: special anchorage. 
Check of fe. @ Mid Beam — End Span (+) M 
M = wL?/10 Plate VII 
= 57" [116] tld = 7, = 0.86 j = 0.92 
16X5 +12 = 92" _ 2.84X 1.2 = 0.0081 {Fs _ 
Bm. Spcg. = 120” Pb 19.6 fo 


16,000 
c= U 7 0 ” 
ae fo =—— = 8704/0" 
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with 1-1 inch round and 1-4 inch round, bent, in each beam. The 
increased simplicity was held to justify the extra cost. 

(c) Girders. (Computation Sheets BF5-BF6.) The girders 
carry the concentrated loads of the beam reactions (the end shears), 
and their own uniform dead weight, plus that of the live load 
coming directly upon them. It is not convenient nor neces- 
sary to compute the girder loading as thus described. It is 
simpler and sufficiently accurate to take for the concentrated 
load brought to the girder by a beam the total live and dead 
load per foot on the beam multiplied by the girder spacing or 
total beam length. The girder dead weight, then, is that of the 
stem below the slab. 

It is desirable that the girder be at least 3 inches deeper than the 
beams as this makes it possible to place the beam reinforcement 
without interfering with the steel in the girder. The computa- 
tion of the size of the stem made necessary by shear and compres- 
sion at the support follows the argument made familiar in the 
design of the beam. 

A convenient method of studying a beam or girder continuous 
over several supports is illustrated in the sketch on Sheet BF6 
which was constructed as follows. Three vertical lines were 
drawn to represent the wall column and two interior columns. 
On account of symmetry it was not necessary to draw all three 
spans of this girder. Next the several moment factors were 
recorded, together with the value of the maximum positive moment 
in the end span, and following this, the value chosen for d for the 
positive steel. It will be noted that the moment factor chosen for 
positive moment in the interior span was that recommended by the 
1916 Joint Committee which is larger than that specified by the 
1924 report. (Art. 110 (a), Appendix B.) 

The equation A, = M/f,jd (16) is so familiar that it was not 
thought necessary to do more than indicate its use by recording 
the value of j (0.90) and the area of steel (6.56 square inches) 
resulting. Next the reinforcement was chosen and noted; 4-1 
inch and 2-14 inch square bars. It was considered wise next to 
investigate the maximum fiber stress in the concrete due to positive 
moment, and using Plate VII as before, that stress was found to 
be low, 570 pounds per square inch. The revised value of j made 
no change in the choice of rods. Next the steel area required for 
the interior span was found from that required for the end span, 
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COMPUTATIONS FOR SLAB, BEAM AND GIRDER FLOOR 
Sheet BF4 


Floor Beam: Stem: Continued 
Check of fc 
@ Ast Interior Support M = —wL?/10 
In end span As = 2.84 X 1.2 = 3.410" 
Assume 2-1"¢ — 9-1"0 = 3.67" 


2-73 412-1" 
19.5 
2-1"P-+4 2-2" 


M 66,600 So 12 C12 Use 
b 12 X 20.0 Plate IX 
d'/d = 2.5/20 = 0.125. 


Required Furnished 
p =0.0144 A,=3.460" 3.57 a" 
p'=0.0102 A’,=2.450" 


Assumed End Span 
No data given 
2 rods 


@ Other Interior Supports. 
M 10 
Be ee ter | Plate IX 


ve 
d'/d = 0.125 

Required: Furnished: 3.140” O.K. 
p TOOL eo = ELT sie 4 S1"o +836 =37%0") Exact analysis 
p’ = 0.0053 As! = 1.270 2-36 = 1.20 not needed. 
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the two areas being proportional to the maximum positive moment 
in the two girders and these moments varying directly with the 
moment factors and the spans (considering concentrated loads 
only). 

With all the main bars chosen, it was next possible to show 
them on the sketch complete except for the details at the supports. 
The sketch at the bottom of Computation Sheet BF6 shows the 
cross-section at the outside of the interior column and was drawn 
showing at first only the bars indicated by open squares with the 
beam steel crossing over the top. This sketch showed that in 
order to clear the beam steel it was necessary to make d for the 
negative moment girder reinforcement 22} inches instead of 23 
inches. The first step in the investigation of the steel area re- 
quired at the support gave so high a value of A that it was 
evident that two layers of compression reinforcement would be 
needed. 

The simplest way of providing this area was thought to be to 
allow the straight rods in each girder to extend into the supporting 
column a sufficient distance to develop the required compression 
by bond, and to provide a second layer of short rods. The area’ 
of these extra short rods was computed on the assumption that 
the high negative moment exists in equal value on both faces of 
the column. Since the straight bars in the bottom of the interior 
girder are smaller than those in the exterior span they were used 
in computing the area of the extra short bars. Asa matter of fact 
the moment on the inside face of the column is less than that on 
the exterior face since the stiff column assists the girder in carry- 
ing its load. The design was completed by the investigation of 
the bond stress which was found to be low. 

(d) Beam Details (Computation Sheet BF7). The main features 
of the design of the beam and girder having been determined, it 
was necessary next to decide upon the details, the lengths and 
points of bending of the principal bars and the design of the 
diagonal tension reinforcement. This was done for the beam 
without the use of some of the aids that have been developed 
and used hitherto, in accordance with the basic purpose of this 
text to lead the student to a state of complete independence of 
tables and formulas. 

First the beam outline was drawn to scale and then a parabola 
(ab) was constructed with vertex at the center of the span to repre- 
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COMPUTATIONS FOR SLAB, BEAM AND GIRDER FLOOR 


Sheet BF5 
Beam 
Computation for Floor Girder. ie naa 
Allowable f; = 650 fs = 16,000 n=15 v=120 u = 100 
750 at supports. ‘Live Load = 125 
Clear Span = 18'-6" int’r Span: 18-9 End Span Slab5" = 63 
Bearing = 20’-0" Int’r Span i” Fin. = 18 
Panel Width = 20'-0" Beam = 
201 
Loads: — Beam: 20 X 2223 = 44,460# See Sheet BF2 
Stem: 18.75 X 830 = 6,200 
5" 2 ) 50,700# 
V = 25,3004 
piace ae Ce 
16" ash cried tO los 4 as 10° 
2/ 
ingirder, | = & X 44,500 X 18.75 X 2, = 167,000'F 
880-1878 X ys = 11,600 
M = 178,600F 
, = Vv a 25,300 = Mt | Ae Soe vt ae Mw 
Stem. Shear. UG =F =x op 8 b’ = 12 d= 20.1 
: Da hp 
Support: Try p raps 0.0065 Pe aia0 
djfd = —— =0,10+ (Plate IX) 
d 1 layer 
M — 178,600 X 12 
fe pf a see d — Fn ad 
bgt = = = 11,900 b! = 16 
d = 27.8" 
Too large 
Try p' = p = 0.0168 
ee Sie 
ld = 2 =015+ 
Z's Ignore (Plate IX) 
ba = io x 11,900 = 9390 b' =14" d= 26.9" 
16 24.2 
DT. 23.6 
18 22.8 
Try b! = 18” 
d.= 23" } 
Total depth = 26%” ! ; 004 
a / AV =} xX 1400 =7 
Stem weight = 405#/’ = 75504 } AM = 1400 X 18.75 X + 
Revised V = 26,0004 = 2600'# 
M = 181,200'4 : 
ee - 267 
Unit shear = BX tx eB 7724/0 
As = 0.0168 X 18 XK 23 = 6.950" approx. 18" 


\ See p = p! above. 
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sent the curve of reinforcement area required.! This parabola was 
first considered to correspond to curve a in Fig. 72. (See dis- 
cussion in Art. 95 (b).) An axis (de) at 3 the total height from the 
vertex represents the axis of the beam when the positive moment 
equals wL?/12. Then ae represents 2.77 square inches, the total 
area furnished at mid span, assumed equal to that there required, 
and the distance to the curve from de at any point represents the 
steel area required at that point. 

For a maximum negative moment of wL?/12 the axis is trans- 
ferred to fg, locating the point of inflection 47 inches from the face 
of the support. For this case the parabola is taken to represent 
curve b in Fig. 72. The points of bending down the steel were 
determined from triangle hjk drawn below the parabola and corre- 
sponding to fgb in the upper figure, with jk taken as a straight line 
for simplicity. The vertical distance from /j to line jk at any 
point represents the steel area required in the top of the beam at 
that point. 

The limits of the points of bend having been determined as thus 
briefly indicated, the bent steel was sketched in with a 45 degree 
bend located within the required range. 

The computations had shown the 2-2-inch straight bars to be 
necessary for compression reinforcement at the support. They 
are there stressed to about 7800 pounds per square inch. The 
exact determination of this stress is not important. Triangle mno 
represents the stress curve for the concrete in the stem at the 
support assuming the maximum stress of 750 pounds per square 
inch to be realized, and assuming the neutral axis to lie at a dis- 
tance of 0.4 d from the compression face, the bottom of the beam. 
The length of embedment (18 inches) is the distance the straight 
bars should extend into the support in order to develop their 
stress at the face of the support. 

The bent bars should extend over the support a short distance 
beyond the farthest point of inflection in the adjoining span, per- 
haps 3 inches to 6 inches more than the 56 inches (47 + 48) dis- 
tance in this case. _ It is customary, however, to extend these bars 


1 A simple construction method for a parabola is indicated in the sketch 
on the computation sheet. The half span and the total height of the curve 
(ac and bc) were divided into an equal number of equal parts (6 in this case). 
The intersection of any vertical through a division point on ac with a line 
drawn from a to the corresponding division point on bc is a point on the curve. 
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COMPUTATIONS FOR SLAB, BEAM AND GIRDER FLOOR 


Sheet BF6 
Stem: Steel 
Stee/ 2 Span Girder Centre Span 
End Span 18-6'clear 
78-9'clear 


2-7" 2 


1-1" 842-1 


wl? wl? wl? wl? wl? 
ee ie 70 Sao. 2 —70 
= 181,200'4 
oh ere eee ae Ya BOE aa oe 23" 
2 M 
ee: 6:90. 0.91 ...... R=2 = 39 ee BEEN 
A, = 4, = 6660" 6.500" oe Pinel. 650% 2 xX oe 
aS ET lie ee O18 1G.98 
71 ” , ! = §. ” 
ihe 2.520") ‘ z so a tes 5.360 
Le se f #25 layers | 8-1" + 8-1" 
6.620” — Deb ial 


Check of fc: Plate VII 
b = L/4 = 6674 


: Required: Furnished— 
J=O091(, _ 6.52 _ 9 9951| p = 0.0176 As = 7.120" 7.860" 
fs _o 56 X23 p! = 0.0195 As) = 7.890" 8.080" 
fe t/d = 6/23 =0.22 | Duenished. Top: 3-1" + $1" 0 = 6.360" 
a oe = 6704/0" < 650 add 2-1"0 2.00 
7.360" 


Note: Straight bars | Bottom: 
act in compression -— 3-1{"q 8.000” 
only in own span. J 


add 4-15 0 8.08 


8.0380" 
Extra bars at support shown in black. 


51” 
2 Bond: 
vb 72 18. 


Fey = MeO" OK. 
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at least to the quarter point and this gives a greater length. Both 
straight and bent bars were made a multiple of 6 inches in total 
length. 

No discussion of the method of stirrup proportioning is necessary 
in view of the consideration already given that subject (Art. 53). 
The only new feature to be noted is the Joint Committee require- 
ment that provision be made for one-fourth as much shear at the 
center as at the end. This of course is to care for the effect of 
incomplete loadings which would cause larger shear and therefore 
larger diagonal tension at any section than given by full loading. 
For purposes of illustration the bent rods are considered as making 
stirrups unnecessary in the length of the bend. However, the 
authors prefer the practice that uses full stirrup reinforcement 
without regard to the bent rods. 

(e) Girder Details (Computation Sheet BF8). The general fea- 
tures of this sheet are the same as those of sheet BF7 for the beam. 
For the girder the chief load is the concentrated weight of the 
beam and so the moment curve is taken as made up of straight 
lines, neglecting the curvature introduced by the small distributed 
weight of the girder stem. The relative division of the total 
moment into positive at the center and negative at the support 
is assumed to be the same as for a uniformly loaded beam, and 
on this basis the points of inflection were located as shown. The 
triangle abc represents the curve of required steel areas for maxi- 
mum positive moment; the triangle def for maximum negative 
moment. These curves are for an interior span with equal positive 
and negative moments. On the outside face of the interior column 
the moment is 20 per cent larger than that for an interior span, 
and the area of steel furnished is correspondingly greater. This 
larger area of steel was used (triangle deg) in determining the 
points of bending down bars, giving somewhat greater lengths 
over the support than required for the interior span. Another 
new feature, here introduced simply for illustration, is the bending 
up of the bent rods one at a time. Conservative practice would 
not allow this on account of the lack of symmetry introduced. 

The length of the 4-1§ inch bars used in the bottom of the girder 
at the column was found as follows. For maximum negative 
moment the value of M/bd?, called R, varies from 239 at the 
support to zero at the point of inflection, 74 inches away. Assum- 
ing straight line variation in between, 33 inches from the support 
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COMPUTATIONS FOR SLAB, BEAM AND GIRDER FLOOR 


Sheet BF7 


— 8 ,00LXb_ mr z 
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R = 134 (for 16,000-750) and no compression steel is required 
at that point. Approximately half way out, 17 inches from the 
face of the column, one-half of the total compression reinforcement, 
represented approximately by the lower layer of rods, ceases to be 
adequate and the second layer, the 4-13 inch bars, becomes 
necessary. The total length of these rods should be somewhat 
more than 2 X 17 + 18 = 52 in. 

In designing the stirrups the variation of shear due to the uni- 
form load was disregarded. As in the case of the beam the shear 
was taken as somewhat more than the actual maximum to provide 
for possible overload. 

98. Design by Tables (Computation Sheets GF1-GF3). These 
sheets show another design of this same floor by the use of 
tables. The problem was approached independently and no 
attempt made to work out an identical solution. The slab for 
the interior span was picked from Table 9 as that providing a 
moment of resistance nearest to and higher than the actual. The 
steel area is proportional to the moment. It is not sufficiently 
precise to prorate the steel for the end span, using the same thick- 
ness as for the interior since the steel stress falls far below that 
assumed. So the steel area for the end span was found as before 
by use of Plate VI. If the end spans made up one-half or more of 
the total floor area the primary design would be made for them 
and the area of steel reduced in the interior spans as is done with 
the girder. 

It is assumed that there are many more interior than end span 
beams in this building and so the design was made for the former. 
The load computation is self explanatory. The ratio of actual 
moment to the allowable moment given in Table 11 is the width 
of flange needed and it is obvious by inspection that it is less than 
the allowable. The steel area given in Table 11 is that required 
to balance one foot width of flange, so that the total steel required 
is the tabular area multiplied by the required width of flange, 
expressed, as previously noted, by the ratio of actual to tabular 
moment. 

At the support, the allowable bending moment of the stem with 
tension reinforcement only was computed (44,500 foot-pounds) 
and subtracted from the actual moment, leaving the amount to 
be cared for by compression steel. Table 12 gives the resisting 
moment supplied by adding 1 square inch of compressive steel 
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COMPUTATIONS FOR SLAB, BEAM AND GIRDER FLOOR 


Sheet BF8 


Girder Details 
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at depths of 2 inches and 3 inches; in this case 11,930 foot-pounds 
with the rods 2 inches from the face of the beam. The required 
compression steel area is proportional to the moment. To balance 
this compression steel more tension steel must be added and this 
was found by dividing the moment by the arm times the stress. 
To this was added the tension area for the simple beam previously 
found, giving the total tension steel area. In deciding upon the 
bending of bars it should be remembered that extra steel can be . 
added more easily at the top in the slab than in the contracted 
width of the bottom. 

For the end span the positive steel and the increased moment 
can be prorated directly from the typical. The steel at the sup- 
port was designed as before. The steel in the top of the beam at 
columns was dropped 1 inch to give right of way to the steel of 
the more heavily loaded girder. 

In the typical span, from Table 14, M = on one rod of six 
can be bent up 0.17 / or 3 feet 3 inches approximately from the 
center line and 3 rods at 0.29 / or 5 feet 6 inches. At the top the 
inflection point is 0.21 1 or 4 feet 2 inches out. So one third of the 
steel can be bent down at 50/3 or 17 inches out from the face of the 

column and another one- 

Oh Coe, sixth, 2 feet inch out. To 

cover these requirements 
(neglecting the loop bars in 
vere). this computation) the top 
ides of column Steel from the adjacent 
eae beams must extend 4 feet 
2 inches + 6 inches (one- 

Fic. 76 half the support) or 4 feet 

8 inches from the center 

line, and 5 feet 0 inches is used. This is shown on Fig. 76. One- 
third of the top steel, 2 rods, can be bent down at 17 inches + 6 
inches from the center line, and another bar 8 inches further out. 
A distance of 17 inches from the support for the first point of 
bend is rather large for this depth beam (about 2 d is common 
practice) so including the two 34-inch loop bars in the computation, 
the two 3-inch rods are ;, of the total area and can be bent down 
15 inches from the face of the support. Adding 4 the width 
of the support (as assumed), gives 21 inches. The outer rod is 
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COMPUTATIONS FOR SLAB, BEAM AND GIRDER FLOOR 
Using Tables 


Sheet GF1 
Computation for Floor Slab 
Allowable fe = 650 fs = 16,000 n=16 v=120 wu = 100 
Live Load = 126 
Clear Span = 9'-0" Slabé” = 68 
Bearing Span = 10’-0" ORNs els) 
- Panel Width Beam = 
im 201 
2 
1k = a6 = 1360'# (Interior Span) 
Table 9: d = 33" —M = 16512'# — As = 0.8600" 
1360 tp f , 
Ast {5128 X 0.386 = 0.81 3 O-72 0.C. = 0.81 5” Slab 
End Span M = 7" x 1360 = 1682'¢ 


Tables would required = 4"; if we maintain d = 33” 


_ 1682 X12 | 
p = 0.0098 


As = 0.0098 X 8% = 0.08680" /” 
Use 3" @ 8” o.c. 8" Slab 
Bond stress same as in previous example. 


Computation for Typical Beam 
Allowable fe = 650 fs = 16,000 n=15 v=120 u = 100 


750 at Supports Live Load = 125 
Clear Span = 19’-0" [assumed] SCO eS, 
Bearing = 20-0" Ain = 18: 
Panel Width = 10-0" Beam = 
201 
w = 201 X 10 = 2010 
Stem 201 
2210 K 19 = 42,000# V = 21,000 
V _ 21,000 nom ” ” 
'd = —- =~ = f= 10" d= 20". 
b jo EX 120 2000 Try b 
19 
Int. Span — M = 42,000 oi ea 66,500'f 


From Table 11: &'’ Tee, d = 20" —M = 39,000'f As = 1.630” 


As = pa “1.638 = 2,780” 9-1" 6 + 4-2" & = 2.970" 
? 
Assume d= 21" —M = 42,100 — A = 1.67 
t= 6" 
Ace poe x 1.67 = 2.64 6-2 = 2.65 [Use this] 


i eens EEAERERaEEEnneeaneennemenanmmetend 
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bent down over the lower bend in the first pair, which is common 
practice. Checking the bottom steel, the first rod is bent up at 
10 feet less (21 inches + 18 inches + 18 inches) = 5 feet 3 inches 
from the center line as against 3 feet 3 inches possible: the two 
bent rods are bent up 6 feet 9 inches as against 5 feet 6 inches 
allowable. Other supports are figured similarly. It is usual in 
ordinary beams to detail the next to end span as typical although 
the inflection point in accordance with the table is 0.26 / instead 
of 0.211. With practice all this can be done as the detail is 
sketched by the use of the table with all necessary computations 
done mentally or on the slide rule. 

Stirrups in office practice are taken from a table or diagram. 
Without these the required spacing should be computed at three 
or four points and the spacing between these points adjusted 
mentally. The stirrups are here placed without considering bent 
bars. 


The girder of this building has a moment of ie in two out of 
three spans so it was designed directly for this moment. The 
moment of a simple beam with the concentrated center load, uh ; 


is reduced in the same ratio as for a uniformly loaded beam, to ve. 
Unit shear is always low in a beam loaded at the center so that the 
stem width was governed by other considerations. 

The depth was assumed 1 inch greater than the beam so that 
the bottom layer of beam steel will slip in between the layers of 
girder steel. This is perfectly practicable although it is more 
convenient to have two or more inches increased depth, as in the 
first solution, if head room is available. The determination of 
positive steel was as before. At the support a concrete section 1 
foot wide was seen from the tabular value of 64,600 foot-pounds 
to be able to carry only about one-third of the moment. From 
experience it was recognized that this would call for an excessive 
amount of compression steel so a 16 inch breadth was assumed. 
This worked out by the same method as used for the beam with 
reasonable steel values. The steel for the center span was prorated 
from the end span and it was found possible to get enough com- 
pressive steel at the bottom from the bottom layers of the two 
beams; two extra bars were added at the top. Location of the 


SLAB, BEAM AND GIRDER FLOOR 225 


.COMPUTATIONS FOR SLAB, BEAM AND GIRDER FLOOR 


Sheet GF2 
Typical Beam: Continued 
At Support. 
From Table 10: 
d = 20" M = 653,400 As = 2.82 (for b = 12") 
Ta be M = 0.83 X 53,400 = 44,500'# 
10" Stem As = 0.83 X 2.82 = 1.980" 
66,500 — 44,500 = 22,000'# to be carried by compr. steel. 
Table 12: 10’ Compr. Steel will carry 11,930'# 
_ 22,000 
/ ad 
So Tres 
6-2 O.K. 
Tension Steel: 
From above 1.98 
22,000 X12 
T 76000(@0 a) °-#* 
2.85 
Bend 3-2''¢ each side and use 2-}''$ loop bars = 3.050" (Art. 140c, page 3388.) 
Bm.10” X 24" 
End Span 
As =— = x 264 = 8.17 feb + 8-2" = 8.290" 
M = i X 66,500 = 80,000'# 
At Support 10” Stem M = 44,500 As = 1.98 
80,000 — 44,500 = 35,500 to be carried by compr. steel 
35,500 5 
Ay = = 2.980 Tension Steel:— 
11 11,930 From above 1.98 
as for typical support a 35,500 X 12 = 1.48 
16,000 (20 — 2) 
Bde at” 


Use Compr. Steel B-32"6 + 8-42" = 8.18 


8 


Use Tension Steel 5-8 + 1-86 + 8-36 = 8.410" 


Pe re eee 
axe 8 OU 
eR Ol 16000... 
Minns = x 116 X10 = 4.6 
Space 3, 4, 4, 4, 6, 5, 5, 6, 6, 6, 8, 8, 8, 11 
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bending points and design of shear reinforcement would be made 
as in the previous solution or by using Table 14. 

99. Light Weight Floors. Solid concrete slabs, such as have 
been described in the preceding articles, are heavy and uneco- 


ge Building 


C, 


x 
3 
% ' 
x " Ww 
$8 12 Tile 4-2 Concrete 
3H 41-5 ip 1940 str, \ 
22 41-8), 2840'bent J, Be. 
ss 2-8 4 bars in each 5 rib, 5 
cats S$ Testraight avid 1-bent sx 
Sie | ‘ 3 
Sis s ey 
NTR 38 
= S15 
S58 = Q 12 
2s $8 
os 
2s 3” 
a 


4-1 straight 
12> Stirrups not shown 


Elevation 


2 
BEN Beam Details 


Section 
Hig. 77 


nomical for long spans and light loads. Their excessive weight is 
due to the large mass of concrete in the tension part which is much 
greater than is required to resist the diagonal tension and shearing 
stresses. In light weight floors this difficulty is met by forming 
the floor slab of a series of tee shaped joists, the space between the 
stems being filled by hollow tile of clay, gypsum or steel, or else 
left empty by the removal of the forms. The simplest type and 
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COMPUTATIONS FOR SLAB, BEAM AND GIRDER FLOOR 


Sheet GF3 
Computation for Girder 
Allowable fe = 650 fs = 16,000 n=15 v=120 u = 100 
Live Load = 126 
Clear Span 18.75 (Assumed) 1SL005) ame: 
Bearing = 20'-0" Hin dé; Rlasters— 918 
Panel Widih = 10'-0"’ Concentrated Beam = 20 
Pp 221 
w = 800 X 18.75 = 98,6004 
ie Nie ee 
a P = 10 X 20 X 281 = 44,2004 
18.75" ——— 
49,8004 
V = 24,9004 
End Span 
M = 44,200 x# J? = 166,000 
8 = 176,500'# 
+ 5600 X a = 10,500 


Table 11: t = 5” d = 22" M = 45,200 A = 1.71 


= eae =3.9 A,=89X1.71 = 6.680" 
49, 6-16 + 9-10 = 6.71 


At Support fc = 750 
Table 10: d = 22” M = 64,600 As = 2.55 
Try 16" Stem M = 1.33 X 64,600 = 86,100'f; As = 1.83 X 2.65 =8.400" 
176,500 — 86,100 = 90,400; d' = 2” 10" adds M = 13,6650’ 


90,400 
ees = ” 
Table 12 A; = 18,650 6.620 
Tension Steel: From above 3.40 
90,400 % 12 
4+ ——__—_—__ = 3.38 
20 X 16,000 © =, 


Center Span: As = x x 6.68 = 5.66 4-1" + 4-3"b = 6.66 

At support: Bottom 6-1"¢ + 2-1"0 = 6.71 Required 6.62 

(2-1"0 + 2-1'¢ from end span, 4-1''¢ from c. span] 
Top: 4-1" (End) + 4-3'¢ (c.) + 2-4"6 = 6.75 
Required 6.78 
2 X 0.196 XK 16,000 
” ” = ) = 7 95" 
eae ea 
2/"6U — spaced 7’’(< 3 d) 


24,900 
° = X16 X 28 
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in many respects the best is that shown in Fig. 77 made with clay 
tile. Such floors are economical for light loads and long spans. 
The thin flanges (never less than 2 inches thick) of the tee beams, 
known as topping, with the aid of the tile serve to transmit the 
loads to the ribs. A heavy wearing surface is always used but 
even with this aid it is obvious that this type of construction is 
not suited to heavy concentrated loads. Generally the ceilings 
are plastered, metal lath being necessary where steel forms are 
used. Sometimes the ceiling is left unplastered showing the ribs 
with no fillers between. 

The individual joists in light weight construction are tee beams 
and their design follows the usual rules. It is not desirable to use 
stirrups and so the shearing stress is kept low. In Fig. 77 the stems 
of the joists are shown as 5 inches wide for the greater part of their 
length and 9 inches wide toward the ends, thus furnishing increased 
section for resisting diagonal tension. The usual standard and 
also the minimum practicable width of rib is 4 inches. In this 
design the tiles stop 18 inches from the center line of the supporting 
beams, thus providing a 36 inch flange for the beam and changing 
the joist section from the tee shape to rectangular at the supports. 
In computing resistance to diagonal tension the shell of the tile 
may be considered as increasing the thickness of the web by one- 
half their own thickness (Art. 124, Joint Committee, Appendix B), 
usually taken as 1 inch for computations. The tile should not be 
assumed to add to the resisting section otherwise. 

The following table of the weight of tile is required as data for 
designing hollow tile floors. 


Weicut or Hottow Burnep Cray Trim 
(All tile are 12 inches X 12 inches square in plan) 


D 

ae os Weight pes es Weight 
2 ins 16 lbs 8 ins. 32 lbs. 
3 16 9 36 

4 18 10 38 

5 21 12 42 

6 24 15 50 

7 29 5 
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Problem 35. Investigate the stresses in the floor shown in Fig. 77. The 
design shown was made as a substitute for the slab, beam and girder floor 
previously discussed in this chapter and all necessary data may be found there. 

Suggestions and Discussion. Investigation of Joists. The load per foot of 
length carried by a joist is 17/12 of the total load on each square foot of floor. 
Taking both positive and negative moment as wL?/12, the bending moment 
is 10,000 ft.-Ibs.; the end shear is 3260 Ibs. It is suggested that curves of 
shear and moment be drawn in order to facilitate determining the values of 
these functions at any section. Take the shear at the center as one quarter 
of that at the end. 

The unit shear at the edge of the flange of the supporting beam is 17 Ibs. 
per sq. in.; maximum intensity in the 9 in. rib is 27 and in the 5 in. rib 41 lbs. 
per sq. in. (d = 13 in.). The last value is so close to the 40 lb./sq. in. limit 
for a beam without diagonal tension reinforcement that the excess may be 
ignored. 

The maximum stress in the concrete at mid span is about 375 lbs./sq. in., 
and that in the steel 16,800 Ibs. /sq. in. 

At the support the section is rectangular (6 = 17 in. and d = 13 in.) with 
tension reinforcement consisting of 2-3 in. rounds bent up from the adjoining 
ribs. The straight 3 in. rounds are not long enough to serve as compression 
reinforcement nor are they required for that purpose. Here R = 42 and 
inspection of Plate VI shows the fiber stresses to be low. Exact determina- 
tion is not essential. 

The 9 in. rib is entirely in the negative moment region and accordingly is 
also an inverted rectangular beam. Here there is compression steel available 
if desired. The maximum stresses are in the neighborhood of 14,000—450 
Ibs./sq. in. Similarly for the end of the 5 in. rib, Plate VI shows the stresses 
to be around 10,000—400 Ibs. /sq. in. 

The maximum bond stress is 75 lbs./sq. in. This is a detail that often 
causes difficulty in this type of construction. 

Investigation of Beam. The load per foot on the beam is 5480 lbs. This 
figure makes allowance for the fact that the 3-ft. length over the stem weighs 
about 230 Ibs. more than it would were it of tile and concrete. The maximum 
unit shear is 125 lbs./sq. in. which is not excessive. (d = 263 in.) 

On entering Plate VII with the proper values to investigate the tee beam 
section at the point of maximum positive moment in the end span it becomes 
plain that the neutral axis is in the flange and the beam is in reality equivalent 
to a rectangular section with b = 36 inches and d = 263. Using Plate VI 
the stress in the steel is found to be about 16,500 pounds per square inch for 
both end and interior spans and the concrete stress about 600 pounds per 
square inch in the end span and 540 pounds per square inch in the interior 
span. 

100. Roof Framing. The stems of the beams and girders sup- 
porting the roof of this building should be made the same sizes 
as those of the floor members as this makes it possible to use the 
floor forms again in constructing the roof. The slab can be made 
thinner, 4 inches being about the minimum advisable. The steel 
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in the roof slab and its supports would not be the same as in the 
floor but would be lighter as required by the loads. 


Problem 36. Prepare an alternate design for the floor system studied in 
this chapter using a 6 ft. 8 in. spacing for the beams instead of 10 ft. 0 in. 
Data as before except: fs = 18,000 ]bs./sq.in. fc = 800 lbs. /in.;. 900 lbs. /sq. 
in. at supports. Total depth of girder is limited by clearance to 24 in. 

Ans. Slab; 4 in. thick; reinforcement in end span, § in. rounds at 7 in. 
o.c.; in interior spans, } in. rounds at 8 in. 0.c. 

Beams, width 8 in., total depth 20 in., d = 16.5 in., at support, 172 in.; 
reinforcement 2-2 in. rounds straight, 1-3 in. and 1—{ in. round bent. 


Wall| Column 


Interior Columns 


Fia. 78 


Girders, width 16 in., total depth 24 in., d = 20.5 in. reinforcement, see 
Fig. 78. The arrangement here shown was chosen to enable the bars to be 
assembled in units outside the beam forms and set in place with a minimum of 
interference between the various units. These units will be complete except 
for the 13 in. squares through the columns which are to be placed separately 
after the beam and girder units are in place. Had the bent bars in the interior 
span been extended through the columns it would have been difficult to place 
the beam units. 


101. Earthquake-Proof Construction. The ordinary skeleton 
construction illustrated by the building designed in these chapters 
does not offer as large resistance to earthquake shock as might be 
desired. Where such shocks are of rare occurrence, as in the 
eastern part of the United States, the engineer practically never 
considers their possibility in proportioning his structures. In 
view of the possibility of severe earthquakes in nearly all localities, 
their neglect in design is questionable, particularly since it is 
simple and inexpensive to reinforce buildings in such a way as 
to make them strongly resistant to such shocks. 

The earth waves that cause damage are chiefly the horizontal 
movements, the vertical motion affecting only the foundations 
of relatively high and narrow buildings. The horizontal move- 
ment may take place in any direction and may produce a dynamic 
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effect equivalent to the application of a horizontal force of qy of 
the weight of the structure. It has been recommended! that 
provision be made for a shear in any story of a building equal to 
z's to y'y of the weight above, placing reliance upon the reserve of 
strength in the frame to resist any greater effect. 

These horizontal forces may be carried to the foundations in 
the same manner as wind loads but preferably by a properly dis- 
tributed system of reinforced concrete walls, designed as vertical 
beams. This will provide sufficient rigidity, and without it stone 
facing, glass, curtain walls of brick and tile and other brittle 
material in the building will suffer heavy damage in an earthquake. 
A rigid frame obtains its name from the rigid construction at the 
junctions of the members and actually is a flexible structure. 
So it is not sufficient to make the frame strong enough in itself 
without walls. Since walls are always used in buildings there is 
little added cost caused by using reinforced concrete for a sufficient 
number of them to provide for earthquake forces. 

Certain details of reinforcement are also important; all bars 
should be thoroughly anchored so that the structure will be se- 
curely tied together; in vertical columns with longitudinal steel 
and ties the hooping should be closely spaced for some distance 
above and below the floors; at the main corners of buildings 
diagonal bands of floor slab reinforcement should run at least a 
dozen feet back from the corner column; diagonal bars should be 
placed across the corners of all openings in concrete walls. None 
of these details will add much to the cost of the building but in 
the event of a severe shock they will add greatly to its chance of 
survival with little damage. 

102. Deflection and Camber. Concrete beams are very stiff 
and it is only in unusual cases that it becomes necessary to com- 
pute their deflections under load. Occasionally, the builder gives 
long span beams a slight camber (that is, makes them higher in 
the middle than at the ends), in order to prevent them from 
sagging below the level of their supports, which is unsightly. In 
ordinary construction the bottoms of beams and slab forms are 
made horizontal. 

Various formulas have been proposed for computing deflection. 


1 “ Wssentials of Harthquake-proof Construction,’ H. M. Hadley, a pam- 
phlet published by the Portland Cement Association. Also see 1924 Proceed- 
ings, American Concrete Institute. 
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The simplest procedure is that recommended by Professors 
Turneaure and Maurer! who use the formulas and constants 
derived for homogeneous beams, using the moment of inertia of 
the transformed concrete section including the tension concrete, 
and taking n as 8 or 10. This means that the value of the mod- 
ulus of elasticity for concrete is taken at approximately its actual 
value. The full concrete section is taken since the cracks in the 
tension face of the beam do not have much influence on the 
amount of deflection. 


Example 51. An end supported rectangular beam carries a total uniformly 
distributed load of 10,000 lbs. The span is 16 ft. and there is no restraint at 
the ends. What is the deflection at the center? nm = 8, b = 10in., d = 15 
in., As = 1.76 sq. in. 

Solution. The neutral axis is found to lie 0.60 in. below the mid-depth of 
the beam, 8.1 in. below the top. The moment of inertia of the transformed 
section about the center line is 3610 and about the neutral axis 3550 in.4 The 
deflection is 5 
5 wilt 5 X 10,000 x 16? x 128 


= 384 BT 7 384 x 3,750,000 X 3550 ~ 0-07 inch. 


d 


Problem 37. What is the deflection of the roof beam shown in Fig. 88, 
page 260. Take n = 10. ; Ans. 0.20 inch. 


1 “Principles of Reinforced Concrete Construction,’ Chapter VI, 3d 
Edition. Example 51 is from that text. 


CHAPTER XIII 
BUILDING DESIGN. FLAT SLAB FLOORS 


103. The flat slab, first called the “‘ Mushroom Floor,” by the 
originator, Mr. C. A. P. Turner, is a type of construction dis- 
tinctive to concrete. These slabs have no supporting beams 
except at the margins but rest directly on columns which are 
usually built with enlarged heads, called capitals. Often a portion 
of the slab about the column capital, called a drop panel, or 
plinth, is made thicker than the rest of the floor. Because of 
their economy and other advantages flat slabs have largely re- 
placed beam and girder construction in buildings adapted to 
their use. 

Flat slab floors are suitable for use in buildings at least two bays 
and preferably three bays wide, where the column spacing can be 
made fairly regular with panels from 17 feet to 30 feet each way 
and live loads of 100 pounds per square foot or more. Forms are 
much less expensive than in beam and girder construction which 
offsets savings in steel and concrete possible in the older type of 
design. The great saving, however, is in building height. A 
commercial building has a required clear story height, which 
added to the floor thickness gives the floor to floor height. A flat 
slab will be one to two feet less in over-all thickness, effecting a 
large saving in columns, walls and partitions. 

The flat ceiling of the girderless floor offers several advantages 
because of the absence of beams; the easier layout of sprinklers 
and of any other piping or shafting supported under the ceiling; 
easier artificial lighting; better day time lighting with windows 
that extend to the ceiling; and better ventilation because of the 
absence of pockets in the ceiling. 

Since corners are the most vulnerable parts of concrete masses 
exposed to fire, flat slab construction suffers far less in fire than 
do beam and girder buildings. 

The flat slab type of building is primarily adapted to industrial 
use — factories, warehouses and garages — but because of low 
cost it is sometimes used very satisfactorily for stores, hotels and 
office buildings. The main drawback to these latter uses is the 
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difficulty of satisfactory architectural treatment of interiors; how- 
ever there are now numerous buildings in which these difficulties 
have been reasonably well overcome. 

104. Systems. There are four common systems of reinforcing 
flat slabs: the two-way, the four-way, the circumferential and 
the three-way. The first three have columns at the corners of 
rectangular panels, while the last has the columns arranged at 
the apices of equilateral triangles. 

The two-way system has reinforcement parallel to the column 
center lines both ways, the steel in the half of the panel centered 
on the column being heavier than the intermediate bands between 
columns. The four-way system replaces the intermediate bands 
of the two-way between columns with two lines of reinforcement 
parallel to the diagonals of the panels. The circumferential 
(Smulski or S.M.I. System) uses hoops and radial rods centered 
on the columns and the intersection of panel diagonals. The 
three-way system has bands parallel to the sides of triangular 
panels. 

All flat slabs were originally patented systems. The funda- 
mental patent has expired however and the two and four-way 
systems are now designed and built without payment of royalty. 
The circumferential and the three-way types as well as some other 
special types, most of which are variations of the ordinary two- 
way system, are still covered by patent and subject to royalty. 

The four-way was the original system of Mr. Turner. Ags 
originally built, it had the disadvantage of four layers of steel 
over the columns which reduced the effective depth and made 
concreting difficult. The two-way steel arrangement does not 
come so near paralleling all lines of stress with rods as does the 
four-way, but it is simple to design and construct and seems in 
every way satisfactory. It is probably the most used system 
today. 

The circumferential system and the three-way are somewhat 
more complicated in details and are designed by the patentees. 
The Smulski circumferential system probably arranges steel to 
take stress more directly than any other and often effects a saving 
in the weight of steel required. 

105. Stresses in Flat Slab. Formulas and rules for flat slab 
design are largely empirical although theoretical considerations 
have entered into their making. The usual rules, such as those 


STRESSES IN FLAT SLAB 235 


of the Joint Committee, are sufficiently complete to cover the 
common conditions of floor panels of uniform size. They do not 
give information that is sufficient for the analysis of floors with 
large irregularities. The tyro should not attempt the solution of 
such problems which are properly the field of the specialist. The 
theoretical analysis! of a non-homogeneous continuous flat plate 
supported on a series of circular column capitals may now be con- 
sidered well established but only a few have mastered its math- 
ematical intricacies. 

The shape taken by a continuous, loaded flat slab, supported 
on points, is shown by the heavy lines of Fig. 79, study of which 
shows where tension steel is required. Such a slab may be an- 
alyzed approximately by considering it to be first, a beam spanning 
from AD to BC and second, as a beam spanning from AB to CD. 
By supplying the steel required in each assumed beam the slab 
is safely reinforced in all directions. 


Fig. 79 


The notation in Fig. 80 is that of the Joint Committee for the 
case when the slab is considered as spanning from AD to BC, the 
breadth of the assumed beam being /;. The supports are along 
the quarter circles that represent the partial outlines of the column 
capitals and the span may be considered as the distance between 
the centroids of the supporting arcs, 1 — 3c. The total height of 
the parabolic moment curve of a uniformly loaded fixed-ended 


2 CBee) 
beam is ee, two-thirds of this being negative moment. Simi- 


1 “ Moments and Stresses in Slabs,’ Westergaard and Slater, Proceedings, 
American Concrete Institute, 1921: “Die Theorie elastischer Gewebe und 
ihre Anwendung auf die Berechnung biegsamer Platten” by Dr. Ing. H., 
Marcus: ‘‘Elastische Platten” by Dr. Ing. A. Nadai. 
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larly, the theoretical height of the moment curve," for a uniformly 
loaded flat slab in the direction J, is 


My = § (wh) I — 3? (46) 


Centroid of 


kee 
: semi-circular 
[\eunporting are 


/ Columh Strip 
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h 


Fig. 80 


where wi, is the load in pounds per foot of length of beam. The 
corresponding formula of the Joint Committee (No. 36, Art. 142, 
App. B; this formula is identical with Equation (46) above except 
for the different coefficient), gives a value which is 72 per cent of 
the theoretical. This lower value is to be used in proportioning 
the tension steel. Tests and theoretical studies show that the 
concrete carries tension to a very considerable degree in flat slabs 
and so this reduction is justified so far as the steel is concerned. 
The full moment should be used in studying concrete stress. 

In Art. 144 of their report the Joint Committee gives a table 
for the distribution of this total moment, 60 per cent to 65 per 
cent of it being taken as negative. The moment is not distributed 
uniformly across the breadth of the beam (1) but is larger in the 
strips over the columns than between columns. For convenience 
the slab is assumed to be divided into strips as shown in Fig. 80. 
The critical section for positive moment is indicated by the dotted 
line; that for negative moment follows the outlines of the capitals 
and the center line of columns connecting them. 


1 “Statical Limitations upon the Steel Requirements in Reinforced Con- 


crete Flat Slab Floors,” by John R. Nichols, Trans. Am. Soc. C. E., 1914. 
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By interchanging / and J, in Equation (46), the expression ap- 
plies to the moment for the slab considered as a beam spanning 
in the J, direction. 

The moments in rectangular panels are as easily found as 
are those in square panels, as is evident from the previous 
discussion. When the departure from the square is too great, 
and when other irregularities occur, the usual methods become 
too approximate and more exact analysis is necessary. The 
limit of length to breadth for these formulas is usually taken 
at about 4 to 3. 

The shearing stress at the periphery of drop or column capital 
is not a matter of much concern on account of the relative high 
strength of concrete in shear. A short distance from these peri- 
pheral sections large diagonal tension stresses develop which must 
be kept low as no diagonal tension reinforcement is provided in 
flat slabs. The shear on sections, distance d from the edges of 
drop and capital and parallel to those edges, is taken as a measure 
of this diagonal tension. 

Once the moment and shear have been determined, the problem 
of flat slab design investigation and design becomes simply a 
repetition of processes already made familiar in these pages. 
About the only description needed regarding the computations 
in the example that follows relates to interpretation of the Joint 
Committee rules. 

106. Design of Flat Slab Floor. (Computation Sheets FS1- 
FS7.) The computations herewith give the complete design for 
a floor to replace the slab, beam and girder floor of the previous 
chapter, using the same loads and stresses. For the most part 
the calculation should be easy to follow by having reference to 
the 1924 Joint Committee specifications, reference to which is 
made by figures in brackets on the computation sheets. 

(a) Trial Dimensions. (Computation Sheet FS1.) The usual 
diameter of column capital is from 0.20 to 0.25 of the span, 0.225 
being the most common. 

The formulas for slab thickness are of two sorts: an arbitrary 
fraction of the span to prevent undue deflection and a second 
limit to prevent excessive concrete stresses. The expression 
ty = 0.02 1V'w’ + 1 inch (No. 38, Joint Committee, Appendix B) 
can be derived as follows: assume stresses of 16,000 — 650, n = 
15, c = 0.225 1, h = 1, d = t — 1 inch; moment of 3 (w’l,)(l — 
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2 ¢)? with 20 per cent of that as the amount at the critical section 
for positive moment in the column strip. Then, bending moment 
equals moment of resistance = Rbd? 


0.20 X 4 (w’l) (0.85 1)? (12) = 108 X ae x (é — 1) 


the solution of which gives the equation as quoted. The other 
equation (No. 37, Joint Committee) for thickness of the drop is 
obtained in a similar manner, making allowance for arch action 
and other factors that tend to increase the concrete stresses. 
There is considerable variation in the limit put upon the mini- 
mum size of columns to be used with flat slabs and that adopted, 


C. 


= = is representative. This limitation is necessary because 
of the high bending stresses that may be induced in columns in 
this type of construction. 

(b) Slab Thickness. (Computation Sheet FS2.) The discus- 
sion jumps over the calculation of shearing stresses and moments 
on this sheet to the check of required slab thickness. The critical 
section for negative moment is through the drop of an interior 
column parallel to the wall 
of the building, and has 


ion Steel . ; 
Jepsien wee an the dimensions (when re- 
ar qu . . ° 
2 \1tz vised) shown in Fig. 81. 
a d ie ; : 
Ain cieeon Tne The difference in the 


i 10.0-=width of 2 column strips >| 


wee widths of the two column 
width of drop strips and the drop is not 
Fra. 81 great and the tension steel 


outside the drop is fully 
effective for this section as shown. The concrete along the faces 
ab and cd is practically at the neutral axis and carries little if any 
stress. So the width was taken as that of the drop. 

The moment was increased by 39 per cent to give the full 
theoretical value for the section with a factor of 0.125 in place of 
0.09. The factor 1.15, as explained by reference to the Joint 
Committee report, gives the increase of the moment at the first 
interior support over that at a typical interior support. 


In this connection the formulas given by the Joint Committee for this 
operation are interesting. Their formula 41 (Art. 156, App. B), is derived as 
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COMPUTATIONS FOR FLAT SLAB FLOOR 
Sheet FS1 


Flat Slab Floor: Two Way Reinforcement; with Drop. Data: 
Layout shown on Fig. 75 and Computation Sheet FS? 
Live Load, 125 lbs./sq. ft. 
Floor Finish, 1 in. granolithic 
Materials: Steel: Structural Grade — Deformed Bars. 
Concrete: Ultimate Strength at 28 days 
2000 Ibs./sq. in. 
Maximum size aggregate: 14 %n. 
Specifications: 
1924 Joint Committee except as noted. 
Stresses: fc = 0.325 X 2000 = 650 lbs./sq. in. n= 16 
fe = 1.15 X 650 = 750 lbs./sq. in. at supports 
ts — 16,000 lbs./sq. in. 
Sh v = 0.02 X 2000 = 40 lbs./sq. in. u {| = 0.05 X 2000 
ra without diagonal tension reinforcement = 100 lbs./sq. in. 
Beams | = 0.06 X 2000 = 120 lbs./sq. in. 
with diagonal tension reinforcement 


Trial Dimensions 
Note: Numbers in brackets refer to articles in Jt. Comm. Report. 
Span: 1 =, = 20'-0''c.c. columns. 
Cap: ¢=0.21 = 4-0 
Drop: bh) & 41 = 6-8” square [146] 
Slab: t2 > 1 = 74 in. [145] 
0.021 Vw! + 1 in. [145] 
0.02 X 20 V232 + 1 
7.1 in. 


ti S 0.038 (1 = 1448) 1\/ rw B yf 
[145] 

ad LESS 282 

S 0.088 (1 — 4S ) 204/ S X8+16 


= L1GAn. 

= AS iy Se TL RT Loads: Live 126 lbs./sq. ft. 
Finish 13 

Minimum Column Diameter: C > #15 16 in. 77 Slab 94 


Maximum Cap Diameter: c <= 38C < 4/-0” w’! = 282 lbs./sq. ft. 


VI VI 


VI 
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follows (see Art. 60 for formulas used): In general M = Rbd? = 3 fckjbd*; 


and 
2M 


fe = Toa 
Here M = RM and b = 2 and jk = 0.67 ~/pn, approximately. 


4 RM, 
0.67-V/pnlid? 
Formula 41 except that 6 is there used for 4. That is, the Joint Committee 
is saying that the concrete stress in this location is to be taken as 50% greater 
than that computed in the usual manner from the reduced bending moment 
used for proportioning the steel. A similar analysis of their Formula 40 shows 
that the increase in figured concrete stress at the drop is 33% for a column 
capital with a diameter equal to 0.20 of the column spacing. 


Therefore fc = which is the same as the Joint Committee 


In this design the slab thickness was determined by the higher 
moments in the exterior panels. A more economical floor would 
have resulted had the column spacing been changed so as to 
equalize the moments in interior and end panels. 

(c) Reinforcement for Interior Panel. (Computation Sheet 
FS3.) The negative steel area required in this slab is provided 
by bending up bars from the bottom as shown in the sketches on 
this computation sheet. The Joint Committee requires that at 
least four-tenths of the positive reinforcement be thus bent up 
and that at least one-third be left straight. This makes necessary 
the use of additional short bars in the top over the column head. 

(d) Wall Panel. (Computation Sheets FS3-FS5.) The first 
computation sheets show a design for this floor with a small 
spandrel beam that is assumed to carry its own weight and that 
of the curtain wall only. It is necessary to use a drop at the wall 
column in this situation, in addition to the usual bracket. A 
wall column 18 inches by 30 inches was assumed with an 18-inch 
bracket. The computations follow the same course as at an 
interior column and show the shearing stresses to be satisfactory. 

Where the interior and the exterior spans are so closely alike 
as in this case it would not be common to determine the actual 
spans as was done on Sheet FS4, which illustrates the procedure 
necessary for unequal spans. 

In the computation of steel areas the only figure that needs 
explanation is the factor 0.80 in the calculation of the negative 
moments at the wall column and at the spandrel. The Joint 


1 See footnote to Art. 104, etc., Appendix B, 
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COMPUTATIONS FOR FLAT SLAB FLOOR — Continued 


Sheet FS2 
a ee en ee ee ee ee eae 


Shearing Stresses 
See Art. 131, Jt. Comm. Rept. 
Section a (Sketch: Sheet FS1) 


eae 
232 (20 X 20 — z x 5.58") _ 87,2004 


tex 5.58 X 12) ® 5) ~ 77500" 
= 50#/o 
< 0.02 X 2000 (1 + +) = 4564/0" O.K. 


Section b 
+ 232 (20 X 20 — 7.67) = 79: 1004 os 7 
———~ExX767 X12) 6) ~ H#/O 
< 40 ( x amt) = 67/0" OK. 
0.03 f’ = 604/00". [181] 
Moments 


Mo = 0.09 (232 X 20) (20 — 3 X 4)? = 126,000'# 
[Formula 36, Art. 142, Jt. Comm. Rept.] 
[Rearranged to show its meaning: My = awL?] 

Distribution: — [144] 

2-Column Strips: —M: 50% 63,000’ # 


+M: 20 25,200 
Mid Strip —M: 15 18,900 
+M: 15 18,900 


100%  126,000'# 


Check of Slab Thickness 


Drop: 
(See 1 47] 
a 5) EEL: 000 X 12 X 1.15 X 1.39 _ , required at 1st 
. 80 X 184 interior support 
rwidth of drop R = 134 for 


16,000 — 750 


zs . ZA , 
= 10.6in. > 9.8" trial *. Make drop 7'-6" sq., 114” thick 


| For 90” drop | d = 10.0 in. = 10.0" used 


required 
Slab: ie 25,200 KX 12 X 1.15 XK 1.89 R = 108 for 
; - 120 X 108 16,000 —650 


=6.lin. > 6%. used. 
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Committee does not make a definite recommendation as to the 
amount of bending moment to be assumed at these sections and 
so recourse was had to the best practice for this design. Mr. 
Sanford E. Thompson! and others recommend that this moment 
be taken as 0.80 of the negative moment at the same section of 
an interior panel. 

A reading of the sections noted in the Joint Committee report 
will explain the various details of bar lengths on Sheet FS7. 

(e) Wall Beam. (Computation Sheets FS5-FS6.) Sometimes 
with light curtain walls between columns it is possible to omit wall 
beams in flat slab construction but usually they are necessary. 
A light beam such as that shown on Sheet F'S5 is often assumed 
to deflect equally with the slab under the weight of the curtain 
wall above it and thus to receive no load from the slab. This is 
apparently permitted by the Joint Committee and is followed in 
this design, which presents no peculiar features otherwise. A 
deeper beam that extends either above or below the slab plainly 
stiffens the thinner member and so is compelled to carry some load 
from the slab, an amount usually judged to be from 20 per cent 
to 25 per cent of the panel load. The design on Sheet FS5 follows 
this rule. With this stiff spandrel it is proper to reduce the 
moments in the wall panel by the amount produced by the load 
assumed taken by the beam. 

The simplest sort of wall beam to build is one below the slab 
but it is an undesirable type often since it interferes with illumina- 
tion. A low upturned beam, integral with the slab, is difficult to 
construct on account of the formwork and because of the difficulty 
of pouring the concrete at the same time as that of the slab. A 
high beam which is also used as the curtain wall is usually poured 
after the slab and with the columns of the story above. The 
positive bending moment is often taken as wL?/16 instead of the 
larger figure on the computation sheets. Since the upright 
spandrel is cast after the slab it is essential that the positive and 
negative reinforcement be sufficient to carry at least the slab dead 
load. This will prevent unpleasant cracking if the forms are 
removed before the beam is in place. 

With the deep wall beam the shear around the bracket (Section a, 
Computation Sheet F'S3) is reduced one-half and a drop panel is 
not needed. Also, the column strip running parallel to the wall 


‘ “Concrete Plain and Reinforced,” page 335, Vol. I. 
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COMPUTATIONS FOR FLAT SLAB FLOOR — Continued 


Sheet FS3 
Steel. Interior Panel 
2 Col. Strips: —M: As = 00 = 5.400" 18-8"¢ = 6.610" 
4M: As = BG MEE = 8.600" 12-8'¢ = 3.680" 
Mid Sip: —M: 2 x 3.60 = 2.700" 14-4" = 2.740" 
+M: a X 3.60 = 2.700" 14-3" = 2.740” 
2-Column Strips all 3''¢-rods gl153] 


@ about 10” o.c. 


Mid Strips all 3’ rods 
@ about 83" o.c. 


Wall Panel. Bracket: Try 18” 
Shear [131] 


Section a. 
Total Shear = 
LO 20 (30 + 20) (18 + 10) 
232 (re an 
= 44,2007 
A 44,200 US 
= GO + 20 +2 X 28) (%) (10) bd 
= 487#/O" 
25 4 
< 40 (1 + *) = 50#/oO” O.K. 
Section b. 
Total Shear = 232 (7 < Ae 4.0 X 8.5) 79 
+ 38,500 
~ (102 + 2 X 48) %) ©) 
= Sea 
7.0 
<—40( 1 TT de 70#/O" O.K. Assumed 


< 60#/0”. 
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beam carries much less load than in the former arrangement. 

Custom provides for the same reinforcement as in the middle strip. 

A beam receiving a load from one side only, as here, is subjected 

to considerable torsion, in this case estimated as 0.80 of the nega- 

tive moment on an interior middle strip. Allowance was made 

for the slightly increased span in 

the wall panel. The torsional 

shear sets up diagonal tension 

stresses in the inside face of the 

beam which increase the usual 

inclined tension stresses. This 

a may be seen by inspection of 

Fig. 82, which shows the varia- 

tion of torsional shear intensity 

on a homogeneous rectangular sec- 

tion. The greatest intensity of 

this stress is at c and is approxi- 
mately equal to! 


_ M(15a4+9d) 
~ 40 ab? 


Fig. 82 VU; 


This equation has been rearranged in terms of the total breadth 
and height (B, H) of the section and used on Sheet FS6 for a very 
approximate solution of this reinforced concrete beam. The shear 
so found was treated exactly as though it were the usual vertical 
shear, except that it was considered over only one-half the width 
and as varying from a maximum to zero in the half width. The 
inside legs of the stirrups only are stressed in tension by the torsion 
and so the outside legs are available to carry the normal diagonal 
tension and to act as hangers to carry the slab load which is hung 
from the bottom of the beam. 

This is a very approximate treatment of a complex problem. 
So little experimental work has been done that no recommenda- 
tions can be made as to allowable stresses. The most that can 
be said is that this suggested solution furnishes a rough guide. 
Many thin spandrels with heavy slab loads have bulged and 
cracked badly under the torsion. This is one of the problems 
that should receive the attention of investigators. 


1 Applied Mechanics, Vol. II, Fuller & Johnson, page 382. Also see Con- 
crete Plain and Reinforced, Vol. I, Taylor, Thompson and Smulski, page 94. 
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COMPUTATIONS FOR FLAT SLAB FLOOR — Continued 
Sheet FS4 


Wall Panel Spans 
For interior panels 


bearing span = ( -= 


=20-2x# 
= 17.33" 
For wall panels (see sketch) > 2 
perpendicular to wall 
Ly = 17.4! 
parallel to wall 
Le — 17.9’ 


C.L. Wall Cols, 
C.L. yntr. Col's, assuming 18 Cols. 


Centroid of semi-circumference 
of column capital, 


+o P eX AIAG ES 
Dimension a locates centroid of bracket edge a = +e xg if 
Dimension b locates centroid of half bracket edge b = HOGI Be SSCS WARY 
27 + 15 
Steel in Exterior Panels. Perpendicular to wall. 
Perpendicular to wall. 2 Column Strips 
At 1st . — [147] 8-36 = 2.45 
Interior }_ yy. A. = 6. 0(#4) Sey 9-3" = 2.96 
Dion 5 = O40 \ Fgg] 116) = 6.260 4-8" = 1.22 
6.420" 
+M: As =8.60 (do)? (do) = 4.180" 14-3"6 = 4.280" 
AtWall _wy: A, =65.40 (do)? (0.80) = 4.360" 9-8 = 2.75 
Column n cf. [149] 6-36 = 1.84 
4.690”" 
Mid Strip [147] 
—M= +M: As = 2.70 ( a4) (1.30) = 8.580" 19-8" = 3.670" 
at wall —M: As = 2.70 (do)® (0.80) = 2.160" coe = 2.450" 
Interior Panel 4 4 p [ee Panel 5" 


} 2 Column Strips 


} Mid Strip 
8 u" 
Area supplied = 3,839 
Wall Panel: Steel parallel to wall. F ; 
Column Strip at wall: [148] 8-5" = Bj” : 
ES) ei fh 9-26 =0.61 _ top bars 
—A = 5.40 7.38 <x + =2.880 3.060" 


+A =860( “ )? X43 = 1.920" 7-5" 3 straight 4 bent 
Use > | 9_5/¢ top bars 
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Temperature reinforcement is very important in this type of 
beam. 

107. Irregularities in Flat Slabs. Nearly every large flat slab 
building has irregularities that present design problems of con- 
siderable complexity. It is not possible in this text to cover all 
the possibilities but two common difficulties will be noted: open- 
ings in the floors and varying outside bays. An opening of less 
than 2 feet on a side outside the drop panel can usually be taken 
care of by simply spreading the reinforcing to make place for it. 
In the drop panel even a small opening should be avoided, but if 
one is necessary, the concrete stress should be checked at the 
reduced section. In roofs, skylights are often needed. If they 
are less than half the panel width in maximum dimension it is 
sometimes possible, by centering them in the panel, to cut out the 
mid-section steel which would pass through the opening. This 
is possible because the skylight area carries little load. This 
should not be done in adjacent panels, and wherever it is done, 
extra rods should be provided for the negative mid-section moment 
to replace the bent rods which are omitted. Where extra loads 
are applied around the edge of openings, which may often be the 
case with elevator or other shafts having a partition around them, 
beams should be used. As soon as a beam is put in, however, it 
takes slab load owing to its greater stiffness, and often requires 
girders to carry its reactions to the columns. Beams are therefore 
a distinct disadvantage. Some designers take care of irregular 
openings by considering the column strips as beam systems 
supporting a two-way slab at right angles to them, represented 
by the central part of the mid-section. If a typical panel is 
analyzed on this basis, it will be found that the moment coeffi- 
cients reduced for full continuity, using the center to center 
distance (l) for the span, are on the safe side, 

It sometimes happens that a flat slab building must cover an 
irregular lot. In such cases it is usually best to make the interior 
panels rectangular and take care of the variation in overall di- 
mensions by end panels of varying span. The steel for such 
spans can be easily computed, but when the outside span is less 
than half the main span it should be noted that the entire short 
span may have negative moment. It is also necessary in detailing 
such cases to be sure that extra steel is used over the first interior 
support to replace that lost by reducing the bent steel in the end 
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COMPUTATIONS FOR FLAT SLAB FLOOR — Continued 


Sheet FS5 
Spandrel or Wall Beam. 
Loads: Span: 17'-6"' clear 
Wall: 3’-0" X 9" 2704 
Sash 80 [No Slab load: see § 148] 
Beam 160 
+M = 460 X 17.5 X 3s = 11,800'4 
V = 460X175 X} = 4000 
Trial section shown: — 
Shear: v= iTKEXD an oo 3864/0" ff 
: < 40 O.K 113 


Steel: Check of fe 
= a = een = 125 at support 
From Plate VI, p = 0.0091 
for 16,000 — 750 
s = 0.0091 X 14 X 9 = 1.1600” 
; 4-3" = 1.220" 
4-36 12'-0". 436 19'-0". Use 8-3" Stirrups @ 24” o.c. 


Spandrel. Alternate Design without Drop at Wall Column 


Loads: Clear Span = 17'-6” 
Live + Dead from Slab: 232 X *£ = 1160#/’ 
Sash 30 
Beam 310 
1500 
17.5 Stirrups 5" Inn 
° = —_S = w ” Sas 12-0 
Shear: V = 1500 X ~— 13,1004 10- 290 210.0: Rees 


ee) ee - 
°=sxExap OHO 
Moment & Steel: Approximately: 
2 
M = 1500 X ue = 38,300'F 

mc, c0O KZ fi, 
= 76,000 X 4x 36 7-940 
8" = 0.980" 


= 0.0083 < 0.0077 the limit 
for 16,000 — 650 
M 88,300 X 12 


lution: = = 
Alternate Solution: Rk be Bolas 


Exact Method:  .'. Required p = 0.0033 (from Plate V1) 
As = 0.0083 X 8 X 36 = 0.930” 
Use 3-3" 


As 


_ 0.92 
P~ 8x 85 
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panel. Sometimes the irregularity of outside spans is increased 
by an architectural treatment which requires a spacing of exterior 
columns varying from the typical. A slight lateral deflection of 
typical bands can be made but if the eccentricity of the exterior 
columns is more than about 10 per cent of the span the columns 
can be neglected and the slab rested on a stiff spandrel considered 
as a simple support. In special cases of flat slabs any designer 
not thoroughly experienced in this class of construction should 
work on a very conservative basis. 
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COMPUTATIONS FOR FLAT SLAB FLOOR — Continued 


Sheet FS6 
Wall Beam. Continued. 
Slab: Dead Load: — Without upper portion of beam: b = 32" 
fs = 20,000#/0”" fe = 800#/0" 
M = 107 X 22 X 17.5" X ze = 13,700'f 
eA meets 700 X12 _ ; 
Furnished by slab steel — As = 0.01 X 6 X 82 = 1.920” 
36 @ 83 0.c. 8 bars 0.89 
3’ Top Bars 1 bar 0.31 0.90 
Required extra 1.020" 
Use 4-36 — 1.20 


Slab Steel: Parallel to Wall Beam: 


Same steel and spacing as for interior middle strip up to edge of 
beam. 7.e. 


alternate straight & bent: 4''¢ @ 84” o.c. 


Stirrups : 


18\ M _ 888M _ H 875 | 
Torsion: w= (8+ a5 BA 3x 876 0.0014 M Bi 3 = 4.7 


= 0.0014 X 15,200 X 12 X} 2M =0.80 X 18,900 (74) 
= 1284/0” on inside of beam. = 15,200'# 


Stirrups required: Use 3''¢ stirrups: 2 X 0.196 X 16,000 = 6270# 


yh \(FEX x pet) 


7x 6270 = 4.3 each end. 


r tension inside only 
Diagonal Tension: Negligible account extra rods in outside for torsion. 


_ 1160 X 17.5 
Slab load: Ne 


Also furnished by outside stirrup legs 
Use 10-36 @ 21” o.c. 


= 3.3 in whole length. 


Temperature Steel: ; 
Ag = 0008S 5S) 80 = 0.7 2a” Use 6-36 = 0.660" 
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COMPUTATIONS FOR FLAT SLAB FLOOR — Continued 


Sheet FS7 
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CHAPTER XIV 
BUILDING DESIGN. COLUMNS 


108. In a tall reinforced concrete building (eight stories or 
more), there is place for all the usual types of concrete columns: 

In the top story carrying the light load of the roof, columns 
reinforced with longitudinal steel only, secured against misplace- 
ment and buckling by lateral ties or binders, usually made of 
z-inch round steel, placed 8 inches on centers; 

In the stories below with heavier loads and with likelihood of 
unequal loading causing bending, columns reinforced with longi- 
tudinal rods placed within a closely spaced helix or spiral of heavy 
wire, the whole protected from fire by about 2 inches of concrete; 

In the lower stories where the heavy loads result in extremely 
large and heavy reinforced concrete sections, either composite 
columns with a structural steel or cast iron core surrounded by a 
hooped concrete section, or a structural steel column with con- 
crete fireproofing; 

Below the basement floor, transferring the column loads to the 
footings, short heavy pedestals (or piers) of plain concrete with- 
out reinforcement. 

Practice is not yet standardized regarding composite columns 
and structural steel sections with heavy fireproofing and the 
reader should consult the larger handbooks on this subject for 
information concerning them.! Their action and consequently 
their design differs materially from that of the true reinforced 
concrete column. 

109. Concrete Pedestals Without Reinforcement. On account 
of its lack of toughness and tensile resistance plain concrete is 
not suited for any but very short columns. Good practice limits 
the height to three or four times the least lateral dimension. In 
order that there be no severe bending stresses due to the cantilever 
action of the part of the pedestal extending beyond the column 
supported by it this distance should not be greater than one-half 
the depth. 

1 There is an excellent and comprehensive chapter on columns in “ Concrete 


Plain and Reinforced,” Taylor, Thompson and Smulski, Vol. I. 
251 
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A difficulty often met with is the transfer of the load from the 
highly stressed column to the pedestal. The bearing stress under 
a column may be increased over the usual value since the mass of 
concrete of the pedestal outside the loaded area acts like the spiral 
reinforcement of a spiral column to prevent lateral deformation. 
This problem is considered briefly in the next chapter (Art. 121). 

110. Reinforced Concrete Columns. It has already been 
pointed out that the column reinforced with longitudinal steel 
secured by widely spaced binders is not so dependable as one with 
a spiral enclosing the main reinforcement. The 1924 Joint Com- 
mittee is more conservative than its predecessor in regard to this 
type of column and reduces both the working stress and the maxi- 
mum amount of reinforcement that may be used from the limits 
set by the 1916 report. This is shown on Plate XI (page 396). 
However the later report permits the whole column section to be 
counted on as carrying load which is contrary to previous practice. 
This is perfectly proper structurally since the whole section acts 
as a unit at all stages of loading. With spiral-reinforced columns 
it is not proper to count on the concrete outside the closely spaced 
hooping as carrying load for this shell spalls off at high stresses and 
separates from the core. An objection to the change where col- 
umns are exposed to fire hazard is that the concrete to a depth of 
an inch or more is liable to severe disintegration in case of fire. 

The large majority of reinforced concrete columns are relatively 
short and do not require a modification of unit stress for varying 
slenderness ratios as do steel columns. When this ratio exceeds 
40, that is, when the unsupported length exceeds about 10 times 
the least lateral dimension of the core, the Joint Committee 
requires a column formula to be used. This formula and other 
data for design are shown in considerable detail on Plate XI. 

In Fig. 83 are shown curves for the allowable average unit stress 
on the core of spirally reinforced columns as specified by the 1916 
and by the 1924 Joint Committees. For values of the steel ratio 
below 2.5 per cent the new report is much more conservative than 
the old. The reason for this is evident by consideration of the 
argument presented by Mr. F. R. McMillan in his paper “ A Study 
of Column Test Data,” which appears in the 1921 Proceedings of 
the American Concrete Institute. Mr. McMillan pointed out the 
indisputable fact that concrete columns shrink on setting and 
place an initial compression in the steel and tension in the con- 
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crete. In addition there is a continued yielding of concrete under 
long and continued load, a permanent set, which increases this 
effect. He found from a study of test data that the total value 
of the deformation is about m = 0.0005, making the corresponding 


oe VA 
of concrete @ 28 ds. V/ 
= 2000 #/a YA 


1800 


1600 


1 2 3 4 5 a 
Pp % 
Fig. 83 


initial stress in the steel (H = 30,000,000) about 15,000 pounds per 
square inch. Using the usual notation the total load on the column 


then is 
P= EmpA+f,A(Ql + (n — 1)p). 


The unit stress in the steel is 
f; = nf. + (Em = 15,000). 


The value of n, based on the total strain of the concrete, is very 
large. For the very common value of 1000 pounds per square 
inch for the average core stress, the unit stress in the steel varies 
as shown in Fig. 84. For the smaller steel ratios this stress is very 
large, even when the usual value of 7 is used in the calculation. 
Accordingly, Mr. McMillan puts his formula into this working 
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form for concrete with a strength of 2000 pounds per square inch 
at 28 days; 


F = 333(1 + 29 p) + 15,000 p 


cep eal 


which is plotted in Fig. 88 for comparison with those of the two 
Joint Committees. By restricting the columns with a small 
amount of reinforcement to a low average stress the unit stress 
in the steel is kept much lower by the 1924 Joint Committee than 
by that of 1916, something very desirable according to Mr. Mc- 
Millan’s evidence. Some engineers have been so much impressed 
by these considerations that they favor the consistent use of large 
steel ratios. The usual practice is to use the smallest permissible 
amount of steel for economy. 

111. Column Loads. In a concrete building the method of 
determining column loads by summing the reactions of the beams 
framing into the column is incorrect, because beam loads are 
based on clear spans. The better way in all column design is to 
find the floor area tributary to each column and from this com- 
pute the dead and live floor load for the column. The dead loads 
of the beams, partitions and the column itself are then added in 
as separate items. 

Floor live loads are reduced for column design in certain classes 
of buildings. In an office building or hotel for example, the floors 
are designed to accommodate relatively heavy loads, such as safes 
and files, over small areas. These heavy loads will not cover large 
areas and so the load is reduced on certain beams carrying several 
hundred square feet of floor as noted in Chapter XII. When more 
than one floor is considered there will be even fewer of these heavy 
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loads in proportion to the tributary area, or the average will be 
lower, so increasing deductions are applied to columns as they 
carry more floors. These deductions do not apply to buildings 
of the warehouse type which are likely to be loaded to the design 
load over the entire area. Conservative practice is illustrated 
by the following quotation from the report of the Building Code 
Committee to the United States Department of Commerce 
(Nov. 1, 1924)!: 

“Except in buildings for storage purposes the following reduc- 
tions in assumed total floor live loads are permissible in designing 
all columns, piers or walls, foundations, trusses and girders. 


Reduction of total live loads carried Per cent 
Garrydaey One, HOOT: hr css ise meneame 0 
Carrying two floors............ NAC nine Sete eet 10 
Carryangrthree HOOrss =: cc. ee ec eaters seks DO 
(GareyinsTOUrHoorses,... Aer cin PAE ae 30 
Caraying tive hOore ae 5, coat a tis ceens E 40 
KJALIVIS BIXMMOOUS Atte cee eee Sierra eee cinerea oes 45 
@arryang seven or more foots: hae ante oct ces. osc os 50 


“ For determining the area of footings the full dead load plus the 
live loads, with reductions figured as permitted above, shall be 
taken; except that in buildings for human occupancy, — a further 
reduction of one-half the live load as permitted above may be 
used.”’ In this report the live loads are somewhat lower than is 
usual. 

112. Bending Moment in Columns. Certain columns are 
subjected to an easily ascertainable moment from crane brackets 
or other eccentric loads but more commonly the moment in col- 
umns is due to their being part of a rigid frame. 

In Chapter XI two methods for the calculation of moments in 
rigid frames were presented, Slope Deflection and Least Work, 
the first named being generally the more easy of application. 
Both methods become too cumbersome to be practical when the 
frame analyzed is at all complex. The most practicable method 
for structures with members of variable cross-section is that of 
Professor Beggs (footnote, page 188). An interesting approximate 
method based upon that of slope deflection has been developed 


1 “ Minimum Live Loads Allowable for Use in Design of Buildings.” For 
sale by Superintendent of Documents, Washington, D. C. Price 10 cents. 
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by Professor Richart! by which he has prepared Fig. 85 which 
gives the results obtained by analysis of the frame shown in Fig. 
86 where all beams are alike and all columns are alike in all stories. 
The loading giving maximum moment in the column below A and 


seals 
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_ S | [KE || 
0 |_| 
(a)- Loads on AB and GH only (b)- Loads on all spans 


Fia. 85 


above G is that shown in the figure, more than 90 per cent of the 

effect being due to the loads on AB and GH, a combination easily 

likely to happen. The loading combination shown in Fig. 86 is 
improbable and need not be provided for. 


SReees The value of the ratio ee usu- 


aS ee D K of beams 

BE ally exceeds 2 and it is evident from Fig. 85 
eA that usually more than 90 per cent of full 
poi fixed end moment is realized at the end of 


the beam framing into a wall column and 


wl? , 
that 60 per cent of the same 77 38 the mo- 


Fra. 86 ment to be expected in a column above or 
below a beam. 
By the slope deflection equation the moment at the end of a 
piece mn subjected to end moments, but not to lateral loads, with- 
out end deflection, may be expressed as 


Min = 2 E K(20m + 0n) = NEKO» 


1 “ A Study of Bending Moment in Columns,” Proceedings of the American 
Concrete Institute, 1924. The cuts and most of the material in this article 
are directly from that paper, 
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with 6, expressed in terms -of 0m. Here N may be called the 
restraint factor and K the stiffness factor. 

In the paper referred to Professor Richart gives easily verified 
formulas for finding the beam moment M4, (Figs. 85-86). This 
moment equals the sum of those in the columns just above and 
just below the floor, their relative values being in proportion to 
the N K factors for the columns. Here N, the restraint factor, 
is very uncertain in value, and the stiffness factor, K, very defi- 
nite. It is advantageous to use the following empirical relations 
for finding the division of the beam moment between the columns; 


4 
and 
3 
Mac = —Mao(-35-) 
where 


_ K (Column above) 
~ K (Column below) 


r (Compare Fig. 86) 


In Fig. 87 are shown the results when the column section is 
different in different stories. The curves for M yg in this diagram 
with r = 0 and r = 1 are the same as the two full line curves in 
Fig. 85a. The lower dotted line in Fig. 87 shows a reasonable 
maximum moment to be expected in interior columns at sections 
such as those at top and bottom of column BH in Fig. 86. The 
1924 Joint Committee rules (Art. 110 b-c, Appendix B) for the 
beam moment, My4z, are shown graphically in Fig. 87 by the 
heavy dotted line which lies well above Richart’s curve. 

In flat slab buildings the column capitals make the columns of 
non-uniform cross-section and modify the results obtained for 
members of constant section. Professor Richart concluded, 
however, that the moments at the top and at the bottom of the 
uniform portion of columns with capitals are not usually appreciably 
larger than would exist at the extremities of the column were no 
capital used. 

The curves of Fig. 87 may be used to estimate the moments 
in the columns of flat slab structures and in frames containing 
girders by replacing the wL’/12 term by its equivalent in each 
case. By the Joint Committee ruling this would amount to from 
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60 per cent to 65 per cent of the total moment in an interior panel 
(Art. 144, Table VI, Appendix B), an average of about 0.056 wl, (l — 
2¢)?, Fora girder, this term is the moment occurring at the end 
of a fixed ended girder with the given loading. ‘If the loads are 
symmetrical about mid-span, the ‘ fixed-beam ’ moment may be 
expressed as the average ordinate of the moment diagram for a 
simple beam of like span and loading.” 


ce 
a il 
a 


= 


wl? 
' 2 tf 
S 
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Per Cent of Full Negative Moment 


/ 


Va 
ee 
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,. K of Columns 
Ratio, K of Beams 


Load on AB and GH only 
Fig. 87 


For computations the value of the moment of inertia of the 
full concrete section, without the steel, is usually sufficiently 
accurate, since only the relative values are needed. The flange 
of a tee beam in a rigid frame is useful only in the positive moment 
portion of its length. Professor Richart recommends that the 
moment of inertia of such a beam be taken for the full concrete 
section without steel, taking the flange width the same as the 
maximum that may be used in stress analysis. The width of flat 
slab acting as a member of the rigid frame should be taken as one- 
half the panel length perpendicular to the span considered. 

“In review it may be said that while bending moments are 
not commonly considered in the design of reinforced concrete 
columns, it is known that such moments exist and frequently 
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cause stresses of considerable importance. Provision for such 
stresses which are practically certain to occur with ordinary con- 
ditions of loading seem logical and proper. At the same time it 
seems justifiable to use higher working stresses . . .” 

There is much difference of opinion as to the proper amount of 
this increase. The Joint Committee rules are very definite; an 
~ increase of 50 per cent for tied columns and 20 per cent for spiral 
columns (see Art. 167, Appendix B). Taylor, Thompson and 
Smulski' recognize the fact that the stress is partly due to direct 
loading and partly to bending. When the element of. direct load 
is the principal one and there is either no tension or only negligible 
tension on the section they recommend an increase of 40 per cent 
in the allowable unit stress for axial compression; when consider- 
able tension is developed in the section, they place the limit at 
that for bending, 0.4 f,’ being the value they prefer. The 1916 
Joint Committee allowed no increase in stress. 

The frame of a building in an exposed situation should be 
designed to resist the horizontal force of the wind, with a 50 per 
cent increase in allowable stress. A wind pressure of 10 to 30 
Ibs. per sq. ft. of exposed vertical surface is commonly assumed, 
varying with the height of the building and the exposure. Most 
building laws specify the amount of wind load. An approximate 
analysis of a rigid frame with horizontal loads may be made by 
the ordinary methods of statics if it is assumed that the points of 
inflection of all columns and beams are at mid-length (that is, that 
these members are hinged at the center), and that the shear in any 
story is divided among the columns in proportion to one-half 
the total length of the beams framing into each column. For 
equal column spacing this means that an exterior column carries 
one-half as much shear as an interior column, all of which assist 
equally in carrying the total shear. 

113. Columns with Long Span Beams. A problem that often 
arises is illustrated in Fig. 88 which shows a heavy beam of long 
span, carrying aroof. The beam shown was designed for a moment 
of wL?/8 and the columns were assumed to carry direct load only. 
This is the usual solution and it is interesting to investigate the 
resulting stresses. The slope deflection equation shows that a 


2 
negative moment of ='5 (“) is developed in this case by the 


1 “ Concrete Plain and Reinforced,” Vol. I, page 463. 
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resistance of the column. It is evident that no great change can 
be made in the amount of beam reinforcement. A certain number 
of the rods should be bent up and carried along in the top at the 
ends. The maximum stress in the concrete of the column, utilizing 
the full section with no allowance for fireproofing, is 730 pounds 
per square inch which is rather higher than should be permitted. 
The amount of tension developed is very small and the limit of 
stress should be about 1.4 times that for direct compression, about 
630 pounds per square inch. 


8 Tile} a 


Seam 2'Concrete 


16"x 76'columns 
with 4-1) 


L 


Frames are spaced 20-0'¢.c. 


Fig. 88 


In order to break the continuity of beam and column the ver- 
tical rods in the outside face of a top story column sometimes are 
carried only 3 inches or so into the beam, the inside rods running 
clear to the top as usual. Undoubtedly this has the desired effect 
so far as preventing the beam and columns acting as a rigid frame, 
which was the basis on which the above analysis was made, but it 
does not prevent the column from being loaded eccentrically. 
Using the value of @ in the slope deflection solution above, the 
width of crack in the outside face of the column at the bottom of 
the beam may be estimated at about ;!; inch. If a crack anything 
like this actually opens there is a large movement of the bearing 
surface towards the inside face of the column and an eccentricity 
of loading as great as that computed for full continuity of members 
is not unlikely. So in any case the column is subjected to a rather 
considerable moment and its reserve strength for the resisting of 
horizontal forces and unusual loading conditions is much less than 
assumed by the manner of design. It should be noted that in 
Fig. 88 the details of construction are not shown. Actually a build- 
ing such as this would be built with longitudinal beams at the 
columns to act as bracing struts. Bracing is a very important fea- 
ture in all structures and its lack has caused many serious failures. 
This matter of stability must be kept in mind in every design. 
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114. Example of Column Design. (Computation Sheets C1-C6.) 
The theory of column design is discussed in Chapter VII. The 
actual design of typical columns for the building previously con- 
sidered is here introduced. The arrangement of column compu- 
tations as shown on Sheet C1, or something very similar, is best 
practice. The sketch at the left shows the necessary dimensional 
data; the loading and specification are given at the top of the page. 
The dead and live loads are carried down separately as is neces- 
sary where a varying live load reduction is used, although no re- 
duction is made here. Kips, or units of 1000 pounds, are very 
convenient in column computations. Round columns are usually 
made even inches in diameter on account of forms. The “ 
limit of 40 is not often exceeded in building work. The computa- 
tions for size and steel are self explanatory. In the upper story 
the requirement of f,= 0.225 f,’ as well as the neglect of fire- 
proofing are taken from the 1916 Joint Committee. The stress 
as used to determine size is that found from P/A = f, [1+ (n — 1) p] 
which is the basis of the curves on Plate XI. 

On Sheets C2—-C3 is shown for illustration a computation for 
combined bending and direct stress on this column although it is 
not common practice to do this for interior columns unless the 
live loads are 300 pounds per square foot or more. 

Sheet C4 shows computation for an exterior column. The 
width of exterior columns is usually constant for appearance, the 
exact dimension being that required for the sash. With the use 
of a reasonable minimum thickness the upper stories are usually 
lightly stressed. The ruled computation sheet is similar in form 
to the interior column. Plate XIV on page 399 is used for com- 
puting combined stress. Supplementary sheets which follow the 
main computation were used to figure moments. The methods 
are those already explained. 

115. Special Columns. Individual columns in a_ building 
differing from any others can often be designed by comparison 
with the typical, so far as moment conditions are concerned. 
That is to say inspection will often show a ratio of loading or span 
between special and typical columns which will be safe and close 
enough for practical purposes. The direct load can and should 
always be computed for each column. Corner columns have 
bending about two planes usually 90 degrees apart. It is usually 
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easier to compute the stresses about the two axes separately and 
add them than to work with resultants. Architectural and con- 
struction conditions usually make corner columns larger than 
typical wall columns and they have lighter loads, so they are seldom 
a difficult feature unless long spans induce exceptionally large 
moments. 


Note: Sheet C1 — Spiral reinforcement is measured by the ratio (p’) 
— ie where a is the area 
of the wire used, D is the core (spiral) diameter and 6 is the pitch. For p’ = 
1%, the common minimum used in this computation, the size (area) of wire 
required for any diameter is a = Db/400. The spiral standards now in force 
are given in the Engineering News-Record of January 6, 1927. 

The weights of column capitals used on Sheet C1 are found on Plate XVI, 
page 401. In checking the clear height of columns below the drop note that 
the capitals terminate in a 2 in. vertical edge. 


of its volume to that of the enclosed concrete; p 
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COMPUTATIONS FOR INTERIOR COLUMN 
Sheet C1 


lypical tnteriar Column tor /Tat Slab Building 
Speaticarions: 1924 Jont Committee exceot 25 ofed 
Concrele : Utimate Strengths @ 28 ds. sie LO % fe as E40 0: b 
Via ae ee LOX 20s ai = 


CoMmpurarlans. Design 
Kael 


oes damefer: £OX* - /p" Gyre, 
Effectwe » +13" :area= 133°" \COlu 
ee /91b St Comp) TC LULS 


yee AS le pp 7° 
As-00/X701: 20/ 


5 r pat Pedy fica 
ppIrar: USC P Gravely. 
Jor Z" dots re eT" 
je igs a leg = 267" 


“Viale ©/%:As 255000t _ 3059 
PV G0 cores 3/4 


Te 234400, 5/3" p= 115% 
Ag: 3.6/°" 
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448 


Spiral: p=1%, 
i fe P itch: UE Zo. 
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Try 24° core : 452°\28'Diam 
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COMPUTATIONS FOR INTERIOR COLUMN 


Sheet C2 
Investigation of Stresses due to Moment. Data 
aD? 
Data: Az = Transformed Area = ve + (n — 1)As 
—— eae T steel — assumed.to be a ring with diameter = D — 1” 


ae 


ae EDD a [= SDA ai De = DAO ee 
Wate 64 = LXSXK? | 


D mean=D-1 for (D2 — D2?) 


spiral col. Area of ring = eo aaa = (n — 1)As 
: : 
— Gale Since Di = Dz = Dmean, closely: cet Oe =P) ean 
DD: 1D. = (EDe 
NA ce if = oe ' 16 + (n = 1)As. ( 3 ) 


Transformed Section and Moment of Inertia 


Story D 7 D? } aa T steel 
3 16 201 Z 315t 
2 16 201 §35 
1 20 314 1448 
B 24 452 2860 


*n = 15 jn=10 


— 2 
t For this section I = Icore + (n — 1)As eon 2) 
I et (5) Geen col. 
b 
Distribution of Moments ah above = 
capone \ ve a ae 
I 3881 
3d Story cee 0.47 
“ i ae 
ibe ayy Be 0.29 
9298 
“ a ER = 
1st =76 78 0.28 
19,160 tnpsdev orto 
Basement = —— = 197 engths 
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COMPUTATIONS FOR INTERIOR COLUMN 
Sheet C3 


M = Total moment at any floor 

= 0.04 wl(l — 3c)? = [Am. Cone. Institute 1920] 

2 

= 0.04 wil (1 —2 ‘) Assume 5 = 0.226, the average value 

= 0.029 W1 
M = X% WI = 0.025 WI recommended by Sanford E. Thompson, 

a member of 1924 Joint Committee 
= gy X 125 X 20* = 25,000'# 
Use this value 


At 3d Floor Mabove = 25,000 X 0.47 = 11,750'# 
Moelow = 13,250 
TE WE BEOCD TOS NB SEE 
8d Story Col. fc = A 3 fj -- 908 heey a 
= 244 + 320 
= 5644/0" compression < 6004/0" [Art. 1676] 
= 76#/0" tension 
ofs << 1a XK 76 <216,0002/ 0" 
(Above solution is approximate.) O.K. 


_ 150,000 approx. , 13,250 X 12 X 8 
220 3761 

= 682 + 340 

= 1020#/0"" comp. 

> (1.2 X 720 = 8664/0") [Art. 167a] 

.. By J. C. column overstressed. 


Taylor, Thompson & Smulski, in “Concrete, Plain & R’f'd,” Vol. 1, for 
spiral cols., recommend fe = 0.35 fe! = 0.385 * 8000 = 10504#/0"". They agree 
with 1916 Joint Comm. in this. For bending without tension they allow an 
increase of 40% in fc. See pages 421 and 463. 

*. Col. assumed O.K. 


At 2nd Floor: Mabove = 25,000 K 0.29 = 7,250'# 
Moelow = 17,750'f 

_ 153,600 , 7250 X 12 X 8 
2nd Story Col. fc = 220 3750 

= lower stress than above 
250,000 | 17,750 K 12 XK 10 
1st Story Col. fe = 316 ae er Tae Ea 

= 723 + 229 
9504/0" max. comp. O.K. 
By inspection — conditions at 1st floor are seen to be O.K. 


2nd Story Col. — fe 
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COMPUTATIONS FOR EXTERIOR COLUMN 


Sheet C4 


Typical Lx terior Colump for Flat Sab Bulge. 
Specifications: 19/6 Jolgt Commiriee exctot as pored. 
Concrere Ultimate Strength @28 ds. 20004 I= 15 
ad Crea: 20K/0: ZOO 1-6 171K. 


jory Comoutan ans. wl: 
f: 32800, - B60. be BE a 
23| Bi 2 


> 


Ip fension Ta hone 
- 40800 | 

ye 75x27 Jobe <0 tp 

Ay: 2008XI5X2p: 20° 
ry 64°¢= 264°" 
7 :g5X 232X 20°= Mae i toto/ 
Divided CO. yay above tnd below. 
es ve stcHon: FIXIL| Same 
ZEZOOKIE Obs eee 


me ZoX/21X 20* 24200" 
afG|_& 81] [6 
/ 28 
b Lech 
Totals \328| 8.0|408 
13X25 X02 


/1 _ 24200X/2 134°" 
/] = 23200"05 above. 
lj Inspection  <8300 above 
Ox. fe- goeroximately 
S17, 23200X/2 . 0/3 p: 0008 
Py 163800Xx/3 
Le eS ene 5 eee 
/7ore PLCUise Been 
11638 fee fe | See data sheer 


5° Fid “1b 000KZ X15, oi) 
3X 25X06 


tals |/058| 58.0 


a 


» 2/9700 4 22200X/2x75 


fs /0400 
= 624/92 
lofdbs 4/2| 830 - 638630 Of 
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COMPUTATIONS FOR EXTERIOR COLUMN 
Sheet C5 


Data Sheet Minimum Thickness 


Thickness of Column. See Vol. 1, ‘Concrete, Plain & Reinforced,” Taylor. 
Thompson & Smulski, page 318, etc. 


3/7, 
dy = 1.15 re Ms d Here _h = story height 
(eer a L; = span || wall 
= 115\/ 2X xe L = span 1 wall 
4 oid i ims b = column width 
wie d = slab thickness 
18” used 
1st Story Column ar" fhe 
Stress below 2nd Floor Jee © te 
M =0.5 X 46,400 = 23,200'# , tia rae | e 
P = 158,200 ~ 
_ 158,200 , 28,200 X12 X 7.5 ae 
fe= 442 9160 
= 358 + 228 AN 27 X15) = 406 
= §86#4/oO0" < 630#/a0” 6X044X14= 87 
O.K. 4420" 
Di20 x16 XK yy = 7600 
wx be = 1560 
9160 in.4 


Distribution of Moments: 


Ma=2E = (2 64 + 0) by Slope Deflection equation 


if 

For 6a = M =6[ B76 | 

6a a —6b — | ne | 

6, —0 — [ | 1.€. Fiat end at b. 

0 = — “ = al a | i.e. Free end at b. 

“Ma 
M = NEK9 in general where N = 2t06 ( ey tea Ye 
Then Ma = Nels M; in general. 


NaKa + NoKo S) 
Ms 
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COMPUTATIONS FOR EXTERIOR COLUMN 


Sheet C6 
Data Sheet 
Moment Distribution at 1st Floor. 
Assume same section above and below — 
12’ 2 61 
7 Naka = WE ~ Ow — 0.56 
10' NaKa+NoKo 61 a 10.8 
12 10 


Ma = 0.56 X 46,400 = 26,200'# 
Mp = 20,200’ 


Stresses at 1st Floor 


163,800 . 26,200 X 127%. 
7600 X14 XD = go 4 258 = 628° OK 


Above Jo = 7G 9160 
_ 219,700 , 20,200 X12 X75 _ is 
Below fe = ig = fe = 497 + 199 = 6964/0" > 630 


Try same section with 6-1’ 


A = 405+ 14 X6 X 0.785 = 405 + 66 = 4710" 


ll 


I = 7600 + 66 X65 = 10,400!"4 
I/h = 10,400 = 120 = 86.5 for basement 
= 9160 + 144 = 63.6 for 1st story 


Moment Distribution with 6-1''¢ in Basement Column. 
Naka =) 6 X 63.6 882 
NoKe + NsKp 6X 686 +4865 — 728 ~ 98 
Ma = 0.53 X 46,400 = 24,600'# 
Mp = 22,000'# 


CHAPTER XV 
BUILDING DESIGN. FOUNDATIONS 


116. Nearly all engineering structures consist of two parts, the 
superstructure above and the substructure below the level of the 
ground. The foundation is that portion of the substructure whose 
function is the distribution of the load to the earth. In order to 
reduce the bearing pressure to proper limits it is necessary to 
spread out or enlarge that part of the foundation which is in 
immediate contact with the earth. The spread part of any founda- 
tion unit is called a footing. 

Concrete is in universal use for the foundations of all types of 
superstructures. It is the function of this chapter to consider 
briefly the application of the simple principles of reinforced 
concrete design already outlined to the relatively massive members 
used as the supports of buildings. Consideration of the carrying 
capacity of different soils and its determination is beyond the 
scope of this text. 

117. Foundations of Buildings. The foundations of a building 
consist usually of spread footings beneath the interior columns and 
either local footings or continuous wall footings beneath the ex- 
terior columns, the loads being transmitted to the soil at a level 
only a short distance below the basement floor. When the bearing 
stratum lies so far below the usual footing level that the cost of 
excavating open pits is prohibitive, it becomes necessary either to 
use piles which rest upon the harder underlying material and act 
as columns, or to drive shafts or caissons, 3 feet or more in diam- 
eter depending upon the depth and manner of sinking, which are 
enlarged at the bottom and filled with concrete, forming a sup- 
porting pier. When the supporting stratum of soil is of low bear- 
ing capacity for a considerable depth it often becomes necessary 
to increase this capacity and also increase the area of distribu- 
tion of the loads by means of piles. The piles are capped by 
footings which are similar in every way to those resting directly 
on the earth. Sometimes on soft soil a single bearing surface is 
employed for the whole structure forming a floor or raft upon which 

269 


270 BUILDING DESIGN. FOUNDATIONS 


all the basement walls and columns rest. The design of such a 
raft foundation is the same as that of a beam and girder or a flat 
slab floor. The bottom of a footing should always be below the 
level affected by frost action, a distance which varies with the 
locality. 

118. Proportioning Footing Area. All soils are compressible 
and so all structures settle to a greater or less degree unless they 
are founded on solid rock. The allowable bearing pressure on a 
soil is set at such a value that settlement will be limited to a 
reasonable amount, a small fraction of an inch or several inches, 
according to the locality, the nature of the soil and the type of 
structure. . 

The settlement of all the different parts of a building must be 
equal so far as possible in order that cracking of walls and plaster — 
and structural damage to the frame be avoided. This becomes a 
matter of increasing importance and difficulty with the poorer 
soils where the settlement to be expected and consequently the 
variation in settlement are greater. By far the larger part of all 
settlement is caused by the dead load of a structure, a factor which 
can be computed with great accuracy. Live loads have practically 
no effect on settlement unless they are long continued, but of 
course they have the same effect on the stresses in the footings 
as any other load. Accordingly it is important that the unit 
bearing pressure on the soil under all footings of a building be the 
same under dead load in order that equal settlement of all parts 
may occur. If the bearing capacity of the earth under one part 
of a structure differs from that under the rest careful studies of 
the relative capacities must be made and bearing pressures used 
that will result in equal settlement. In some types of buildings 
where the live loads are certain of realization for long continued 
periods a portion of the live load is added to the dead load and 
footings are proportioned for equal unit pressures under the com- 
bination. A fact to be kept in mind when deciding upon the 
proportion of live load to be so used and the portions of the struc- 
ture where live load concentrations are to be expected, is that a 
large proportion of the total settlement usually has taken place 
by the time the building is ready for occupancy. Another factor 
to be considered here is the reduction to be made in live load on 
girders and columns. (See Arts. 95 a and 111.) 

The actual procedure in computing footings is as follows: the 
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bearing area of the footing under the column with the smallest 
proportion of dead load (one of the interior columns) is calculated 
by dividing the total load on the soil (column load, live and dead 
plus the weight of the footing), by the allowable bearing pressure 
for the earth. Next the unit pressure under this footing is deter- 
mined for dead load only (or for dead load plus one-half the live 
load, the usual proportion chosen when live load is included). 
Then all other footing areas are determined by dividing their 
dead load totals by this computed dead load unit bearing. 

All footings should settle evenly without tipping and this re- 
quires a symmetrical distribution of pressure on the base. The 


exact distribution of pressure 
is not known but when the 
- 
eee 


load on a footing is vertical 
Plan 


it is assumed as uniform for 
nearly all calculations. This 
assumed uniformity of pres- 
sure is obtainable by propor- 
tioning the bearing area so 

that its centroid lies on the eo 
line of action of the load. Ac- 
cordingly the footing under a 
single column is concentric 
with the column. A footing 


é . Elevation 
of this sort is shown on Com He 38 


putation Sheet IF1, page 279. 
A combined footing is one that supports two or more columns. 
The line of action of the resultant of the 
M=FPe dead column loads (or dead load plus a frac- 
a tion of the live) should pass through the 


centroid of the base of the combined footing. 
A common type is illustrated in Fig. 89. 

A wall column is usually subjected to bend- 
ing as well as to direct compression and so 
its footing should not be concentric with the 
column. This moment can be estimated or 
computed by the methods that have been 
described and the footing centered so that 
the uniform base pressure and the axial column load form a 
couple equal and opposite to the moment. This is illustrated in 


Centre line 
of footing 


Fig. 90 
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Fig. 90. A more common method is to estimate the lines of action 

of the several loads carried by the lower column above the footing 

and find the line of action of their resultant, which is the required 

center line of the footing. This is illustrated by Fig. 91. Beam 

reactions are usually assumed 

to act at from one-quarter to 

one-third the depth of the col- 

umn from the inside face, or a 

distance equal to one-half the 

Wall beam depth of the beam if that is 

less. Any error of assumption 

that places the center of the 

footing inside the actual re- 

sultant load results in a ten- 

dency to tip so that the column 

leans out from the building, 

causing cracks. So it is desir- 

able that the load resultant 

(Fig. 91) act a little inside the 

center of the footing which re- 

Fra. 91 sults in a tipping that tends to 

force the building together. 

119. Bearing Capacity of Soils. A table of safe bearing values 

of soils can be only a very approximate guide as to the proper 

value to choose in any particular case unless the table has been 

constructed from the records of experience of the given locality 

and covers very definitely the conditions at the location. There 

are many factors that affect bearing value, those of composition, 

moisture content and degree of confinement laterally. Up to the 

present we have had no standard of measure by which it was 

possible to give an accurate description of all the essential proper- 

ties of soil. The usual descriptions, such as stiff clay, cover a 

wide range of different materials under one heading. The re- 

searches of Dr. Ing. Charles Terzaghi' are giving us definite 

standards and for the first time putting our work with soils on a 
scientific basis of exact knowledge. 


Load from 


Beam reaction 


Line of action 


of Resultant Centre of 


column 


Centre of. 
footing 


1 The following publications of Dr. Terzaghi are especially to be noted: 
“Modern Conceptions concerning Foundation Engineering,’ Journal of the 
Boston Society of Civil Engineers, Dec., 1925. ‘Principles of Soil Me- 
chanics,” reprint from Engineering News Record. “ Erdbaumechanik,”’ 
published by Deuticke, Leipzig and Vienna. 
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In considering any specification for soil pressures it is necessary 
also to consider the allowable live load reductions. In some build- 
ing codes extreme conservatism in one of these matters is offset 
by liberality in the other. In the code of the city of Boston 
extremely large reductions of the column loads are permitted but 
the allowable soil values are not unusual. The Boston rules are 
reprinted below as they give a much better definition than is usual 
for the various kinds of soil. 


ALLOWABLE BEARING ON FOUNDATIONS 


Tons per 
Sq. Ft. 
Solid Ledge Rock. (Naturally formed rock, such as the granites 
and others of similar hardness and soundness, normally re- 
quinine blasting tor their removals) <3). es. cnet we 100 
Shale and Hardpan. (Shale: laminated slate or clay -rocks re- 
movable with more or less difficulty by picking. Hardpan; a 
thoroughly cemented mixture of sand and pebbles or of sand, 
pebbles and clay, with or without a mixture of boulders and 
dificult to remove py PICKING.) =. 04) ala seg eh bee ue kek s 10 
Gravel. (A natural uncemented mixture of coarse or medium 
grained sand with a substantial amount of pebbles measuring 
one-fourth of an inch or more in diameter.)................ 
Compact Sand and Hard Yellow Clay. (Requiring picking for 
removal). ..... Sis af-gens Siete ae Pan aS Ae ey REE UE 6 
Dry or wet Sand of coarse or medium-sized grains. Hard Blue 
Clay mixed or unmixed withsand. Disintegrated Ledge Rock. 
(Sand, medium-grain; individual grains readily distinguish- 
able by eye though not of pronounced size. Disintegrated 


Ledge Rock; residual deposits of decomposed ledge.)........ 5 
Medium Stiff or Plastic Clay, mixed or unmixed with sand. (Stiff 

and plastic but capable of being spaded.).................. 4 
Fine Grained Dry Sand. (Individual grains distinguished by eye 

Ola wap EUtiell Gwe) ism etetae = cine ee or nets, Sere. seal erase ntcsaatinces 4 
Reve Gramed Wetisand, confined)... 5 2. cher atin ctetrsie e eeecclod eel ss a 
Soft Clay, protected against lateral displacement. (Putty-like in 

consistency and changing shape readily under relatively slight 

PLESOUILE)) eaten eee hat och Arcee Siar a vans set Speede Sueige aye oro ssva 2 


For all important structures studies should be made of the 
foundation material by means of borings and test loads. 

To guard against unequal settlement when part of the footings 
of a structure rest on rock it is common to specify that the soil 
value for the remaining footings be reduced one-half. 

Basement floors often rest directly on the soil. While their load 
is relatively light there will be large settlement on compressible 
soils and the resulting failure of the floor may be expensive to 
repair although not dangerous to the building. 

Footings and floors are sometimes subject to uplift due to water 
pressure. This seldom needs to be considered in footing design 
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except for hydraulic structures. It is often of importance in 
designing basement and pit floors. The water pressure is prob- 
ably not exerted on the entire surface of a concrete floor poured 
directly on the soil. Mr. J. R. Worcester! recommends that such 
pressure be assumed to act over one-half the area. In designing 
for water pressure when a non-flexible waterproofing is to be used, 
it is essential that steel be used to prevent any stress cracks, con- 
sidering the floor or the pit as a monolith. . 

120. Footings of Plain Concrete. For large footings reinforce- 
ment is usually an economy but plain concrete is used with ad- 
vantage for the footings of many small structures. The ratio of 

projection (p) to height of course (h, Fig. 

92), is commonly set by rule of thumb, 

p such as 3 for all soil values. This is not 

5 logical since the plain concrete section 

acts like a cantilever beam and the allow- 

h able ratio of offset to height is a function 

of the load, which for the lowest course 

is the soil pressure. This ratio is ordi- 

Fia. 92 narily limited by the tension in the con- 

crete. Taylor, Thompson and Smulski? 

recommend a value of 60 pounds per square inch for this tension 

which gives ratios of projection to height varying from one-half 
to one for the usual range of soil pressures. 

121. Reinforced Concrete Footings. Experiments at the Univer- 
sity of Illinois under the direction of Prof. Arthur N. Talbot? in 1908— 
12 are the basis of modern practice in footing design. These rules 
are formulated in Chapter XI-H of the Joint Committee Report. 

Wall footings are simple cantilever slabs projecting on each 
side of the wall. Footings for isolated piers are square or rec- 
tangular slabs, concentric with the column, made uniform in 
thickness or with a sloping or stepped top. Such a slab is essen- 
tially a system of radial cantilevers projecting from the pier and is 
designed as a two-way cantilever with reinforcement parallel to 
the sides. All footings are relatively short heavily loaded beams 
and therefore shear and bond are of proportionately greater im- 
portance than in ordinary slabs. 


P. 


1 Journal, Boston Society of Civil Engineers, Vol. I. 
2 “ Concrete Plain and Reinforced,” Vol. I, page 481, 4th Edition. 
§ Bulletin No. 67, University of Illinois Engineering Experiment Station. 
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The shear on a vertical surface which is the extension of the 
face of the column down through the footing, has been much used 
as a criterion for the total depth required for footings under 
columns and piers. This shear is called punching shear and is 
often regarded as pure shear unaccompanied by tension. The 
allowed value commonly is 6 per cent of the ultimate strength of 
the concrete. The use of punching shear in design is not men- 
tioned in the 1924 Joint Committee Report and it is quite gener- 
ally recognized that former practice was unnecessarily conserva- 
tive in this regard. 

The experiments at the University of Illinois proved that the 
critical section for diagonal tension lies at a distance from the face 
of the wall or column equal to the depth from the top of the 
footing to the steel (d). For 
this reason shear as a meas- —— 
ure of diagonal tension is meas- | 
ured on a vertical surface at 
this section. Since it is difficult 
and expensive to use diagonal L 
tension reinforcement in footings 
the diagonal tension shear is 
kept low. 

In wall footings the critical 
section for bending is at the face —— 
of the wall. For column foot- 
ings the critical section for mo- 
ment also is at the face of the 
supported member except in the 
case when a metal base plate is at 
used, when the theoretical sec- o 
tien of maximum moment at the 
center is that to be used in com- 
putation. The bending moment Fia. 93 
to be resisted by the steel crossing 
the mn plane in the column footing shown in Fig. 93 is that due 
to the upward pressure on the trapezoid efgh. The assumption of 
uniform pressure over the whole area results in an unnecessarily 
large moment and it is proper to assume it non-uniform, taking 
the center of pressure on the area ejkh a distance c/2 from mn 
and that on the triangles efj and hgk 0.6c from mn. The moment 
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thus computed acts on a beam the limit of whose width is the 
width of the column or pier, a, plus twice the depth, d, of the 
footing, plus one-half the remaining width of the footing. The 
steel must be placed in this width with uniform spacing and the 
concrete stress computed on the exact shape of the concrete 
section having this width at the face of the pier. If the footing 
is wider than a + 2d it may be desirable to use additional rein- 
forcement outside the effective width. Each step in a stepped 
footing is a possible critical section. 

Footings with sloping tops contain less concrete than the other 
types but are troublesome and uneconomical on account of the 
formwork for the top, except for slopes flatter than 2 to 1 which 
may be poured without forms by using dry mixtures. Builders 
prefer the stepped top or the single slab. The difficulty with the 
stepped footing is the tendency to pour the concrete in as many 
separate operations as there are steps. Unless the pouring pro- 
ceeds with sufficient continuity so that the footing forms a single 
homogeneous mass of concrete each step must be designed in- 
dependently. 

Bond stresses usually are very high in footings. When straight 
rods are used for reinforcement, without hooks at the ends for 
anchorage, bond usually controls the selection of the steel, the 
amount required sometimes being twice that for resisting moment. 
The shear for bond computations is that at the face of the wall or 
pier. The allowable bond stress for unanchored bars in a spread 
footing is obviously less than in an ordinary beam since the tension 
in the bottom tends to pull the concrete away at right angles from 
the steel. The anchorage required by the Joint Committee with 
high bond stress is given by providing a 180 degree hook at each 
end of all bars. 

The problem of transferring the load from a highly stressed 
column with spiral reinforcement to a footing or pier of plain 
concrete is often difficult. The loaded area can usually be taken 
as the whole cross-section of the column including fireproofing, 
and this loaded area is confined laterally by the mass of the pier 
or footing outside it. The more effective this lateral support the 
larger can be the local compression as is shown by the formula 
recommended by the Joint Committee. (See Art. 182, Appendix 
B.) Some designers make a practice to use spiral reinforcement 
in the top of piers and footings. The load from the column 
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reinforcement is transferred to the pier or footing by means of 
dowels or by use of a metal base plate. An equal number of rods 
of the same size as the column reinforcement is required for dowels. 
At the bottom of the column they must carry a stress equal to 
that in the column reinforcement in the upper part of the column 
and so must extend above the footing a distance sufficient to 
develop this stress in bond. 

On account of varying soil conditions and the presence of differ- 
ent levels in the basement floor due to special constructions such 
as pits for elevators or 
machinery, it is not com- 
mon for all footings in a 
building to have their bases 
at the same elevation. It 
is not convenient to have a 
variety of lengths for the 
basement columns and the 
necessity for this can be 
avoided by using plain con- 
crete pedestals on all foot- 
ings, extending to the under- 
side of the basement floor. These piers have larger cross-sections 
than the columns they support and so their use results in more 
economical footings. 

The following proportions for stepped footings are recommended 
by Taylor, Thompson and Smulski! (Fig. 94): 


a es a nics nage Width of Top Black 

a/L 

0.10 0.36 L 
0.15 0.38 L 
0.20 0.40 L 
0.25 0.45 L 
0.30 0.50 L 
0.35 0.52 L 
0.40 0.55 L 


1 Concrete Plain and Reinforced, Vol. I, page 490, 4th Edition. 
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Ratio of depth of top block to total depth (d), 0.4. In the ex- 
ample that follows slightly different proportions are shown which 
are those used by the Kalman Steel Co., and given in their de- 
signers’ manual, “‘ Useful Data.” 

The width of the top block should be at least 4 inches wider all 
around than the pedestal in order that there may be room for 
setting the forms. Similarly the pedestal must be larger than the 
column which it supports. 

122. Design of an Interior Column Footing. (Computation 
Sheets IF1-IF2.) The footing here designed is that required under 
a typical interior column of the flat slab building under study 
in these chapters. The data are assembled at the top of the first 
sheet. The sketch there shown was built up step by step as the 
computations proceeded. 

This is a stepped footing, top block cast integrally with the 
base, and designed by the older method of punching shear. No 
pedestal is used. The calculations show that the average thick- 
ness for a footing of these proportions is about two-thirds of the 
total depth, a convenient bit of design data to assist in estimating 
the weight of footings rapidly. Great precision in the matter of 
weight is not necessary. 

The steel is protected by about 33 inches of concrete as required 
by the Joint Committee.  - 

The shear used in calculating the bond stress was the same as 
the upward load acting on the trapezoid used in determining the 
bending moment. It is assumed that this is the shear bringing 
bond stresses to one end of one set of rods. 

There are two critical sections for moment in this footing, 
that. at the face of the column and that at the edge of the 
cap or upper block. The second was first considered as the 
other was seen by inspection to be less critical. It is thus a 
matter of indifference in this case whether the cap be cast with 
the base or not since it satisfies the requirements for a plain 
concrete footing. 

The moment involved in the judgment above noted as obtained 
by inspection is that computed in the second part of this design 
where the details for a footing with a sloped top were considered. 
In this design the slope of the top was limited to the 2-1 already 
stated to be about the greatest possible for the upper sloping sur- 
face without forms. But for that limitation the thickness at the 


BUILDING DESIGN. FOUNDATIONS 279 


COMPUTATIONS FOR INTERIOR COLUMN FOOTING 


Sheet IF1 
Footing: Interior Column. 
Loads: Stresses: Column:  28'’ Diam. 
Live 166,000 fs = 16,000#/0" 1-3mix  6-1"¢ 
Dead 189,700 tc = 650#/0" n=10 24" diam. core. 
355, 700# v = 40#/0" Diagonal Tension 
= 1204/0" Punching Shear 
u = 76#/0"” [138] Soil value = 8000#/0' 


Depth: 
Soil Reaction under column — 


approx. = 8000 X Z x 2.33 
= 34,3004 
Total Punching Shear 
388,700 — 34,300 = 321,000#+ 
321,000 


Bt Fag og 
H=06X35 =81" h=14" 
Size: 


Weight of footing: (approz.) 
Footing of same volume and uniform 
thickness has total thickness 
volume of cap 
ee see 
2 
= 0.6(H +n) 4+ C4 LOA) H +N) 
= 0.664 (H +h) 
Wt. of base 
= 0.664 (H +h) (=) 
= 8.3 (H +h)#/0’ La 
IS SOO L90F Critical euilon for 
Net pressure allowable on TOE ducers to adi 
= 8000 — 300 = 7700#/ 


Tice 355,700 DESO XK 6:08 Kole S300 
27700 S28 +2x 4 = 96" 
Ny RY Make L = 6'-10” Make b = 36" 


Diagonal Tension 
355,700 


6.83 = 46.70’ 
Total shear on critical section —__ 
= 7600 (46.7 — §.83°) = 96,5004 


96,500 V 
‘tray So ee et he = ee MO a ORK 
Unit shear v x70) UN ~ bid #/ 40#/ 


Net pressure = = 7600#/Q’ 
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edge would have been made at least 10 inches, following Art. 175 
of the Joint Committee. 
It is obvious from the previous computation that the shear 
stress is within proper limits. Had it been necessary to compute 
the diagonal tension shear it would have been necessary to cal- 
culate the depth of the section at a distance d from the face of the 
equivalent square column assumed to replace the round column 

in the calculations. 

A footing about two-thirds as thick as this would have resulted 
from neglect of the punching shear, using the same limiting slope, 
and keeping the shear low enough to avoid using stirrups. For 
footings of common proportions the concrete stresses are very low 
but for careful design the exact shape of the section should be 
used in computing the steel ratio. 

123. Footings on Piles. Concrete footings are used with both 
wood and concrete piles. The design of an interior footing with 
pile supports proceeds on exactly similar lines to those outlined 
above. The piles bring concentrated reactions to the base which 
must be brought into the footing by bearing and punching shear 
above and around each pile. The moments to be resisted are 
computed as before except that the forces acting through the piles 
are often assumed to be definitely located with lever arms measured 
perpendicularly to the face of the column or pier. As a matter 
of fact a variation of a foot in the location of individual pile heads 
is not uncommon in field work. For this reason some engineers 
design these footings as though the base pressure were uniformly 
distributed. The steel is placed in two layers and directions as 
before for a rectangular footing and not radially to each pile. 
The exact shape of the footing often deviates slightly from the 
rectangular but this is ignored in design. 

124. Combined Footing. (Computation Sheets CF1-CF2.) 
The first step in designing a combined footing to carry an exterior 
and an interior column, like those previously designed, is to deter- 
mine the area required for the base, which must be the sum of the 
areas required by the individual footings. This was first done 
without taking account of the weight of the footings which did 
not give accurate results since the weight of the combined footing 
turned out to be much greater per unit of bearing area than the 
interior footing. The first trial width of 3 feet 4 inches was found 
to be inadequate for the combination of live and dead loads on ac- 
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COMPUTATIONS: FOR INTERIOR COLUMN FOOTING 
, Sheet IF2 


Steel 
Moment at face of cap 
(7600 X 3 X 1.92) (0.96) = 42,200'# 
(7600 X 1.92") (1.15) = 82,200 
74,400" # 
= 3.760" 
19-4 = 8.72n" 


Ap = ML _ 74400 X 12 
< fsjd 16,000X 2X17 


Check of p & fe: 


ois 
Joe = Oy — 
P= oa 7? EET; 0.0027 < 0.0077 limit for 16,000 — 650 
Bond: — 
Shear at edge of cap = 7600 (46.7 — 3.0°)4 
V = 71,700# 
ed dae GOCE at 


DOM EgIESO ONT KEIO Xe 
> 0.75 X 100 = 75#/0” allowable (138) 


Moment at face of Column. By in- All bars must be hooked both ends 

spection — computation unnecessary Use 19-3!’ each way — All bars hooked 
Bearing on cap: — 

356,700 
jo.= a8 Se = 6224/0" 
7X 28 + 14 X 6 X 0.785 s/F 
= My a 
~ transformed area [182] 


Design with Sloped Top. 
Same as 1st design except sloping top: — 


Steel: M = 3 (a + 1.2 c)c [176] Herea = \/% x 2.33 = 2.1! 
Se) 
Pee iy Sr AF o = SI ay 
= 110,000'£ : 
ee 340" 

774" 
21" - , 

2-0 

G10 a 
Oe 8 01a" 16-46 = 8.140" 


fsjd 16,000 X ¥ x or 
Bond: V=1X 7700 (6.83 — Z X 2.33) = 81,7004 


ee eV 81,700 " 
“So jdzo 4X81 X16X¥X4 #/ 


> 76#/oO” 
*. Use Hooked Ends 
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count of the excessive pressure under one end. The depth was esti- 
mated and the weight of the footing found, which made it possible 
to find the actual width required, 3 feet 8 inches. It was neces- 
sary to check the dead unit pressure under the revised base area 
and compare with that under an independent interior column 
footing. Had it not happened that the two agreed a revision 
might have been necessary. 

The shear and moment curves were drawn for this foundation 
beam, something which is often necessary in work of this type. 
The dotted portions of these curves show the results that are 
obtained when the width of the columns is neglected. 

The design of the stirrups offers no new problem. Several loops 
would be used with relatively heavy material, such as 3-inch 
rounds. For the main reinforcement the minimum number of 
bars was chosen of the largest size, so that when in place in the top. 
of the footing there would be as little interference as possible with 
the pouring of the concrete. 

125. Connected Footings. In place of a combined footing in 
a situation where a projection beyond the wall is impossible, use 
is often made of a wall column footing carrying the wall column 
near its outside edge and connected with the nearest interior 
column footing by a beam, called a strap, which counterbalances 
the eccentricity and maintains uniform pressure under the outer 
footing. A strap of this sort is illustrated in Fig. 95 and the 
design of another is carried through in outline on Computation 
Sheet SF1. 

In this design the same columns and loads were taken as before, 
and the common condition assumed of a considerable distance 
between the bottom of the footings and the basement floor. 
Caisson piers were used, of plain concrete. 

The location of the exterior pier was found by a series of trial 
computations only the last of which is shown. This pier was 
enlarged at the bottom to give a rectangular bearing area entirely 
within the lot. If unequal settlement of the two piers occurs there 
is possibility of tension developing in the bottom of the strap. 
To provide for this contingency Taylor, Thompson and Smulski! 
recommend the use of one-third as much steel in the bottom as 
in the top. The details of the computation follow the same argu- 
ment as previously and no comment is needed. 


1 “ Conerete Plain and Reinforced,” Vol. I, 4th Edition, page 537. 
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COMPUTATION FOR COMBINED FOOTING 
Sheet CF1 


Base Area 


Loads: Int’r Col. Wall Col. Total fs = 16,000#/0”" fe = 6504/0" 
Live 166,000$  83,000# 249,000 |v = 120$/0" wu = 100$/0” 
Dead 189,700 141,200 380,900 |n = 168 
Total 355,700$  224,200# 579,900 \ Soil Value = 8000#/sq. ft. 


Int’r Col. Footing: Bearing under dead column load = cae = 4050#/0' 
Wall Column Footing: Area required = ar = 35.00 
Under total load — Bearing = =2°90 _ gyoog/ay < 8004/0" 
. Combined Footing: 
Base area = 46.7 + 35.0 = 81.70’ 
Resultant dead load acts 
ry ; Dead: 141200% 
189,700 X 20.25 = 11.6! Dea satoe® Resultant 
330,900 Dead Load 


from centre of wall column 


.. Length of Footing = 
2 (11.6 4+-0.75) = 24.7' = 24'-9" 


*. Width = aces SB = Ziaf* 3-8" 


Stresses due to Dead + Live Loads: 
Resultant acts 


355,700 XK 20.25 oS. 
ee ce J > 
579,990 11.6 2 
Eccentricity = 0.8’ =e 
Pressure: — 
P, 6e 
=(14 *) Ibs. /ft. 
_ 879,900 6 X 0.8 
2425 24.76 


= 23,400 (1 + 0.20) 
= 28,000 and 18,7004/" 


Maximum unt pressure 


= 78,000 _ 3500$/c" 
3.3 > 8000 


Moment Curve 
'1042000'# 


Footing should be wider 
(See next sheet) 
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12-1" 8 Stirrups +¢ 


154,600 * Dead 
245,000 Total 


Ground loosened under strap 
so that there will be no Elevation 
bearing here. 


Plan 


Fia. 95 


126. Foundation Walls. When the spacing of the wall columns 
does not exceed about 18 feet it is economical to support the first 
story columns and floor beams on a heavy foundation wall at least 
12 inches and better 16 inches or more in thickness. The building 
code of the locality sometimes governs the thickness. Analyzed 
as a structural member such a wall is a continuous beam with a 
uniform upward load and a series of concentrated downward 
loads. When the depth of the wall is greater than about 10 feet 
the effect of the lateral earth thrust should be considered. A 
foundation wall is usually of uniform thickness but is sometimes 
built with enlarged sections, called pilasters, under the column. 

In the building designed in this and the previous chapters the 
wall columns were carried down to either an independent or a 
combined footing, and a light basement wall constructed between 
them to hold back the earth. It is not practicable to attempt to 
pour reinforced walls that are thinner than 12 inches unless the 
forms are raised gradually to the full height which is not the usual 
procedure. These walls are designed as slabs spanning horizon- 
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COMPUTATION FOR COMBINED FOOTING 
Sheet CF2 


Depth and Width 


Assuming 3'-4" width and using v = 120#/0" with diagonal tension rein- 
forcement: 


pee e000! =e, 
bv §=40X% FX 120 Zz” cover 


57” total. 
Dead weight of footing = as x 160 = 700#/0’ + 


Maximum from column loads 8500 
Maximum total pressure 9200 > 8000#/0' allowed 
*, Make width = 28,000 + (8000 — 700) = 8.83' Use 3/-8" 


Mots depth: d = = x 53 = 48!" 
4’ cover 


52" total @ 6504/0’ 


M_ _ 1,042,000 X 12 45 re ae 
Top: As Fad = 76.000 Xi XB = 18.660 12-140 = 18.70" in top 


Bottom: As = 18.65 X ae 2.060" 2-140 = 3.10” 


et in bottom under interior column. 


Bond: Number of bars required in top at columns: 


(>> = = 7) N = pay aa BH = 11 bars 
Number required in bottom at interior column: 
N = 11 X seh = 4 bars 
Check of Base Pressures 
Base Pressure under dead load Se = 3650#/ n’ 
Weight of footing 650 


Unit pressure — dead load = 43004/0' 
For Interior Footing unit pressure — dead load = 4340 = 4050 + 290 
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tally from column to column or vertically from the support offered 
by the floor slab to a horizontal beam running between columns, 
or as a two-way slab. Sometimes the lower support is assumed 
to be furnished by the basement floor but this is not good practice 
unless special precautions are taken to see that this floor is cast 
in sufficient season to be available when the supports of the wall 
are removed and the earth fill is in place. The connection between 
the wall and the first floor is often broken by windows or vent 
openings. In many of these cases the wall can be made to span 
vertically (which is the most 
economical for basement 
depths up to about 12 feet), 
being supported at the top by 
a horizontal beam made by 
reinforcing the upper section 
of the wall with horizontal 
bars. 

Walls of this type may be 
built to provide their own 
vertical support with a canti- 
lever wall footing if necessary, 
or with steel top and bottom 
Plan to carry the stresses due to 
beam action in spanning be- 
tween supporting wall col- 
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Construction Joint 


and Recess umns. 
eg 2 a t i 127. Stairs. No treatment 
B Stair of building design however 
J Dowels Landing : : 
in brief would be complete with- 
ain z . . . 
Reinforcement | PFA) out some description of stairs. 
Tm 3 . 
Joint and _ pS” Sha, Bars In reinforced concrete con- 
Recess ge || struction stairs are inclined 
AER | slabs with triangular treads 
poweld formed on the upper surface. 
Section In Fig. 96 is shown an ar- 
Fra. 96 rangement suitable for the flat 


slab building in these pages. 
The stairs shown are designed as simply supported slabs with a 
span equal to the horizontal distance between the floor beam, B1, 
and the landing beam, B3. The effective thickness of the in- 


BUILDING DESIGN. FOUNDATIONS 287 


COMPUTATION FOR FOOTING WITH STRAP 
Sheet SF1 


Interior Col. 

Total 356,000 

Caisson 16,000 

Strap 10,000 
P, = 82,0004 


Dead Load from Wall Col. 


141,200 

Caisson 16,800 

Strap 10,000 

P= 168,000# 

P2 = 168,000 x 02? — 14,0004 Dead Load only 
P-=168,000 
Uplift on Interior Col. 16,000 = P2 —-P = P; — P; 

P, = 382,000 


366,000 = P; (Live + Dead) 
Interior Column 
oo ee = 46.0 sq. ft. ee = 43404/sq. ft. = unit pressure for 
dead load only 
7'-8" diam. Bell of Interior Caisson 


Wall Column 

P, = 184,000 __,, 274,000 

a 42.3 sq. ft. 728 
5’ X& 8'-6"' caisson base exterior. 


= 6500 under total load < 8000 O.K. 


Shear: I[szxterior Punching: v = 1204/0" 


a 183,000 ee ‘ 
Gh = 36 Xi xX 120 = 49 Make total depth 6 
Interior: Without stirrups: v = 40$/0” 
21,000 7, rf 
d 36 X EXO lif otal dept 


Reinforcement 
M = 21,000 X 17’ = 357,000'# 
357,000 XK 12 


ey ee ee BOF mB x if "t 
SE ae OE ma % 
6.25 
= 0.0080 < 0.0077 
Dea ip 


OIG 
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clined portion of the slab is the distance d shown in Fig. 97. In 
computing the dead weight per horizontal foot for use in design 
the inclined part should be considered to have the total thickness 
of t;: the treads add 40 to 50 pounds per horizontal square foot. 

The dimensions for rise and tread vary in any structure but 
should be kept as closely 
the same as possible for all 
stairs in any single build- 
ing. The dimensions shown 
- in Fig. 97 are common. 

Stairs are usually poured 
after the floors are finished. 
The connection to the sup- 
porting floor beams is by 
means of recessed joints and 
dowels as shown on Fig. 96. 
The arrangement of the 
reinforcement in the stair shown in section should be studied. 
The main rods do not run from the lower floor beam to the landing 
beam B3 continuously in the bottom of the slab. The bars from 
the inclined slab extend into the top of the landing slab and run 
over to the landing beam where they should be hooked. The 
stiffness of this beam brings negative moment into the landing. 
The bars in the bottom of the landing slab opposite this flight 
extend in their turn into the top of the inclined slab and then 
bend down for a short distance. Were bars extended continu- 
ously in the bottom of this slab around this reéntrant angle they 
would exert a strong bursting pressure on the concrete as they 
tended to straighten under stress. For temperature reinforce- 
ment it is customary to place a single 2-inch round bar under each 
tread. 


CHAPTER XVI 
ARCHES 


128. The first arches were curved structures with converging 
reactions, made of wedge-shaped stone blocks, so proportioned 
that the line of action of the resultant normal stress at any section 
was wholly compression. The modern arch of plain concrete 
likewise must be designed so that the line of resistance lies within 
the middle third. Reinforced with steel somewhat smaller sections 
may be used since such an arch can carry a large bending moment 
with tension in one face. 

The most common type of reinforcement is a series of longi- 
tudinal bars in top and bottom of the section, following the curve 
of the arch ring. Large concrete arches often employ a structural 
steel arch as reinforcement. The great advantage of this is that 
it is possible to design the steel arch to carry the weight of the 
forms and the wet concrete of the rib, thus avoiding the use of 
false work and making more economical use of the steel. Arches 
thus reinforced are often made with hinges at the supports and 
sometimes with one also at the crown. The more common type 
of concrete arch is built without hinges and the discussion of this 
chapter is limited to that variety. 


line Abutment 


Fia. 98 


Hinges serve to fix the point of application of the force acting 
through them and to eliminate bending. The three-hinged arch 
is statically determinate and is not subject to stress due to tem- 
perature changes and to settlement of the abutment. The hinge- » 
less type, like all indeterminate structures, is acted upon by both 
these influences. 

The technical names of the principal parts of an arch are given 
in Fig. 98. An arch may consist of a single ring called the barrel 
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or of two or more parallel ribs. The haunch is that portion of the 
rib or barrel midway between crown and springing. The spandre! 
is the space between the upper surface of the arch, the back, and 
the roadway. Barrel arches are of two sorts: the filled spandrel 
with the roadway built on earth filled in above the arch which is 
built with side or spandrel walls; the open spandrel with columns 
or cross walls built on the back of the arch to carry the beams and 
slab of the floor system. 

129. Arch Analysis. A hingeless arch is indeterminate to the 
third degree, there being six unknown elements of reaction as shown 
by Fig. 99. In order to analyze the stresses it is necessary to find 
three equations in addition to the three of equilibrium for a non- 
concurrent co-planar force system. This may be done in various 


ay, Vp 


Fig. 99 


ways by consideration of the relations between the elastic defor- 
mations of the arch and the internal and external stresses. The 
most convenient and simple method of the many available is 
probably that of Least Work presented by Professor C. M. Spof- 
ford in his “Theory of Structures.” There are two great ad- 
vantages to this method: first, its ease and accuracy of applica- 
tion, and second, the fact that it is the application of a simple and 
familiar theorem and so involves the minimum of new detail for 
the learner. 

In order to apply this or any other method of analysis based 
on the elastic properties of the arch it is first necessary to assume 
a section of known dimensions. The labor of an exact analysis 
is so great that it is desirable to have available some simple method 
for arriving at a trial section that will require little if any change 
upon closer study. Mr. Victor 8. Cochrane! has developed a 
simple and speedy method of applying the elastic theory to 


1 “ Design of Symmetrical Hingeless Arches,’ Victor 8. Cochrane, in Pro- 
ceedings of the Engineers’ Society of Western Pennsylvania, Nov., 1916. 
Convenient curves for the solution of Mr. Cochrane’s equations are given in 
“Concrete Engineers’ Handbook,” Hool & Johnson. 
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symmetrical hingeless arches which is somewhat approximate but 
sufficiently accurate for the final design of structures of moderate 
span where great refinement is not attempted. Mr. Charles S. 
Whitney' has prepared a similar adaptation of the elastic theory, 
equally simple and rapid of use, which even exceeds the longer 
methods in accuracy when applied to arches proportioned in ac- 
cordance with his fundamental equations. Mr. Whitney’s method 
is presented in part only and very briefly in a later article. 

Stone arches are usually analyzed by the line of thrust or static 
method, of which there are several variations.2,_ The most favored 
of these assumes that for any loading the crown thrust is the 
minimum consistent with equilibrium. For symmetrical loading 
on arches with a central angle® of not more than 90 to 120 degrees 
this criterion would indicate a line of resistance passing through the 
upper middle third point at the crown and the lower middle third 
point at the springing. If this line of resistance lies within the 
middle third at all sections the arch is considered to be satisfactory 
for this loading. The criterion for unsymmetrical loading seems 
to amount to this: if a line of resistance can be drawn within the 
middle third at all points the arch is satisfactory. 

The static method is used by many engineers for the preliminary 
and even for the final design of monolithic arches of reinforced 
concrete. Those who are impressed with the uncertainties of the 
elastic theory due to doubtful preliminary assumptions consider 
this practice satisfactory for structures of moderate span. The 
two methods give results in reasonably close agreement. The 
static method takes no account of temperature stresses and 
abutment movements. 

130. Proportions. The axis (the center line of the arch ring) 
should conform very closely to the dead load line of resistance, 


1 “ Design of Symmetrical Concrete Arches,’’ Charles S. Whitney, Transac- 
tions, Am. Soc. C. E., Vol. LX XXVIII, page 931, 1925. Complete tables and 
diagrams for this method are given in “Concrete Designers’ Manual,” 2nd 
Edition, Hool & Whitney. A valuable paper by Mr. Whitney, on the 
“ Analysis of Continuous Concrete Arch Systems,’”’ was printed in the Pro- 
ceedings, Am. Soc. C. E., May, 1926. 

2 The principal methods are discussed simply and clearly in Baker’s “ Trea- 
tise on Masonry Construction.” 

3 For arches with a central angle equal to or greater than these limits a 
plane of maximum rupture develops at about this location in the ring which 
should be treated as the actual springing line section. 
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thus eliminating so far as possible bending under the permanent and 
major part of the load and reducing stresses to the least possible. 
The shape of this curve would be parabolic were the dead load uni- 
formly distributed. Since the intensity of this load increases 
towards the ends of the span, the theoretical curve lies above a pa- 
rabola and in preliminary computations of weight for arches of mod- 
erate ratio of rise to span may be assumed as the segment of a circle 
through the crown and the two springings. With the dead weight 
of the structure known with reasonable accuracy, a satisfactory 
curve for the axis may be obtained by passing an equilibrium 
polygon through the crown and springing points of the axis. 
This assumes no bending moment at these two sections, which is 
not far from the truth if the arch is constructed in such a manner 
that the shrinkage of the concrete on setting has no effect. Shrink- 
age is an uncertain factor which is not computed except in the 
case of long span structures where construction is carried on in 
such a manner as to eliminate this element so far as possible. 
There is no thoroughly satisfactory way of estimating in ad- 
vance of computation the proper thickness of the arch ring at the 
crown. Comparison with existing arches of admittedly good 
design is an excellent course.! Several formulas have been pro- 
posed but none is known to the writers which includes all the 
factors. The following empirical expression devised by Mr. F. F. 
Weld? gives very conservative results which may be useful in 
preliminary weight computations. 
WL 
200 
where 4d, = crown thickness in inches; 
L = clear span in feet; 
wy = live load in pounds per square foot; 
w, = dead load at crown in pounds per square foot. 


We 
400 


—_L 
Da Dig eho 


The thickness of the arch at the springing is usually about twice 
or more that at the crown, with a range from about 1.5 to 3. 


1 The greatest compendium in this field is ‘ Grandes Voiites,” in six large 
volumes by Paul Séjourné, Professeur 4 Ecole Nationale des Ponts et 
Chaussées, Paris, and Ingenieur en Chef des Ponts et Chaussées. Professor 
Séjourné gives pictures and the details of design and construction of most 
of the masonry and concrete arches of 40 metre span and more, built in all 
countries up to 1916. 

2 “ Wngineering Record,” Nov. 4, 1905. 


TEMPERATURE STRESS 293 


131. Loads. The live loads used in the design of an arch rib 
or barrel are the same as those for any other highway or railway 
bridge. Many arches are designed for a uniform live load on the 
deck, of sufficient intensity per square foot to be equivalent to the 
maximum concentrations expected. For a railway arch this is the 
distributed. weight of locomotives and train; for highway arches 
the distributed weight of trolley cars and from 50 to 150 pounds per 
square foot on the roadway, 40 to 100 pounds per square foot on 
the sidewalk, — figures that vary with the type of traffic and the 
length of span. 

Impact allowances vary from about 15 to 30 per cent for open 
spandrel arches; for filled spandrel structures a less allowance is 
made or the item is omitted entirely. 

The dead loads on an arch may be computed from these data: 
concrete at 150 pounds per cubic foot; earth at 100 or 120 pounds 
per cubic foot, the latter figure betng used when there is possi- 
bility that the fill may be saturated. It is customary to ignore 
the horizontal component of earth thrust on the back of the arch 
ring. 

132. Temperature Stress. The resistance to movement 
offered by the fixed connection to the abutment results in tem- 
perature stresses in hingeless arches. In the northern part of 
the United States it is customary to proportion arches so that the 
stresses set up by a range of 80° F. are within proper bounds, the 
temperature drop being commonly taken as larger than the rise. 

Expansion joints must be provided in the side walls of filled- 
spandrel arches and in the floor system of open-spandrel structures. 


Example 51. The preliminary proportioning of an arch is illustrated in a 
general way by Fig. 100, which shows the half elevation of a filled spandrel 
structure. The material above the arch ring weighs less per cubic foot than 
the masonry and so for convenience of graphic solution the dash line ab is 
drawn showing the height at which this material would stand were it com- 
pressed to the same density as the masonry. The total dead load is then 
divided into any desired number of parts as shown by the vertical dotted lines, 
the number depending on the span, 8 to 10 being common. For simplicity 
3 only were used in the figure. It is equally correct to take the left limit of 
load through ¢ instead of as shown. The line of action of each load division 
is found graphically and the magnitude computed. An equilibrium polygon 
is then passed through crown and springing by the familiar method shown. 
The crown thrust is horizontal since the arch and loading are symmetrical. 

It should be noted that the vertical divisions shown are independent of any 
divisions made of the arch ring for purposes of analysis. 
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By use of the data in Art. 133 the axis may be plotted directly without the 
drawing of an equilibrium polygon. 


ine of action of resultant 


8 
Fie. 100 


133. Whitney’s Method.! In order to obtain formulas by 
actual integration mathematical expressions for the arch axis and 
the variation of rib thickness are needed. Using those of Strass- 
ner? in the general elastic equations for symmetrical hingeless 
arches Mr. Whitney derived definite formulas for reactions. 
From these he constructed influence lines, tables and diagrams 
which eliminate all involved calculation. With these helps it is 
a quick and simple matter to study the effect of variations in 
crown and springing line thickness and determine the most eco- 
nomical and satisfactory section. 

The best axis for any arch within their range may be determined 
by the values given in Tables 2-3 (at end of this article) which give 
the coérdinates of points on the curve and the intercepts neces- 


1 Transactions Am. Soc. C. E., 1925. 
2 “ Neuere Methoden zur Statik der Rahmentragwerke und der elastischen 
Bogentrager.” 
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sary to establish the slope of the axis at each tabulated point. In 
addition to the information regarding notation given in Fig. 101 
the following are used: 


ws = dead load per linear foot at springing; 
w, = dead load per linear foot at crown. 


‘ re Yo at eration point 


Extrados 


I, 
OU ea 
Intrados Is cos Ps 


moment of inertia at erown 


I= 
I,= 


ss Springing 


Notation for Arch Analysis 
Fig. 101 


The formula which is the basis of these tables was derived for an 
arch with distributed loads. To use these data for one with an 
open spandrel w, and w, should be computed as though the actual 
loads supported by the arch, including the spandrel columns, were 
carried to the arch by a spandrel wall or filling. 
The variation of rib thickness is given by the following equation 
(see Fig. 101): 
d, = d.crv/1 + tan? (47) 
where 
1 


c=. . 
AL (1 — m)z 
Tables 4-5 are given to facilitate the solution of these expressions. 


Two factors are sufficient to determine definitely any arch 
whose proportions conform to these data: N, the ratio yo/r at the 


(47a) 
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, 


quarter-point, and m, the ratio I,/I, cos ¢,, factors which designate 
respectively the form of the arch axis and the form of the rib. 
Space forbids the reproduction of the influence lines which are 
presented in Mr. Whitney’s paper, which show clearly the position 
of the loading for maximum stress at the critical sections of an 
arch, crown, springing and quarter-point. With the aid of these 
influence lines Figs. 104 to 109 (at end of this article) were pre- 


o Max. + M - £ Max.—M a 


V,= 0.94 cn ae 16 on 
' me can Fes 


tee 


5p 
ve : = 
Res i Max.-- M ty, ary Max. —_M 


Left Epringing 


Position for Maximum Stress, 
Live Load=W /bs, per ft. on rib. 


Fig. 102 


pared, which give coefficients for obtaining the maximum values 
of live load moment at the crown, quarter-point and springing, 
with the corresponding horizontal component of crown thrust. In 
order to obtain the arch stresses it is necessary in addition to know 
the vertical component of reactions for each loading. In the 
absence of the influence lines approximate values of these may be 
taken from Fig. 102. 

Temperature stress may be computed by aid of.Fig. 110 which 
gives the value of the horizontal reaction induced by temperature 
variation. A fall in temperature causes the arch to contract and 
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tend to draw away from the abutments, setting up the horizontal 
pull and negative springing line moment shown in Fig. 103a. 
The forces acting on the half-arch are shown in Fig. 103b with 
the pull and the positive moment at the crown replaced by a single 
force acting a distance y, below the crown. Fig. 110 gives simply 
the value of Hy and Table 6, 
which gives the values of y,, 
is printed here. a 

Any load, live or dead, Ms” \y, Ms 
causes compression in an Eseun MGR 
arch rib and consequently b 
a general shortening of the M 
fibers. This shortening sets Fre. 103 
up a stress of exactly the 
same sort as a fall of temperature as shown in Fig. 103 and must 
be combined with the live and dead load stresses to give the true 
stress. This effect is called rib-shortening. The amount of hori- 
zontal pull on the abutments thus induced may be expressed as 


Hrs = approximately — Huw’ (48) 


where H is the thrust produced by the loading, live or dead or the 
two together, and 
I, 
ul = KC, Gp (48a) 
Here A, is the cross-sectional area at the crown and C and C,,’ are 
coefficients given by Table 7 and Fig. 111 respectively. 

Mr. Whitney makes the following statement which should be 
carefully noted by all making use of this material in design. ‘The 
data in the paper can be used by one who is not an expert in arch 
analysis, provided the designing is done under the direction of 
an engineer who is thoroughly familiar with both the practical 
and theoretical aspects of arch design. The design of arches 
should not be entrusted to a novice. The writer’s paper is limited 
to the mathematical considerations of design and does not attempt 
to treat the equally important practical considerations. No 
tables or diagrams should be used without a thorough knowledge 
of their basis and limitations.” It is hoped that the reproduction 
of this portion of Mr. Whitney’s paper will lead many to make a 
thorough study of this very important contribution to the litera- 


ture of arches. 
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TABLE 6 
VALUE OF 4% 


YC 
VALUE OF — 
r 


Ws 
N —s 

We 

m = 0.15 | m = 0.20 | m = 0.25 | m = 0.30 m = 0.40 m = 0.50 
0.25 1.000 0.2101 0.2222 0.2333 0.2436 0.2619 0.2778 
0.24 1.347 0.2044 0.2163 0.2273 0.2374 0.2556 0.2713 
0.23 1.756 0.1985 0.2103 0.2212 0.2312 0.2491 0.2647 
0.22 2.240 0.1926 0.2043 0.2150 0.2250 0.2427 0.2580 
0.21 2.814 0.1867 0.1983 0.2089 0.2187 0.2362 0.2513 
0.20 3.500 0.1808 0.1922 0.2027 0.2124 0.2296 0.2446 
0.19 4.324 0.1748 0.1861 0.1964 0.2060 0.2230 0.2378 
0.18 5.321 0.1688 0.1799 0.1901 0.1996 0.2164 0.2309 
0.17 6.536 0.1628 0.1738 0.1838 0.1931 0.2097 0.2240 
0.16 8.031 0.1567 0.1675 0.1774 0.1865 0.2029 0.2170 
0.15 9.889 0.1506 0.1612 0.1709 0.1799 0.1960 0.2099 
TABLE 7 
RIB SHORTENING 
VALUE OF C 

N es 

We 

m = 0.15 | m= 0.20 | mm = 0.25 | m = 0.30 m = 0.40 m = 0.50 

0.25 1.000 0.0329 0.0370 0.0410 0.0448 0.0520 0.0588 
0.24 1.347 0.0320 0.0361 0.0400 0.0437 0.0509 0.0577 
0.23 1.756 0.0312 0.0352 0.0390 0.0428 0.0498 0.0566 
0.22 2.240 0.0302 0.0342 0.0380 0.0417 0.0486 0.0553 
0.21 2.814 0.0294 0.0332 0.0370 0.0407 0.0475 0.0541 
0.20 3.500 0.0285 0.0323 0.0361 0.0396 0.0466 0.05380 
0.19 4.324 0.0276 0.0314 0.0351 0.0386 0.0455 0.0519 
0.18 5.321 0.0267 0.0305 0.0841 0.0376 0.0443 0.0507 
0.17 6.536 0.0258 0.0295 0.0331 0.0366 0.0432 0.0496 
0.16 8.031 0.0250 0.0286 0.0322 0.0356 0.0422 0.0484 
0.15 9.889 0.0241 


0.0277 0.0312 0.0346 0.0411 0.0472 
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TEMPERATURE THRUST H; 
H,= Cpe 


72 


¢t Temperature change in Degrees Fahrenheit 
Ig=I at crown in in,# 


r = Rise, in Ft. 
EX =2 000 000 Ib. per sq. in, 


& =0,000006 


C= ar 
Cc 


\ 


0.20 


0.30 


0.40 0.50 0.60 0.70 0.80 
Value of ™ 


Fic. 110 
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134. Method of Least Work.' All analyses of the hingeless 
arch based on its elastic action assume that the abutments are 
rigid and immovable so that the span remains unchanged and 
there is no rotation of the tangent to the axis at the springing. 
This is probably never exactly true and in consequence another 
possible source of error is introduced at the start into any such 
analysis in addition to those common to all reinforced concrete 
design: lack of uniformity of material; uncertain value of the 
modulus of elasticity; uncertain action of concrete in tension; 
the effect of shrinkage and plastic flow. Consequently an exact 
theory for the arch, while interesting mathematically, is of doubtful 
worth actually. By making certain reasonable assumptions the 
application of the Theorem of Least Work to arch analysis is 
greatly simplified. The equations for reactions thus derived give 
results that are closely the same as those obtained by the better 
known method based on the principles relating to curved bars.? 
The simplifying assumptions are these: 


(a) The distribution of stress over the cross-section of a curved 
bar is the same as though the bar were straight. This assumes 


that the familiar expression, f = = + au applies instead of the 


exact formula which involves the radius of curvature. 
(b) The total direct or axial thrust at all sections of the arch is 
the same and equal to the horizontal component of crown thrust. 
(c) The work due to shear may be neglected as is done univer- 
sally in the study of indeterminate structures. 


The justification of these assumptions may be briefly stated. 
The distribution of stress over the cross-section of a curved bar 
whose depth is 0.06, or less, of the radius of curvature is affected 
to a negligible degree by the curvature. The work due to direct 
thrust is so small an element in indeterminate structures that it 
is often neglected. So an approximation in the magnitude of the 
direct thrust is entirely proper. The magnitude of the error was 
found to be a fraction of one per cent in a 100-foot arch with a rise 
of 20 feet. 


1 This treatment is that given by Professor C. M. Spofford in his ‘“‘ Theory 
of Structures.” It is based on the method given by Miiller-Breslau in Zeit- 
schrift des Architekten und Ingenieur Vereins, Hannover, 1884. 

2 A complete statement of the ordinary theory is given in Appendix E. 
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In addition to the notation already made use of (Fig. 101) that 
of Fig. 112 and also the following will be used: 


XX and YY are two reference axes, the first located so that 
y aS 
EIT 

mz = moment (foot-pounds) at any point (a, y) on the left 
half axis of the loads between that point and the 
crown, the left half of the arch being considered as a 
cantilever beam fixed at the abutment with the right 
half replaced by its equivalent Mo, Hy and Vo. 


= 0 and the second being an axis of symmetry. 


Fig. 112 


mr = same for right half of arch. 
M, = actual bending moment at crown (foot-pounds) = 


M) me H(r herd ‘De 
M, = actual bending moment at any point on left half of 
arch axis. 
Mr = actual bending moment at any point on right half of 
arch axis. 
W = total work in entire arch. 


I = moment of inertia (ft.4) at any section normal to axis. 
A = area (square feet) at any section normal to axis. 
E = modulus of elasticity (pounds per square foot). 
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M), Hy and V» are all taken as positive when acting in the direction 
shown in Fig. 112. 

In Fig. 112 is shown a loaded arch cut into halves by a section 
at the crown, with the forces exerted by each portion of the arch 
upon the other represented by Mo, Ho and Vo, the moment, hori- 
zontal component of thrust and the shear acting at the level of the 
reference axis XX.1 With these three quantities known for any 


ie 20000# 


Mo = 300000'* 
V,|=20000* 
(c) _ =100000\4 
(d) 
Vo =20000* 
Fie. 113 


loading the principles of statics are sufficient for the determination 
of the moment, thrust and shear at any other section of the arch. 
By the theorem of least work it may be stated that Mo, Ho and Vo 
always have the least value consistent with equilibrium. They may 
be determined, therefore, by writing an expression for the total 
work done in the arch in terms of the loads and these three un- 
knowns, differentiating the expression with regard to each un- 
known in turn, placing each partial differential equal to zero and 
solving for Mo, Hy and Vo. 
The total work done is (see Art. 88): 


S S 
Meds | (a Mxeds fi 
We). ont |. oO ppe ean 
where M, = My — m, — Avy + Vow 


Mr = Mo — me — Hy — Vou. 


1 In Fig. 113 are shown four different ways of representing the action of 
the right portion of a given arch upon that to the left. 
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The — derivatives are: 
ar =f (Mo Sa ie Se Huy + Vea) 
3 dS 
+f (My eR = Avy re Vow) Fr 


S dS 
Bed Cie pce = Vi ee \ es 
J? Qo — m, = Hay + Voay(—9) S 
S S 
a - ds 2 dS 
+2 We = me — Hoy — Vow)(—y) ap + 2 Ho | AR 


S 
ale oan dS 
7 q (Mo — mp, — Hoy + Vor)(x) 


s dS 
ie (Mo — mg — Hoy — Vor)(—2) 


The XX axis is located so that - se 0 and all terms con- 


taining this integral multiplied by a constant equal zero. Com- 
bining terms and placing each partial differential equal to zero 
os 


os 2 (mp + mr) ds _ = 
: a = 2M, fae =f? 20 


OW _ 3(mr + a2) dS Sig dS 2 dS 
Hy - gree 0 Aue | AB = 9 
OW _ : (mz — ee dS 7a dS a 
ava Jo yee Ol ery See 
Solving f (mz + mr) dS 
(Tee pee Ta (49) 


S 
3 dS 
2 ii - 
=f? 2(mrp + Hees 
Hy = ae (50) 


Net, a ee 


f (mr, — _ dS 


pee 
0 


Vo aes (51) 
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The XX axis is properly located if 


+ (ee a 
‘Bien bas 
fee 
I 
Sarrise (52) 
I 


These expressions are difficult to integrate and working formulas 
are obtained by substituting for the infinitesimal dS lengths of 
finite value, AS: 


(mr + mr) 
Seal 


My = ere oe (49a) 
225 
> (mr + mr)y 
ie 
Hy = aR ee: (50a) 
227 a 227 
> (mz ate 
Yo = —— > (51a) 
>= 
je 
i) 
i 
pe Si (52a) 
ES 
E 


In all cases the summation is over the half arch. 
Temperature Stresses. The total work done in an arch by the 
forces set up by a change of temperature is 


5 M2 dS > T? dS : 
w=2f sar +2)? san - 2? Patas 
where M and T are the moment and thrust due to temperature 
only; a is the coefficient of expansion and t is the degrees of tem- 
perature change. The two terms giving the work done by the 
thrust may be understood by reference to Fig. 114, where is shown 
a short length, dS, of an arch. It is assumed that a thrust, 7’, due 


METHOD OF LEAST WORK er I) 


to temperature rise is in action. A further rise of dé° would cause 
a lengthening of a dt - dS were there no restraint, with a negative 


increment of work equal to — ap i: TadtdS. The restraint 


causes the thrust to increase to 7-+dT 
dT -dS 

AE 
The work done during this move- 
ment is 


f fo+ary ee dS 


=f f (TdT + aTe/2) & a 


the term in dT? being extremely small 
and negligible. The expression for 


total work is W = — i Tot dS + 


and there is a shortening of 


dT-dS 
T? dS = Temperature Rise CEE i.) 
—— as given. In the above ex- AE 
2AE e Fie: 14 


pression for work 
M = M, — Hoy and T = Hy cos ¢. 


Substituting these values and differentiating the work with regard 
to the two variables in turn gives - 


S 
ow 5M. odS 2y ds 
re a Wea J bias ee 
Sy eee (My — a fy peel cos’ ¢ dS 
7 0 
— ofa cos¢dS = 0. 
Since dS = iy eG at cos ¢ dS = atl. 
; y dS 
Solving the first equation gives My = 0 since Sip 0. 
The solution of the second is: ; 
tlH 
Ho=+ ot (53) 


of” 2Y” Ss pyc aee ods 
0 
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For a rise of temperature the sign will be +, indicating com- 
pression. 

A convenient working expression for Hy may be obtained by 
substituting unity for cos? ¢ and by assuming that J, the span, 
equals the arch axis in length, equals 2 nAS, where n is the number 
of divisions of the half axis. 


fie atnH 


———_ > (58a) 
y? 1 
eer 
This formula may be easily corrected for the second approxima- 
tion by aid of the following table given by Cochrane in the paper 
referred to previously: 
Lengths of the half-arch axis (S) in terms of the span length: 
Rise Ratio = r/l 
0.10 0.15 0.20 0.25» 0238) 
Open-Spandrel Arch 0.5137 0.52972 0.5511 0.5771 0.6071 


Filled-Spandrel Arch 0.51517 0.5341 0.5591 


The above table gives accurate values of course only for arches 
whose axes conform to the equations used in preparing it. 

Since the thrust was considered in writing the expressions for 
work, rib-shortening has been taken account of in these formulas. 
The effect of thrust appears in the terms in 2 1/A in the denomi- 
nators of the expressions for Ho (Equations 50a, 53a). By omitting 
these terms the horizontal component of crown thrust is obtained 
with rib-shortening not taken account of. The difference between 
this larger value and that obtained with the term included is the 
crown thrust due to rib-shortening. 

135. Example of Arch Design. (Computation Sheets Al—A11.) 
On Computation Sheet Al are given the design data for an open 
spandrel hingeless arch. The situation at the crossing fixed the 
clear span and rise at approximately the values shown, which were 
those finally used. The preliminary sketches and trials to deter- 
mine these dimensions are not shown. 

135a. Preliminary Analysis. (Computation Sheet A1—A5.) 
By use of a formula for crown thickness and by trial computations 
of the same sort as those carried through on these sheets but made 
with less precision, it was judged that the trial dimensions shown 
offered a reasonable solution worthy of more careful study. The 
area of the reinforcement at the crown was taken at the value 
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COMPUTATIONS FOR HINGELESS ARCH 
Sheet Al 


Data. Live Load: 

On Floor & Sidewalk 90 lbs./sq. ft. 

Impact: 25% 77h" 26-0'Roadway 
Specifications: 

1924 Joint Committee Report 

except as noted. 

Concrete: 28 day strength 

2000£/0" 

Stresses: n = 12 

Dead + Live Loads 

= 650#/oO" 
fs = 16,000#/0" 
Allow 257% increase with temperature Ey 


2in. Bituminous Macadam 


columns 


WML 


240'arch barrel 


Half Cross. 
Section 


9 panels (@ 7-8" 
Br 


Temperature Change: A 
Fall: 60° F. Cross walls 
Rise: 20° F. soet 
Coefficient of Expansion = 0.000006 Rise 

Loads on Arch Barrel. Pi 
Dead: 10’ Slab 125 ee 7428 Clear Span 

Serer cot: | Half Longitudinal Section 
S508)" _ 
ian es Pets 

71 X 41.26 = 060 
2” Bituminous Macadam @ 120#/cu. ft. 
; 20 X 26 520 

wa = 7570 + 24 = 8154/' 

Live + Impact: 

4 : 
Uniform: wi oe a ed 192#/' 

Preliminary Analysis. Whitney’s Method. See Art. 133 

Trial Dimensions: Crown Thickness: 16” = de, 
Springing Line Thickness: 28 = ds 
Span of Arch Axis: 76.5' =1 
Rise of Arch Axis: 16125= 7 
Reinforcement: 1% at crown 


A; =0.01 % 15 ~ 12 =1.80"'/’ 
Use 4” & 6” 0.c. in each face. 


Data required for analysis: Moment of Inertia: 


3 — 

fos eee 11 X 0.88 X 2X58 = 8960" 
j ae 

fee Bee + 11 X 0.88 X 2X 1% = 24,700" 


Crown Section Area: Ac = 12 X 168 + 11 X O.44 * 4 = 1990" 
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usually chosen, about 1 per cent of the cross-sectional area at the 
crown. The same rods were used throughout the length of the 
barrel and so the steel ratio at the springing is considerably less 
than at the crown. The necessary data were computed for the 
application of Whitney’s method. From the first draft of Fig. 
115 an estimate was made of ¢, and yo/r for computing values of m 
and N. Inspection of Figs. 105 and 106 and consideration of the 
differences between the temperature rise and fall made it evident 
that it was not necessary to compute the maximum negative 
moment at the crown nor the maximum positive moment at the 
springing. With the aid of the references on the computation 
sheets all the details of this analysis should be plain. 

The stresses found were considered satisfactory, the slight 
excess of compressive stress at the springing with temperature 
effect included not being sufficient to make a change necessary. 
The crown stresses are very low and a thinner section is possible. 
However 15 inches was judged as thin as it was desirable to use for 
good architectural proportions. 

It should be remembered that this analysis is approximate only 
when the arch section differs from the theoretical basis of the 
method. . 

135b. Arch Axis. In the first draft of Fig. 115 no attempt was 
made to do more than approximate the shape of the axis and ring. 
This was sufficient for calculating the dead loads fairly closely. 
A careful determination of the curve of the axis followed the pre- 
liminary analysis. Instead of laying out the dead load equilib- 
rium polygon on paper the elevation of this polygon at each panel 
point was computed, thus saving time, the more since the moments 
then computed were required for later steps in the analysis. 

The moment about the springing of all of the dead loads on one 
half of the arch divided by the rise of the axis gave the crown 
thrust. Since there is no moment at any point on the equilibrium 
polygon, the moment about any panel point of the dead loads 
between it and the crown, divided by the crown thrust gives the 
distance to the polygon from the crown. 

135c. Arch Ring. The following table (No. 8) is given by 
Cochrane for laying out the arch ring. It is reproduced here for 
comparison with Whitney’s section and also because of its ease 
of application. The two thicknesses computed by Whitney’s 
method are somewhat thicker than those recommended by Coch- 
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COMPUTATIONS FOR HINGELESS ARCH 
Sheet A2 


Preliminary Analysis, Continued. 


Constants: 

Paks 8960 

Ts cos os a 24,700 X 0.70 mete a 
ae yo(Q.Pt.) _ 3.55 ae 
i 16.1 

See Fig. 101 
jor Live Loads: pl =192X765 = 14,700# 
pe = 192 X 76.5 = 1,120,000'# 
pl2/r = 69,8004 


Temperature Stresses: (Whitney) 
For 60° Fall: n=12 E = 2,500,000#/0" 


60 X 3960\ 15 
Hr ( 2.3 \3 26404 
( From Fig. 110 based on n = 15 
M; = 2640 X 3.88 = +8920'# cos = 0.70 
Ms = 2640 (16.1 — 3.4) = —383,500'4 
Ts = 2640 X 0.70 = —1850# yc = 0.21 X 16.1 = 3.88’ 
For 20° Rise divide above values by (—38) From Table 6 


Mazimum Positive Moment at Crown. (Whitney) 
pl? = 1,120,000'£ —pl?/r = 69,8008 m=0.238 N=0.22 


Thrust = Ho Moment = Me Rib Shortening 
Dead *25,000 ' 3960 
72 Ue oa eee ae ey ——— ie ee 
Live | 0.0665 — + 4,600 | 0.0049 pl? + +5,500 199 XO.087 X11 X 16.1? X144 
r (Equation 48a) 
RS. — 400 | 386X338 = 1,300 =0,013 
29,200 +6,800 | pg = 0.018 29,600 
= —3864 
D+L 29,600 +6 ,500 
Temp —2,600 8,900 
R.S — 400 1,300 
26,600 15,700 


[i nn ne eee EttEtEIdIEEdESSESSEsSES SSS SSSSEERESESnEnneeeennenenenemeneeeenee! 


* From trial computations like that following for dead load equilibrium polygon. 
+ From Fig. 104. 
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rane and approximate those finally chosen. These two series of 
trial depths were plotted on Fig. 115 and smooth curves drawn for 
axis, intrados and extrados. In a long span arch it would be 
desirable to be much more precise in the lay-out, making the axis 
fit the dead load equilibrium polygon more exactly and making 
the thickness agree with the section recommended by Mr. Whitney. 


TABLE 8 
THICKNESSES OF TYPICAL ARCHES! 


d 
Values of cea 
d¢ 


Value of 
Sx 
s ds/d¢ 

1.5 1,75 2 2.25 2.5 2.75 3 3.25 
0 1.000 | 1.000 | 1.000 | 1.000 | 1.000 } 1.000 | 1.000 | 1.000 
0.05 1.007 | 1.006 | 1.005 | 1.004 | 1.003 | 1.002 | 1.001 | 1.000 
0.15 1.021 } 1.018 | 1.015 | 1.012 | 1.009 | 1.006 | 1.003 | 1.000 
0.25 1.035 | 1.030 | 1.025 | 1.020 |] 1.015 | 1.010 | 1.005 | 1.000 
0.35 1.049 | 1.042 | 1.035. | 1.028 | 1.023 | 1.021 | 1.023 | 1-030 
0.45 1.063 | 1.054 | 1.048 | 1.048 | 1.057 | 1.070 | 1.083 | 1.101 
0.55 1207s O728 | MI eOSSs | IetOd a letSS allen bo salen Oo miele esd 
0.65 120955) W125) W684 Te 21S 11 e269 Te S28s Mae Ssh 4oo: 
0.75 W145 12235) eS 40S ee oOSe ae 625eeaovellasoo 
0.85 1.245 |.1.398 | 1.547 | 1.700 |} 1.862 | 2.025 | 2.185 | 2.355 
0.95 1.406 | 1.621 | 1.887 | 2.055 | 2.277 | 2.495.) 2.709 || 2:'932 
1.00 1.500 } 1.750 | 2.000 | 2.250 | 2.500 | 2.750 | 3.000 | 3.250 


1 Reprinted from a paper by Victor H. Cochrane, ‘‘ The Design of Symmetrical Hingeless 
Concrete Arches;’’ Proceedings of The Engineers’ Society of Western Pennsylvania, November, 
1916. 


Of the three curves drawn, the extrados and intrados must be 
chosen and designated so that construction may follow the de- 
sired lines. Usually these curves are made up of one or more 
circular segments. In this case a single segment fitted the require- 
ments and the result is a segmental or single-centered arch. Had 
an arc of different radius been used towards the springing it would 
have been called a three-centered arch. A smooth curve suffices 
for the axis and it is not necessary to determine its curvature 
although it is often done as here. 

135d. Analysis by Least Work. Arch Constants. (Computa- 
tion Sheets A6.) From Fig. 115 the values of zo, d, and x were 
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COMPUTATIONS FOR HINGELESS ARCH 
Sheet A3 


Preliminary Analysis, Continued. 
ae 
10 


Approximate stress analysis — using Plate XV assuming m 


Dead + Live + Arch Shortening: p = 0.006 each face. 


Eccentricity: e= on = 2.8" 
? 
2.8 
e/h = Fr = 0.19 
Maz. fe = CX _ _ ego4/n" < 660 


12 X 18 X 0.106 


Dead + Live + Temperature + Arch Shortening. 


12 X 18? X 0.122 


Maximum Negative Moment at Springing. 


_ 15,700 X 12 


a rae e/h = 0.47 


10,10) XT? _ _ 704/00" < 810 


(Whitney) 


ais: Ms Rib Shortening 
Dead See below +34,000 Hrs = —Hu’' = 0.013 (26,000 
Live See below §,200 | 0.0202 pl? = t —22,700 + 2500) 
R.S. | 0.136x1850  — 3800 | 0.136x83,500= — 4,600 = —360f 
+38,900 27,300 | 360 _ 0.186 
2640 
= ratio of H due to rib 
Temp. — 1,900 —~33,600 shortening to that due 
to a 60° temperature 
437,000 —~60,800 fall, the ratio also of the 


respective values of Ts. 


} From Fig. 107. 


Datc for Max. (—M) at springing. 
Dead Load Thrust at Springing: 
T =H cos ¢s + V sin ds 

= 34,0004 


Live Load Thrust: 
2 
ao 0.036 = 25004 


from Fig. 107 
Vi = 0.34 X 192 X 76.5 = 50004 
from Fig. 102 
T = 52004 


Dead Load 


~1 
cos 0.70 
H= 25000 


% sint 0.71 } approximate 


17500 
16500 


84000 


23300 = V dead load 


ARCHES 


320 


SIT “MW 


18b'9L=] SIxy yoay fo uvdg 4 


8-pL uDdg WalgA 
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COMPUTATIONS FOR HINGELESS ARCH 
Sheet A4 
; 
Preliminary Analysis, Continued. 
Stresses at Springing: — Plate XV 
Dead + Live + Arch Shortening: — 


we X12. oy, e_ 84 _ 
a 38,900 = 8.4 hn 8 0.30 
ed eee 
=e Xe 0.0026 in each face 
2 
SENOS 20's = 330#/0"" < 650 (Re 


c + —+ Se 
12 X 28° x 0.107 
fs = 3000#/0” about. 


Dead + Live + Temperature + Arch Shortening. 


Same a a9 gS 
e= 000 7 19.8" f= SF = 0.71 
ee tS Sees G10 O.K. 


12 X 28 X 0.094 
a a ee ee ee 


Dead Load Equilibrium Polygon 


Load Arm Moment Section Yo 
0 A 0 
A 3870 UATE 29700 B iP!) 
B 3985 
7855 7.67 60200 
89900 C 3.60 
C4390 
12245 7.67 94000 
183900 D 7.85 
D 4990 
17235 7.67 132000 
315200 E 12.64 
E 6085 
28270 3.74 87000 
16.11 )402900 Springing 16.11 


H = | 25000 


aoe ARCHES 


scaled and recorded as shown in the tables on Computation Sheet 
A6. In doing this work it is best to plan to do the final work on 
the lay-out and the scaling all on the same day. An overnight 
change of humidity may easily cause sufficient expansion or con- 
traction of the paper to be very troublesome. A desirable scale 
is about 2 to 3 feet to the inch. 

135e. Dead Stresses. (Computation Sheet A7.) No explana- 
tion of these figures should be necessary except to note that the 
computations of mz, are omitted. 

135f. Influence Table. (Computation Sheets A8—A9.) It was 
assumed that the critical sections were those at crown and 
springing which Cochrane found to be true for arches conforming 
at all closely to his assumed proportions. 

The only comment necessary for the explanation of this table 
is to call attention to the figure and formulas following it which 
explain the headings in the left-hand column. The moment and 
thrust at the right springing with loads on the left equal those at 
the left springing with loads at the corresponding points on the 
right. Therefore it was necessary to show only one-half the load 
points in the table. All the figures required by the computation 
are shown. 

135g. Table of Maximum Stress. (Computation Sheet A10.) 
The influence table showed the panel points to load for maximum 
positive and negative moments at crown and springing and the 
values for a unit load. These coefficients multiplied by the live 
panel load gave the maximum stresses. 

135h. Temperature Stress. (Computation Sheet A10.) Con- 
siderable doubt exists as to the accuracy of computations for tem- 
perature stress on account of the uncertain values of the coefficient 
of expansion and the modulus of elasticity. The values used here 
are representative. 

135i. Summary of Unit Stresses. (Computation Sheet A11.) 
The values here found are well within the limits set and more 
precise computation is unnecessary. The steel stresses were 
approximated by aid of the dotted curves for f,/f, on Plate XV. 

A comparison of the results with those of the preliminary 
analysis shows that the differences are small except as regards 
dead load moment. The true dead load equilibrium polygon does 
not pass through the crown and springing. It should be realized 
that on account of the shortening of the arch fibers under load 
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COMPUTATIONS FOR HINGELESS ARCH 


Sheet A5 
Preliminary Analysis, Continued. 
Arch Thickness 
ds/de = 1.87 After Cochrane See Table 8. 
S2/S dx/d¢ dx (ft.) S/S dx/d¢ dz 
0 1.000 1.250 0.56 TO79 1.848 
0.05 1.0058 1.257 0.65 Lely 1.482 
0.15 1.0165 1.270 0.76 1.267 1.580 
0.25 1.0275 1.285 0.85 1.470 1.888 
0.35 1.0385 1.298 0.95 1.729 2.160 
0.45 1.051 1.314 1.00 1.870 2.3833 


The section above is somewhat thinner than that used. 


Length of half-axis = 0.557 X 76.48 = 42.65 ft. (Table on page 314.) 
After Whitney 


(Fig 115)| S/S | -a/ege, Witte] de de 
4 0.386 0.885 1.014 1.124 16 fea | 
8 0.75 0.756 1.066 1.365 16 21.9 
Comparison: 
Whitney Cochrane Used 
4 fot l ODE 15.6 in. 16.7 in. 


8 41.9 19.0 22.3 
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there will always be moment under dead load at the crown and 
springing of a hingeless arch as usually constructed. 

136. Long Span Arches. Besides temperature stress and the 
secondary effect of rib-shortening already referred to, careful 
consideration must also be given, especially in long-span con- 
struction, to the settlement of abutments and to the shrinkage of 
the concrete on setting and hardening. All these effects may be 
cumulative and tend to produce the same kind of stress in the rib, 
heavy positive moment at the crown and negative moment at the 
springing. So they all may be summed up in the term arch-short- 
ening. The stresses due to this bending are a very large propor- 
tion of the maximum stress and it becomes a matter of consid- 
erable economic and practical importance to eliminate them as 
far as possible. 

The first method devised for this purpose was the use of tem- 
porary hinges at crown and springings, which are closed with 
concrete after all or most of the dead load is in position. The 
arch acts as a three-hinged arch for dead load and is statically 
determinate, not affected by arch-shortening. Since the major. 
part of the settlement of abutments usually takes place during ° 
construction this element is thus largely eliminated. The hinges 
are placed so as to neutralize most effectively the arch-shortening 
moments, below the axis at the crown and above it at the springing. 

As devised by Considéret such temporary hinges consist of 
short lengths of reduced cross-section, heavily reinforced with 
longitudinal steel and spirals, designed for such heavy stress that 
the concrete is ductile and offers little or no resistance to bending. 
As shown in Fig. 116, a sufficient length of the main reinforcement 
is exposed so that it yields easily to the small movement that 
accompanies the adjustment. 

The more recent method, best known through the work of 
Freyssinet? in France, consists in inserting hydraulic jacks between 


1 “ Reinforced Concrete Bridges,” by W. L. Scott, Crosby, Lockwood & 
Son, London. ‘Two Reinforced Concrete Bridges in France,” by W. L. 
Scott, in Engineering News-Record, Dec. 6, 1923. It is stated by Mr. J. F. 
Brett (letter in Engineering News-Record, Nov. 5, 1925) that the saving from 
the use of temporary hinges amounts to from 20 to 25 per cent of the cost of 
the structure. 

2 “ Long Span Concrete Arch Design in France,’’ by Charles 8S. Whitney in 
Engineering News-Record, Sept. 18, 1924. ‘Le Pont de Villeneuve-sur-Lot,” 
E. Freyssinet, Le Génie Civil, July 30, Aug. 6-13, 1921. 
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Sheet A6 
Analysis by Method of Least Work; Reference Axis: 
Sect. 20 dx dx8/12 | 0.0336 (dx—0.33)? i 20/T ipl 
1 16.08 | 1.25 0.163 0 0284 0.1914 84.1 Gn22 
2 FOTO Dace 0.171 0.0297 0.2007 78 4 4.98 
3 107) Wt ST 0.187 0.0823 0.2193 68.7 4.66 
4 14.05 | 1.39 0.224 0.0878 OL2618-"\\ Sin | 8282 
5 12.73 | 1.48 0.270 0.0444 0.3144 | 40.6 | 818 
6 FIZ09 Wt 58: 0.829 0.0525 0.3815 | 29.1 2.62 
7 B10) 1-70 0.410 0.0631 0.4731 TERN = 8 I 
8 6.84 | 1.86 0.586 0.0787 0.6147 peice 1.63 
= 4.81 | 2.08 0.697 0.0971 0.7941 5.4 dec! 
10 LOO | 2220 0.888 0.1176 1.00585 1.6 | 0.99 
891.7 | 30.387 
Je 11 X 2 X 0.88 _ dx ie o- 7) 
a cai aaa ma - T= Fy + 0.1845 2 6 


ol 5 3 
= de 9S a1. ft. = S + 0.0836 (dx — 0.33)? ft. 


Pe ee) 5 0h = he CAT 18:90 


card = 3.21 ft. 
rs 
Arch Constants: 
Sect. ce ze S f 22/1 APWIE 1/A 
1 2.14 GAS. 93.9 62.8 0.722 
Z 6.38 2.84 203 .O 40.2 0.712 
S 10.57 2 AT 610 21.6 0.692 
4 14.71 ede 827 soil 0.657 
5 18.76 —0.17 1120 0.1 0.620 
6 22.67 —1.81 1347 8.6 0.688 
He 26.47 —3.80 1480 30.6 0.845 
8 30.09 —6 .06 1474 69.7 0.502 
9 33.50 —8 59 1414 92.9 0.462 
10 36.70 —11.40 1340 129.6 0.428 
88.24, 9739 440.9 5.928 
mn tM _¥ toi ot mel 
ie erm oS iNT, 1 3.6 
225 = 60.74 ent 42x 7 = 893. 
(mz —mpR)£ Temperature Stress: 
> wa et 
I atnH 
Vo a 7 Hy = Wa) oe aes eee if ae 
225 = 19,478 pets = U6. 
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the two sections of the arch at the crown and exerting a thrust 
definitely known in magnitude and point of application. Pre- 
cast concrete slabs are then inserted to carry the weight of the 
structure, made of such thickness that the previously determined 


—= 


ae Onin oy (eee pu ieee 
= PTO poy erees 
Cuca Tu hipaa 


cee iota 


Fig. 116 


crown thrust is brought into action. This process results in 
lifting the arch away from the centering which can accordingly be 
constructed in a simpler manner than usual, without devices for 
striking. By making the closure at the desired temperature 
definite knowledge is had of the temperature which causes no 
stress, thus removing another element of uncertainty in design. 
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COMPUTATIONS FOR HINGELESS ARCH 
Sheet AT 


Least Work. Dead Stresses. 


Sect. ML = MR ML + MR (mz + mR)Y 
tf T 
Z 0 
2 9.9 104 + 296 
3 26.1 238 516 
4 54.9 419 (1294) 488 
5 86.7 652 = 
5080 — 22,473 
5030 : 
= 2 = 82.8 kip ft. 
Mo = Frvy = 828 kip ft 
22,478 _ 
Ho = 893.6 =e! kips 
M,; = 82.8 — 25.1 X 3.21_= 2200'# 
_ 2200 X 12 


e— = 1.1’’ above axis 


25,100 
= 0.09’ above axis 

M; = —402.9 + 25.1 X 16.20 = +3700'f 

(See Sheet A4) 


T; = 25.1 X 0.698 + 28.38 X 0.715 = 34,200$ el eee 
3700 X 12 Nos MOS Ses ren U- Gre 
= 37,200 = 1.30” above axis 
= 0.11’ above axis 
Stresses — Crown A, = 1990” 
I, = 8960" 
_ 26,100 , 2200 X 19 * 7.5 
sinh Lea 3960 
= 126+ 50 = 1764/0” top fibre. 
= 76 bottom fibre. 
Spring 
Mee Pi iaperea! 
Is = 24,700" 
2 1 
Mar. fe = 24200 4. 8700 X 12 X 14 


355 24,700 
= 96+ 25. = 1214/0” top fibre. 
= 71 bottom fibre. 
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COMPUTATIONS FOR HINGELESS ARCH 


Sheet A8 
Least Work: Influence Table — Data: 
Load at AL 
Sect. ML-MLT wR etme Gee CAL 
=ML—MR ui if I 
baie Oo 
o=—— = 564 
2| 2.55 12.7 81 +86 .1 60.74 
SCOT 30.7 825 COTS) yy fe SOMES te 
Pie TO.88 41.6 612 |150.6 47.8 1975 a 
5| 14.98 At b 891 Ru 1081.6 
6| 18.84 49.4 1119 89.4.) Ho = goag = 1.210 
7| 22 64 Lees 1264 1817 
8| 26.26 42.0 1285 259 
9| 29.67 Gey 1253 321 
10 | 82.87 32.7 1200 373 
342.8 8030 —1081.6 
at Br 
4 3.21 12.8 181 +141] yy, = U28 9 66 
5 7.26 23.1 433 = org 60.74 
6 lie W717 29.3 664 53.0 ea 
EA aR aere 31.6 836 120.1\ 9 = Gone 
8| 18.59 30.2 908 183.0 269.9 
9| 22.00 a7. 928 238 Hy = —— = 0.974 
10 | 25.20 25.1 921 286 893.6 
1290S sid —869.9 
Ae Mo = gy = 1.280 
6| 3.50 9.2 209 16.6 | Vou 220188 
i ee 15.4 407 58.6 19478 
Sy anrO) 02 17.8 536 107.9 536.1 
9) ieee 18.0 608 154.6 | Ho = gog% = 0.600 
10| 17.58 Te 639 198 .4 
77.8 | 2894 —536 1 
23.5 
Hae My = 60.7) 7 0.387 
2 801 
s| 3.26 5.3 | 160 —32.1| Vo= 79775 = 0.0411 
9 6.67 $4 281 72.2 216.0 
10 9.87 9.8 360 111.7) Hy = 2086 = 0.242 
YEAS ay 801 —216.0 2.19 
°= 60.74 = 0.0360 
at Ey 80. 
Vo= pas 0.00418 
10 2.20 2.19 80. —24.96 24. 
4 | 4 H, = ae = 0.0280 
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COMPUTATIONS FOR HINGELESS ARCH 
Sheet AQ 


Least Work: Influence Table. 
ee ee a ee eee 


Unit Load at 


AL BL Gz Dr EL 
My 5.64 2.96 1.280 0.387 0.0360 
Hy 1.210 0.974 0.600 0.2 0.0280 
Vo=Ver 0.412 0.250 0.128 0.0411 0 .00418 
VL 0.588 0.750 0.877 0.9589 0.99887 
—3.21H, —3.89 — 3.128 — 1.927 — DEE —0.0899 
M crown + 1.78 — 0.178 — 0.647 — 0.890 —0.0589 
12.90H y 15 .61 12.56 Gay 3.120 0.3612 
38.24V 15.7 9.66 Det 1.873 0.1580 

37 .01 26 .0O7 13.73 5 .080 0.6652 
kL — 8 j07 |—96.740-—| —19.072 \=11\ sO | 8.721 
Ms left + 2.61 — 1.67 — 6.84 — 6.38 —3.186 
Ms right + 5.49 +°5.96 + 4.81 ae dh ees +0 .239 
Hy cos ¢s 0.845 0.680 0.419 0.169 0.0196 
VL sin ¢s 0.420 0.536 0.627 0.685 0.712 
Ts left 1.265 1.216 1.046 0.854 0.782 
H, cos 0.84: 0.680 0.419 0.169 0.0196 
Vos oe | 0.179 0.088 0.080 0.0080 
Ts right 1.140 0.859 0.507 0.199 0.0226 


kL | 1=Load 


Ho 
WE Se M, a Seep Ho Vo'e.11 12.90 
For load on left half Ho | 
Mstept = My + 12.90 Ho + Hi 
388.24V_,—kL 
Msrigh = My + 12.90 Hy — 
38.24 Vo 


Ts = V sin ¢s a H cos ¢s 
= 0.715 V + 0.698 H 
(Sheet A7) 


Load Diagram 
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COMPUTATIONS FOR HINGELESS ARCH 
Sheet A10 


Least Work: Maximum Live Thrust and Moment at Crown and Springing. 


Data from Influence Table. 


Unit ; 
, Live Load 
Loading a7 a Stresses 

Moment (+) ALAR +3 .50 5,160'# 

AtCrown (-—) B-C-D-E right and —2.54 3,740 
left 

Ho with +M; QA 3,570 # 
£ —M,; 8.69 §,440 

Moment at (+) Azy-A R-BR-CR-DR-ER 20.6 80 ,200'# 
Springing (—) Br-Cr-Di-Ex 16.6 24,400 

Thrust +Ms 3.99 5,880 # 
with —Ms 3.86 5,680 


Live panel load = 192 X 7.67 = 14754 


Temperature Stress 


0.000006 X 60 X 10 X 2,500.000 X 144 
446.8 


For 60° fall: Hy = 


= —2900# 
M; = 2900 X 3.21 = +93800'# 
Ts = 2900 X 0.698 = —2030}# 
M; = 2900 X 12.90 = —37,400'4 C 
For 20° rise divide above values by (—3). 


p, cos = 0.698 
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COMPUTATIONS FOR HINGELESS ARCH 
Sheet Ail 


Stress Summary and Unit Stresses. 


‘dl x 2 3 3 3 
Crown Thrust = Hof Romu eae e e/h L te ts 
Dead +25,100 +2,200 
Inve 8,600 5,200. 
Mar 28,700 7,400 Sale 0.21 0.110 800 3,000 
+M 
Temp —2,900 +9,300 
(fail) 
25,800 16,700 Cpe 0.52 0.122 610 7,000 
Dead +25,100 +2,200 
Live 5,400 —3,700 
Maz. 30,500 —1,500 0.6" 0.04 No 
—M ' Tension 
Temp +1,000 —3.100 
(rise) eae Li 
31,500 —4,600 eon 0.12 
M, M M x 12 
lea —- ee 3 From PlateXV f, = —— = ——— > 
h 16 Lb 12x 16 L 
0 
Data: p = 0.0050 in each face 
d'/h = 0.10 assumed: actual value = #;. 
Springing Thrust = T's | Moment = Ms e e/h L te ts 
Dead 434,200 +3,700 
Live §,900 30,200 
Maz. 40,100 83,900 10.2" | 0.36 0.106 410 4,000 
+Ms 
Temp. + 700 12,500 
” (rise) 
+40,800 46,400 13.6 | 0.49 | 0.100 | 690 9,000 
Dead +384,200 +3,700 
Live 5,700 —24,400 
Maz. +39,900 —20,900 6.2 0.22 0.101 260 2,000 
—Ms 
Temp. —2,000 —37,400 
(fail) 
+37,900 —68,100 18.4 0.66 0.096 770 16,500 


a a 


Data: 


h = 28” 


p = 4% X 0.0050 = 0.0027 in each face 
d'/h = 0.10 assumed: actual value = $5. 


CHAPTER XVII 
PLANS AND DETAILS 


137. Engineering design is expressed by drawings. They must 
be clear, complete and free from ambiguity for the sake of the work 
and must be made as economically as possible. Too often the 
latter consideration is allowed to outweigh the former. 

138. Drawings. Concrete drawings have a double purpose. 
First, to show the outlines of the concrete, and second, the size, 
shape and location of the reinforcement. Information regarding 
both materials is usually combined on a single drawing. Where 
there are many complications, however, it is good practice to have 
separate “outline” and “reinforcement”’ drawings. The criterion 
for separate drawings is whether or not all necessary dimensions 
can be placed on a single drawing without confusion. A floor 
with many openings, or with machine pedestals, or both, will 
usually require so many dimensions to show properly the size and 
location of corners in the concrete that there will not be room left 
to show the reinforcement clearly. This is also often true of large 
turbine foundations and similar elaborate structures. 

The general method of making concrete drawings is similar to 
that of making structural steel drawings. But concrete drawings, 
particularly framing plans showing slab steel, are often more 
complicated than steel drawings for there are more members and 
they are more closely spaced in concrete than in steel construction. 
It is therefore particularly necessary that they be made carefully 
and clearly. 

An assembly drawing which gives the size, location and mark 
of each member (beam, column, wall, etc.) is the first drawing 
made for concrete as for steel. The individual members are then 
detailed at larger scale. Slabs are usually detailed on the assembly 
drawing. 

The ordinary principles of drafting suffice to show outlines. 
In showing reinforcement on drawings there are certain conven- 
tions which are helpful and reinforcement drawings are in general 
diagrammatic in character. For illustration the rods shown in Fig. 
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117a might in fact be as diagrammed in Fig. 1170 or c and properly 
should be shown as in one of these latter views. Dotted lines are 
sometimes used to differentiate the reinforcement from outlines, 
but because of the possibility of am- 


biguity full heavy lines are better. rit Noo 9 ee 


They are also quicker to draw. Dash 
lines can then be used to indicate rods a 
extending into the member detailed b 

which are a part of and detailed with 


some other member. — os 
Assembly drawings of concrete work —$—$—$—_— 

are usually made at } or 4 inch = 1 

foot and details at 4 or inch = 1 foot. 

On account of their complexity it is unwise to use too small a 

_ scale and crowd these draw- 

Z| ings. 

<<l| 189. Reinforcement. Slab 

=H and wall reinforcement natu- 

ESS rally divides into groups or 

fia oP speek | Suk bands of identical parallel 

<f| rods. Only the two outer 

(See “:|] rods of such bands are ordi- 


Fic. 118 narily shown on a plan, for to 
show all would confuse the 
plan to no advantage. These bands are then labelled as shown in 
Fig. 118. Rods which show in several views may and often should 
have type marks on them to identify rods in different views, but 
they should have a complete label and be called for in only one 
view to avoid duplication in taking off and 
ordering. It is important that rods be called 
for in the proper view. They should be listed 
with the part or member in which they will 
first be set during construction. For ex- 
ample, an angle rod extending from a wall Fie. 119 
into a floor as shown in Fig. 119 should be 
listed in the wall detail rather than in the floor detail, for there will 
ordinarily be a construction joint at the top of the wall and these 
rods must be placed in pouring the wall. Other things being equal 
it is clearer to list rods in a view where they show in elevation as 
straight lines as shown in Fig. 118. Ambiguity in listing as well as 


Fie. 117 


2"— Bat 8'c-c 
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in drawing should be avoided: for example, listing as shown in a, 
Fig. 120, should be shown as in 6 or c, whichever is meant. Fig. 
121 shows a part of a concrete floor plan illustrating the foregoing. 
A wall elevation would be similar. It is often necessary to show a 

few cross-sections of complicated places in 
2-1" walls and slabs in addition to the plan. 
(wront) ‘The typical reinforcement can usually be 

shown laid over 90 degrees in the plan as 


azo Lae 1" is done in the illustration. 
1-1" 


Beams are detailed by an elevation and 


“ob 


(a) 


a section as shown in Fig. 122. It is im- 

22-0 / 2-1" portant that the detail show the location 
(c) 2-1°0 and angle of bends and the lap of rods 

Ree 100 beyond the centerline. The length of the 


rods need not ordinarily be figured on the 
engineer’s drawing, nor need the stirrups be dimensioned, as the 
reinforcing contractor can figure them directly from the concrete 
dimension. This illustration shows the diagramming of rods over 
supports with actual location shown in section. Where there are 
numerous beams which are similar but not identical they can 
often be detailed by drawing one beam with letters in place of 
dimensions and then tabulating the value of the various lettered 
dimensions for each beam. 

In ordinary building work it is advisable to detail a typical 
interior and a typical exterior column in the same general manner 
that beams are detailed. The balance of the columns are then 
covered in a schedule similar to that shown in Fig. 123. 

Irregular structures should be separated and detailed as slab, 
beam, and column units so far as possible. Where this is not 
possible, the foregoing principles, aided by good judgment, will 
give a satisfactory solution. 

The one requirement of bending sketches for steel reinforcement 
is that they be definite. It is not enough to show the height of a 
bend as in Fig. 120a: it should be indicated whether the figure is 
the desired dimension out to out or center to center or clear. If 
the total length occupied by a bar is limited, that limit (with proper 
allowance for clearance) should be explicitly stated, as otherwise 
there may be a variation of as much as 2 inches in the wrong direc- 
tion. The sketches shown in Fig. 124 are those used on his order 
sheet by a large dealer in reinforcing steel and show the dimen- 
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sions required for proper bending of the steel. Other companies 
have similar standards that differ somewhat in detail. It should 
be remembered that the angle of bend in a bar like Type 9 is not 
sharp as shown, since the bar is bent around a pin, usually with a 
diameter of about 3 inches. Precision beyond the nearest whole 
inch in figuring the length M is not needed. This dimension is 
required only for computing the length of the bar. There is good 
reason for requiring that this bend be gradual. Such a bar is 
heavily stressed and there are heavy bearing stresses brought onto 
the concrete at these points, tending to split the beam. Hooks, 
similarly, bring heavy splitting stresses to the concrete and require 
a large mass for embedment and often cross reinforcement or an 
enclosing spiral if they are to be effective. 

140. Details. The best of designs may be futile if the details 
are neglected, and furthermore, even if requirements of strength 
are met, poor details may greatly increase the expense of the work. 
So careful attention to details cannot be too strongly recommended. 
Understanding of construction methods, observation and experi- 
ence are necessary to make a good detailer. An endeavor is made 
in this section to point out the general requirements and some of 
the most common problems to be met. 

140a. Forms. Concrete outlines must be such that they can 
be formed and the forms removed with reasonable facility. An 
example of consideration of form work might be taken as the case 
of typical beams having a depth of 27 inches framing into typical 
girders 28 inches deep, a common relation of beam and girder sizes 
to avoid interference of steel at intersections. In this case it will 
often be cheaper to put an extra inch of fireproofing on the beam 
steel making the bottom of the beam flush with the bottom of the 
girder. Forms are considered in Chapter V which should be read 
again in this connection. 

140b. Rod Spacing. A theoretical minimum spacing for beams, 
slabs and rods can be deduced from the bond stress and the 
allowable shear on the concrete between the rods. Except for the 
largest rods this theoretical spacing is too close for good construc- 
tion, however. The spacing must be such that coarse aggregate 
will not arch between rods in pouring and cause voids. The clear 
distance between rods should be at least 14 times the size of the 
maximum aggregate, according to the Joint Committee, but more 
is preferable where several rods and considerable length are in- 
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volved. The maximum spacing for slab rods is 25 times the slab 
thickness according to the 1916 Joint Committee, but this is larger 
than common practice, which seldom exceeds 15 times the thick- 
ness. Maximum spacing is seldom, if ever, a consideration in 
beam rods. The steel is often in two layers, however, and should 
in these cases be separated by steel spacers — usually one inch in 
diameter. Spacing of vertical column steel should be 2 to 3 times 
the aggregate size in the clear. In large columns it sometimes 
becomes impossible to get enough steel in a single layer, and if so, 
the extra steel can usually be more satisfactorily placed along 
diameters rather than in a double surface layer. 

140c. Spacers. Secondary reinforcement in slabs, walls and 
miscellaneous structures at right angles with the main reinforcing 
is used for the dual purpose of distributing live load and holding 
the main reinforcement in place during the pouring of concrete. 
The latter purpose is of great importance. In ordinary slabs 
3-inch round rods 2’0”’ c.-c. are commonly used; in walls spacers 
are often made one size smaller than the main reinforcement and 
placed 1 to 2 feet apart according to conditions. Stirrups in 
beams and hoops in columns tie the main steel sufficiently. It is 
good practice to provide loop bars under the hooks of stirrups as 
shown in Fig. 122. In miscellaneous structures it is important 
that sufficient spacers be used to insure rigidity of steel during the 
pouring of concrete. 

140d. Splices. In general it is not considered good practice 
to splice reinforcing bars under stress. There are many exceptions 
to this, however. It is necessary to splice rods in columns and 
other compression members under stress. This is usually done 
by lapping them a sufficient distance to develop the stress of the 
rod in bond. Rods from the lower section to the number of those 
in the section above extend above the floor. Sometimes this 
leads to such an excessively close spacing of steel as to make the 
probability of good concrete at the section very small. In such 
cases only part of the steel is lapped and the concrete is locally 
over-stressed as the lesser of two evils. 

Tension rods carry greater stress than compression rods and 
when it is necessary to splice them under stress, as in standpipes, 
they should be fastened together with wire clips or in some equally 
satisfactory method. 

In heavy cantilevers it is often desirable to drop off part of the 
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steel as the bending moment falls off. It is obviously contrary to 
theoretical considerations to cut off rods under stress because of 
bond and it has been common to loop the ends. A better way is 
to use a hook or to bend the cut rods to the neutral axis at such 
an angle as to give bond distance between the bend and the 
neutral axis as shown in the sketch of the retaining wall on page 
143. This satisfies both practical and theoretical considerations. 

As a general rule splices should be made at construction joints 
to facilitate field work. That is, rods will project bond distance 
beyond the joint and then the next tier rods can butt the joint. 
Short dowel rods, called stubs, which extend bond distance each 
side of a joint, are used to take steel stress into footings and are 
often useful in miscellaneous structures. 

140e. Connections. In detailing reinforcing, interference at 
joints often needs attention. Small rods, 3-inch and less, can 
easily be bent in the field or allowed to sag into place. Larger 
rods are not pliable; and interfering layers of steel at beam and 
girder intersections, and beam steel dimensioned so as to intersect 
column rods, should be avoided. 

The location of cambers (or bends) in beam and slab bars is a 
design consideration, although often left to the detailer, and is 
considered in Chapter XII. 

140f. Construction Joints. In ordinary concrete work it is not 
possible to pour entire structures in a continuous operation, 
hence there must be construction joints. The general character- 
istics of a construction joint are absence of tension value, weakness 
in shear and reasonable strength in compression. Therefore 
joints in floors are made as far as possible at mid span. Joints are 
often toothed or keyed by the insertion of blocks of wood in the 
first section poured and knocked out after the concrete has set. 
Horizontal joints are subject to the formation of laitance, a scum 
of the finest cement, which is soft. It is not possible to avoid this 
entirely, but it can be lessened by avoiding an excess of water. 
Laitance should always be cleaned off before proceeding to pour 
the next layer of concrete. 

In miscellaneous structures joints should be located as far as 
possible with regard to convenience in splicing steel and setting 
up the next tier of forms: for example, at a point where there is a 
horizontal break in the structure. Joints in columns are usually 
fixed by floors or spandrel beams. Joints in floors are a field 
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problem subject to a general specification or the approval of the 
field engineer; but in many structures they should be considered 
by the designer and shown on the drawings. For example, in a 
tunnel of rectangular section it is necessary that there be a con- 
struction joint at the top of the floor and at the underside of the 
roof. It is also necessary that these joints be able to sustain in 
shear the reaction of the wall due to earth pressure. They must, 
therefore, be designed to resist pressure from one or both sides. 


CHAPTER XVIII 
ECONOMY IN DESIGN 


141. Good engineering design is of course economical design. 
With reinforced concrete, as with any other engineering material, 
really good design must of necessity be the product not only of a 
knowledge of the principles involved but also of considerable ex- 
perience in their application. Sundry formulas have been published 
in the past which purported to give economical proportions of con- 
crete members when the relative cost per unit of volume of concrete 
and steel were known. In the main they were interesting rather 
than useful. Their lack of practical value was due to the fact that 
they did not include all the variables. In the opinion of the 
authors, it is not practical to devise a workable formula of general 
application for economical proportions of concrete members. 

142. Factors to be Considered. The direct cost of a concrete 
member may be divided into three items: concrete, steel and forms. 
These vary independently of each other. In addition to these, 
the effect of changed concrete dimensions on the cost of other parts 
of the building or structure must be determined. In ‘considering 
a building column, for example, the value of the extra floor space 
taken by a lightly reinforced column must be considered in com- 
paring its cost with that of a smaller hooped column. 

The minimum clear story height of a building is usually deter- 
mined by considerations other than structural. In comparing 
economy of section of typical floor beams, therefore, the additional 
length of columns, partitions and walls must be debited against 
deeper beam sections. If the beam under consideration is typical 
for several floors this may be a large item. 

One or more dimensions of concrete members is often directly 
determined by other than structural requirements. If a large 
proportion of the beams of a floor are typical, the others, except 
for secondary headers or trimmers at stairs and shafts, will be 
made the same depth. This will make forming simpler because 
“jacks” or supports for forms will be the same length; the ceiling 


will look better and it will be more convenient for supporting 
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shafting or pipes. A beam may have its width limited to that of 
a partition or, if a spandrel, it may have both dimensions deter- 
mined by architectural considerations. 

143. Methods of Comparison. The method to be used in 
determining economical proportions is to make several designs, 
compute the cost of each, and select the cheapest which fulfills 
all fixed conditions, or determine whether some advantage such 
as appearance or the convenience of a more expensive method is 
sufficient to offset its extra cost over the cheapest. The design 
need not be complete in all details nor do the unit costs need to be 
precise; relative costs are what are needed. This is no royal road 
but it is the only one which leads to satisfactory results. 

In applying this method it is also necessary to consider when 
and how to apply it. It would be obviously absurd to make such 
analysis of each member of a building, and equally absurd to omit 
entirely such computations of an important structure. In prac- 
tice, consideration of a typical bay of a reasonably regular building 
or of a few isolated sections of an irregular building are sufficient. 

Certain members should be considered as a group in computa- 
tions of this character because of their interdependence; for exam- 
ple: a two or three-span beam across a building or a complete 
column. On a structure figured for wind or other loads in addi- 
tion to floor loads it will usually be best to consider a complete 
bay or bent as a unit in estimating comparative costs. 

This consideration of a complete bay is also necessary in study- 
ing the most difficult problem of this type, namely, special or 
patented types of construction. The great difficulty of this type of 
problem lies in the personal equation of the contractor, for different 
contractors will often disagree entirely on costs of unusual or 
patented systems. Since the economy of patented systems often 
hinges on savings in certain unit costs, or extra labor which offsets 
material savings, the best that the engineer can do in such a case 
is to check over his unit prices with one or more of the con- 
tractors who are expected to figure the work, get bids for any 
patented material or forms, and get estimated costs on any special 
work the contractor has to do. It is better to get prices from the 
contractor rather than from a salesman, although the latter may 
at times be a great help. 

The following examples are taken from ‘“‘ Economy in the Design 
of Reinforced Concrete Building” by Clayton W. Mayer of the 
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Aberthaw Construction Co., published in the 1918 Proceedings of 
the American Concrete Institute, to which the student is referred 
for an excellent treatment of the subject. It must be emphasized 
that unit prices vary with location and time and it is necessary to 
use costs which are applicable. 


Example 53. Comparative costs of various schemes for the design of a 
concrete column for a flat slab floor. - Fig. 125. 


Scheme Diam. 


Design 
Scheme (a): 
36-in.-dia. column 
11-1}-in. rd. vert. rods OPA saree eh eas are Roundisteel co. aoercur cet. 15.00 
3-in. rd. hoops 12 in. o.c. Rreinvich sa. taser sas CA tial de seamed om anor 35.80 
Mix1:2:4 Lost floor space...... Pi SOatts At Pose Oat a nave airs 13.75 
EBOUAL oarivace wivinin tenis seve tors eyeteie $ 98,21 
Scheme (6): 
32-in.-dia. column Concrete. serene 7 Jeusttrat tte. ssn a2 $ 26.86 
23-14-in. rd. vert. rods MOLIa tee er nate Round ateels .e:c20.nte eens 2 15.00 
Z-in. rd. hoops 12 in. o.c. REMECE 1 oc csi cae 1497 Ibe; ab OO. ae rn eee: 71.85 
Mix1:2:4 Lost floor space...... 8_5 sal ft.at $2.75........ 8.53 
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Scheme (c): 


32-in.-dia. column @oncrete eae 79 cu. ft. at 364¢......+.4- $ 28.84 
12-1}-in. rd. vert. rods Formsi.. os. sisanccrtr rs. Round: steelers ctavstecteretetts 15.00 
2-in. rd. hoops 12 in. o.c. Reintctn eee ee cee THROM hn cane soa snc 38.50 
Mix 1:13:33 Lost floor space...... 37/5 BQ Mus NG aed Ole ereecstsiets 8.53 
TD Ota cisterofovstelelehshals stetehers terre ~s- $ 90.87 

Scheme (d): 
26-in.-dia, column jconerets eet fy Aeon Bocuse Tattoos Coe eee $ 18.98 
11-1-in. rd. vert. rods Forms) a. sesncticsnevee Round steel =.3.-ae- ie 15.00 
1 per cent spirals (184 lb.) Reinfet)y.cc sje scoters 514 Ib. at 5¢ A atts ateneeeteels 25.70 
per lin. ft. Spiraletter see 264 lbyatos¢ ce aeeeeeee 14.52 
Mix 1:1}3:3 Lost floor space...... =p 8q. ft. at $2.75......... 1.92 
"Total iovcter evo. tatetonecers tor crsceteretevetersts $ 76.12 

Scheme (e): 
28-in.-dia. column Concretery aicreiisckecioter 60} cu. ft. at 43¢....2....- $ 26.02 
20-14-in. rd. vert. rods WOLMBixse iter ee Round steel. cecal eee 15.00 
3-in. rd. hoops 12 in. o.c. Reinfctaree nates 1255 Ib. at 5¢...... 62.75 
Mix1:1:2 Lost floor space...... PAS SQ af bnkts P20 Dsireieteyeiar 3.99 
MR Ot alin, cieetercisrckele toscana qeistekenersyetcte $107.76 

Scheme (f): (Most Economical) 

26-in. dia. column Concreteneaneer rere S2icuite stot eer eee $ 22.36 
7-1-in. rd. vert. rods Horms;..- soe eoee Roundusteeliy crc seine 15.00 
1 per cent spirals (184 Ib.) Reinfetiae nncmciwercrets 245 |b. at 5¢. spiehisltte eeraieeenne 12.25 
per lin. ft. Spiralencc:. crac caer 264 Ibsabios Cae aeieeeere 14.52 
Mix1:1:2 Lost floor-space...... 49.84. ft. ab/$2:75.0 ieee 1.92 
Totals ciasaeveevrsieren tereraterseneeietes $ 66.05 

Scheme (y): 
24-in.-dia. column Concretese. sono nn 444 cu. ft. at 43¢......... $ 19.14 
10-14-in. rd. vert. rods Hormsianr ioe arr Roundieteellticiercuess esas 15.00 
1 per cent spirals (16 lb.) Reinfct. (Vert.) ......606 lb. at 5¢ i oata ica wats tavattey ere 30.30 
per lin. ft. Spiralase es one WY) Noh DM Bhiaaooacvceve 12.60 
Mix1:1:2 ———. 
(Lotal soa coerced saoteetie etaetote $ 77.04 


Note that forms are the same for all columns using steel forms, and that 
the floor space figured is the excess over the area of smallest columns of 


the enclosing squares, which is really the measure of the lost space. 
difference in cest of richer concrete mixes is the cost of extra cement. 


The 
In this 


case rich concrete is more economical than lean, concrete is more economical 


than steel, spirals are more economical than vertical steel. 
are usual. 


These relations 


Example 54. Comparative costs of plain and reinforced concrete footings. 


Scheme (a), reinforced type (mix 1: 2:4): see Fig. 126. 


Concretesl 2s. 4ny- ee a ee eee eee 460 cu. ft: at S40 Pearce snoenetSlOGEAD: 

Forms (none) 

Reinforcement asprin eee ee 420) Thy at OG sonore eee 21.00 

EXCAVATION & = 2 Se tlaptect: te aie Seni eee ere eran 19% teu. ydl at $100 cs. eem meee 19.25 

Backulltandiley clare: ener enen PER HAIR Shon gonenooaccbene 5.78 

Sn. (close) sheetingss.a vist avai ciesverie Gus LS2 BGs Ti Seta ose Ce RI Oe 18.20 
Total...., sisi dieievesmetse NOM Un I OOMOOU MOC ocu rose. £ PAO 
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Scheme (6), plain type (mix 1 : 2} : 5): 


Concrete es 2b c5 ain sera ak tel aon. DOVAGUAT UALS 20 cy wena a tie eee $162.24 
Hormsn(top block) ic... ..ce Levee ca Cece Salsas fowat a been does ctaces 12.60 
IDKGAVACIOMIS Ce he Ae eet Ne ote 22 Cleve ab OL.00n. suse cakes ce cet 24.00 
Excavation below 5-ft. mark............. DRCUVG RAT Sd OU micie ace valor inree 8.25 
BackGlliand levelesac. 6. sac cccasocksewe OMe yd ati sO Pmake kiosk nace 8.85 
3-ins (close) ‘sheeting ...6.0<).% oo. 50.60 vdeo 270 sq. ft. at 10¢ Seraph oR at 27.00 


202" -rds.-10-0'l9, 
(each way) 


Scheme “‘a”’ 


Scheme ‘‘b” 


Fig. 126 


Note that the deeper excavation is more expensive than the shallow and 
that the excavation is made so that the sheeting is used as a form. 


Problem 38. Compare cost of design of floor in Chapter XII with a similar 
one using two intermediate beams in each bay, using concrete and steel prices 
as given in the examples and, for forms, 20 cents per sq. ft. for slabs and 
beam bottoms and 30 cents for beam sides. 


APPENDIX A! 


PROPORTIONS? FOR CONCRETE OF GIVEN COMPRES- 
SIVE STRENGTH AT 28 DAYS 


This table gives the Nominal Mix, being based on volumes of dry aggregate 
compacted by rodding in the measure, as specified in the Standard Method 
of Test for Unit Weight of Aggregate for Concrete (Serial Designation: C 
29-21) of the American Society for Testing Materials. Corrections should 
be made in the quantities to take account of the bulking effect of mositure 
in the fine aggregate. The bulking of fine aggregate (swelling) due to con- 
tained moisture, and the method of placing it in the measure, may result in a 
reduction of 25 per cent in the actual quantity of fine aggregate, as compared 
with that obtained by dry measurement by the standard method. 

The table gives the proportions in which Portland cement and a wide range 
in sizes of fine and coarse aggregates should be mixed to obtain concrete of 
compressive strengths ranging from 1500 to 3000 lb. per sq. in. at 28 days. 
Proportions are given for concrete of four different consistencies. 

The purpose of the table is twofold: 


(1) To furnish a guide in the selection of mixtures to be used in preliminary 
investigations of the strength of concrete from given materials. 

(2) To indicate proportions which may be expected to produce concrete 
of a given strength under average conditions where control tests are not 
made. 


If the proportions to be used in the work are selected from the table without 
preliminary tests of the materials, and control tests are not made during the 
progress of the work, the mixtures in bold-faced type shall be used. 

The use of this table as a guide in the selection of concrete mixtures is based 
on the following: 


(1) Conerete shall be plastic; 

(2) Aggregates shall be clean and structurally sound; 

(3) Aggregates shall be graded between the sizes indicated; 

(4) Cement shall conform to the requirements of the Standard Specifica- 
tions and Tests for Portland Cement (Serial Designation: C 9-21) of the 
American Society for Testing Materials. 


1 From Appendix 16, 1924 Joint Committee Report. 

® Based on the 28-day compressive strengths of 6 by 12-in. cylinders, made 
and stored in accordance with the Tentative Methods of Making Compression 
Tests of Concrete (Serial Designation: C 39-21 T) of the American Society 
for Testing Materials. (Appendix 12.) 
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The plasticity of the concrete shall be determined by the slump test! carried 
out in accordance with the Tentative Method of Test for Consistency of 
Portland-Cement Concrete for Pavements or for Pavement Base (Serial 
Designation: D 138-22 T) of the American Society for Testing Materials. 

Apply the following rules in determining the size assigned to a given aggre- 
gate: 


(1) Not less than 15 per cent shall be retained between the sieve which is 
considered the maximum size? and the next smaller sieve. 

(2) Not more than 15 per cent of a coarse aggregate shall be finer than the 
sieve considered as the minimum size.? 

(8) Only the sieve sizes given in the table shall be considered in applying 
rules (1) and (2). 

(4) Sieve analysis shall be made in accordance with the Standard Method of 
Test for Sieve Analysis of Aggregates for Concrete (Serial Designation: C 
41-24) of the American Society for Testing Materials. 


Proportions may be interpolated for concrete strengths, aggregate sizes and 
consistencies not covered by the table or determined by test. 


1 This test is made by filling an open-ended metal form, 12 in. high, made 
in the form of the frustum of a right cone, with wet concrete, the form being 
placed upright on a flat surface. The mold is carefully lifted and the height 
of the concrete measured after it ceases settling. The slump is the difference 
between this height and 12 in. 

2 For example: a graded sand with 16 per cent retained on the No. 8 sieve 
would fall in the 0-No. 4 size; if 14 per cent or less were retained, the sand 
would fall in the 0-No. 8 size. A coarse aggregate having 16 per cent coarser 
than 2-in. sieve would be considered as 3-in. aggregate. 
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PROPORTIONS FOR 2000 Ls. PER Sq. In. CoNcRETE 


Portland Cement : Fine Aggregate : Coarse 


Proportions are expressed by volume as follows: 


Aggregate. 


Thus 1 : 2.6 : 4.6 indicates 1 part by volume of Portland cement, 2.6 parts by volume of fine 


aggregate and 4.6 parts by volume of coarse aggregate. 


Size of Fine Aggregate 


Slump, 
in. 


Size of Coarse 
Aggregate 


0-3 in. 


0-No. 8 0-No. 4 


0-No. 14 


0-No. 28 


PULL ae amc sone. 
ante 1D, Pe ae 
2500 25iIs cmieveteeia 


No: 4 to2in........ 
PUN! i banionnonpaes 


No. 4 to 1} in....... 


Nos 4tovbin... a. .ne 
INo:4 to line cece 


INONO? Asan Sih iacicaie 


3 
4 


LT OCU dae ahmeoat 


In the Joint Committee Report will be found tables for 1500, 2500 and 3000 Ibs./sq. in. in addi- 


tion to the one given here, 
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From the Report of the Joint Committee! on Standard Specifications for 
Concrete and Reinforced Concrete, submitted August 14, 1924. 


Note: Art. 63, PLACING, is reprinted on page 158; Art. 67, MOISTURE 
PROTECTION, is reprinted on page 40; Art. 68, FIRE PROTECTION, is 
reprinted on page 41. 


CHAPTER XI. DESIGN 


A. General Assumptions 


103. General Assumptions. The design of reinforced concrete members 
under these specifications shall be based on the following assumptions: 


(a) Calculations are made with reference to working stresses and safe loads 
rather than with reference to ultimate strength and ultimate loads. 

(b) A plane section before bending remains plane after bending, shearing 
distortions being neglected. : 

(c) The modulus of elasticity of concrete in compression is constant within 
the limits of working stresses and the distribution of compressive stress in 
beams is rectilinear. 

(dq) The moduli of elasticity of concrete in computations for the position 
of the neutral axis, for the resisting moment of beams, and for compression 
of concrete in columns, are as follows: 


(1) 5 that of steel, when the compressive strength of the concrete at 
28 days exceeds 1500 and does not exceed 2200 lb. per sq. in.; 

(2) +5 that of steel, when the compressive strength of the concrete at 
28 days exceeds 2200 and does not exceed 2900 lb. per sq. in.; 

(3) dy that of steel, when the compressive strength of the concrete at 
28 days is greater than 2900 lb. per sq. in. 


(e) In calculating the moment of resistance of reinforced concrete beams 
and slabs the tensile resistance of the concrete is neglected. 

(f) The bond between the concrete and the metal reinforcement remains 
unbroken throughout the range of working stresses. Under compression the 
two materials are therefore stressed in proportion of their moduli of elasticity. 

(g) Initial stress in the reinforcement due to contraction or expansion of 
the concrete is neglected, except in the design of reinforced concrete columns.? 


1 Composed of affiliated committees of the American Society of Civil 
Engineers, American Society for Testing Materials, American Railway 
Engineering Association, American Concrete Institute, Portland Cement 
Association. 

2 Formula 43 for the permissible compressive stress in reinforced concrete 
columns takes into account the effect of shrinkage in the concrete on the 
stress in the longitudinal reinforcement. It is not required, however, that 
the designer consider shrinkage stresses in columns, except through the use 
of that formula. 

351 


352 APPENDIX B 


B. Flecure of Rectangular Reinforced Concrete Beams and Slabs 


104.1 Flexure Formulas. (The formulas given are in general the same as 
those presented in Chap. VIII.) 


105. Notation. (See page 374, Appendix C.) 


106. SpanLength. The span length, 1, of freely supported beams and slabs, 
shall be the distance between centers of the supports, but shall not exceed the 
clear span plus the depth of beam or slab. The span length for continuous 
or restrained beams built to act integrally with supports shall be the clear 
distance between faces of supports. Where brackets having a width not less 
than the width of the beam and making an angle of 45 degrees or more with 
the horizontal axis of a restrained beam are built to act integrally with the 
beam and support, the span shall be measured from the section where the 
combined depth of the beam and bracket is at least one-third more than the 
depth of the beam, but no portion of such a bracket shall be considered as 
adding to the effective depth of the beam. Maximum negative moments are 
to be considered as existing at the ends of the span, as defined above. 


107. Slightly Restrained Beams of Equal Span. Beams and slabs of equal 
spans built to act integrally with beams, girders, or other slightly restraining 
supports and carrying uniformly distributed loads shall be designed for the 
following moments at critical sections: 

(a) Beams and slabs of one span, 

Maximum positive moment near center, 


12 
M= 5. (12) 


(6) Beams and slabs continuous for two spans only, 
(1) Maximum positive moment near center, 
wl? 
Wl = 0 5 (13) 
(2) Negative moment over interior support, 
wl? 
M = rn . (14) 


(c) Beams and slabs continuous for more than two spans, 
(1) Maximum positive moment near center and negative moment 
at support of interior spans, 


wl? 
M= 72° (15) 


(2) Maximum positive moment near centers of end spans and 
negative moment at first interior support, 


M = 0° (16) 
1 For fs = 16,000 to 18,000 Ibs. per sq. in. and fe = 800 to 900 Ibs. per sq. 


in., 7 may be assumed as 0.86. For values of pn varying from 0.04 to 0.24, 
jk is approximately equal to 0.67 ~/pn, 
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(d) Negative moment at end supports for cases (a), (b), (¢) of this section, 
Y s * 2 

M = not less than a : (16a) 

108. Beams Built Into Brick or Masonry Walls. Beams and slabs built 

into brick or masonry walls in a manner which develops partial end restraint 


shall be designed for a negative moment at the support of 


J 2 
as (17) 


M = not less than 16° 


109. Freely Supported Beams of Equal Span. Beams and slabs of equal 
spans freely supported and assumed to carry uniformly distributed loads shall 
be designed for the moments specified in Section 107, except that no reinforce- 
ment for negative moment need be provided at end supports where effective 
measures are taken to prevent end restraint. The span shall be taken as de- 
fined in Section 106 for freely supported beams. 


110. Restrained Beams of Equal Span. Beams and slabs of equal span 
built to act integrally with columns, walls, or other restraining supports and 
assumed to carry uniformly distributed loads, shall (except as provided in 
Section 107) be designed for the following moments at critical sections: 

(a) Interior spans, 


(1) Negative moment at interior supports except the first, 


wl? 
M = 2° (18) 
(2) Maximum positive moment near centers of interior spans, 
Uae. (19) 
[167 


(b) End spans of continuous beams and beams of one span in which I /] 
is less than twice the sum of the values of 7/h for the exterior columns 
above and below which are built into the beams: 

(1) Maximum positive moment near center of span and negative 
moment at first interior supports, 


M=-—. (20) 


(2) Negative moment at exterior supports, 


wl? 
= 21 
(c) End spans of continuous beams, and beams of one span, in which J/I 
is equal to or greater than twice the sum of the values of //h for the 
exterior column above and below which are built into the beams: 
(1) Maximum positive moment near center of span and negative 
moment at first interior support, 
wl? 


M=7- (22) 
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(2) Negative moment at exterior support, 


Meee (23) 


111. Continuous Beams of Unequal Spans or with Non-uniform Loading. 
Continuous beams with unequal spans, or with other than uniformly distrib- 
uted loading, whether freely-supported or restrained, shall be designed for the 
actual moments under the conditions of loading and restraint. 

Provision shall be made where necessary for negative moment near the 
center of short spans which are adjacent to long spans, and for the negative 
moment at the end supports, if restrained. 


112. Unsupported Flange Length. The distance between lateral supports 
of the compression area of a beam shall not exceed 24 times the least width of 
compression flange. 


C. Flexure of Reinforced Concrete T-Beams 


113. Flexure Formulas. (See page 111.) 
114. Notation. (See Appendix C.) 


115. Flange Width. Effective and adequate bond and shear resistance 
shall be provided in beam-and-slab construction at the junction of the beam 
and slab; the slab shall be built and considered an integral part of the beam; 
the effective flange width to be used in the design of symmetrical T-beams 
shall not exceed one-fourth of the span length of the beam, and its overhang- 
ing width on either side of the web shall not exceed eight times the thickness 
of the slab nor one-half the clear distance to the next beam. 

For beams having a flange on one side only, the effective flange width to be 
used in design shall not exceed one-tenth of the span length of the beam, and 
its overhanging width from the face of the web shall not exceed six times the 
thickness of the slab nor one-half the clear distance to the next beam. 


116. Transverse Reinforcement. Where the principal slab reinforcement 
is parallel to the beam, transverse reinforcement, not less in amount than 0.3 
per cent of the sectional area of the slab, shall be provided in the top of the 
slab and shall extend across the beam and into the slab not less than two-thirds 
of the width of the effective flange overhang. The spacing of the bars shall 
not exceed 18 in. 


117. Compressive Stress at Supports. Provision shall be made for the 
compressive stress at the support in continuous T-beam construction. 


118. Shear. The flange of the beam shall not be considered as effective 
in computing the shear and diagonal tension resistance of T-beams. 


119. Isolated Beams. Isolated beams in which the T-form is used only 
for the purpose of providing additional compression area, shall have a flange 
thickness not less than one-half the width of the web and a total flange width 
not more than 4 times the web thickness. 


APPENDIX B 355 


D. Diagonal Tension and Shear 
120. Notation. (See Appendix C.) 


121. Formula for Shear. The shearing unit-stress, », in reinforced con- 
crete beams shall be taken as not less than that computed by Formula 29.1 


V 


° bd" 


(29) 

122. Variation of Shear in Beams with Uniform Load. For purpose of 
design of beams carrying uniform loads, not less than one-fourth of the total 
shearing resistance required at either end of span shall be provided at the 
section where the computed shearing stress is zero; from that section to the 
ends of span the required shearing resistance shall be assumed to vary uni- 
formly. 


123. Width of Beams in Shear Computations. The shearing unit stress 
shall be computed on the minimum width of rectangular beams and on the 
minimum thickness of the web in beams of I or T-section. 


124. Shear in Beam-and-Tile Construction. The width of the effective 
section for shear as governing diagonal tension shall be assumed as the thick- 
ness of the concrete web plus one-half the thickness of the vertical webs of 
the concrete or clay tile in contact with the beam. (For typical design see 
Appendix C, Fig. 13.) 


125. Types and Spacing of Web Reinforcement. Web reinforcement may 
consist of: 


(a) Vertical stirrups or web reinforcing bars; 

(6) Inclined stirrups or web reinforcing bars forming an angle of 30 degrees 
or more with the longitudinal bars; 

(c) Longitudinal bars bent up at an angle of 15 degrees or more with the 
direction of the longitudinal bars. . 


Stirrups or bent-up bars which are not anchored at both ends, according 
to the provisions of Section 141, shall not be considered effective as web 
reinforcement. When the shearing stress is not greater than 0.06 f’c, the 
distance s measured in the direction of the axis of the beam between two 
successive stirrups, or between two successive points of bending up of bars, 
or from the point of bending up of a bar to the edge of the support, shall not 
be greater than 

45 d 
iso (30) 
where the angle a is in degrees. 

When the shearing stress is greater than 0.06 f’c, the distance s shall not be 


greater than two-thirds of the values given by Formula 30. 


126. Anchorage of Web Reinforcement. See Section 141. 


For I or T-beams b is the width of the stem as given in Section 123. 
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127. Beams Without Special Anchorage of Longitudinal Reinforcement. 
The shearing unit stress computed by Formula 29 in beams in which the 
longitudinal reinforcement is without special anchorage shall not exceed the 
values given by Formulas 31 and 32 and in no case shall it exceed 0.06 f’c. 

When a is between 45 and 90 degrees, 


foAy 


» = 0.02f'c + -~* . (31) 
When a is less than 45 degrees, 
v = 0.02 f’e pee (sin a + cos a). (32) 


128. Beams with Special Anchorage of Longitudinal Reinforcement. The 
shearing unit stress computed by Formula 29 in beams in which longitudinal 
reinforcement is anchored by means of hooked ends or otherwise, as specified 
in Section 140, shall not exceed the value given by Formulas 31 and 32, when 
0.03 f’c is substituted for 0.02 f’< in those formulas; in no case shall the shearing 
unit stress exceed 0.12 f’c. 


129. Beams with Bars Bent up at a Single Point. Where the web reinforce- 
ment consists of bars bent up at a single point, the point of bending shall be at 


a distance s from the edge of the support, not greater than that given in Section 


125 and the value of the quantity — 


not exceed 75 Ib. per sq. in. (See Appendix C, Fig. 10.) 


“(sin a + cos a) used in the design shall 


130. Combined Web Reinforcement. Where two or more types of web 
reinforcement are used in conjunction, the total shearing resistance of the beam 
shall be assumed as the sum of the shearing resistances computed for the 
various types separately. In such computations the shearing resistance of 
the concrete (the term 0.02 f’c or 0.03 f’¢ in Formulas 31 and 32) shall be 
included only once. In no case shall the maximum shearing stresses be greater 
than the limiting values given in Sections 127 and 128. 


131. Shearing Stress in Flat Slabs. The shearing unit stress in flat slabs 
shall not exceed the value of v as given by Formula 33, 


v = 0.02 f, 1 + 1) (33) 


and shall not in any case exceed 0.03 f’c. 
The shearing unit stress shall be computed on: 


(a) A vertical section which has a depth in inches of 2 (t; — 14) and which 
lies at a distance in inches of t; — 12 from the edge of the column capital; and 

(b) A vertical section which has a depth in inches of 2 (t2 — 14) and which 
lies at a distance in inches of t: — 13 from the edge of the dropped panel. 


In no case shall 7 be less than 0.25. Where the shearing stress computed 
as in (a) is being considered, 7 shall be assumed as the proportional amount 
of the negative reinforcement, within the column strip, crossing the column 
capital. Where the shearing stress computed as in (6) is being considered, r 
shall be assumed as the proportional amount of the negative reinforcement, 
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within the column strip, crossing entirely over the dropped panel.! (For 
typical flat slab and designation of principal design sections see Appendix C, 
Figs. 14 and 15.) 


132. Shear and Diagonal Tension in Footings. The shearing stress shall 
be taken as not less than that computed by Formula 29. The stress on the 
critical section shall not exceed 0.02 f’< for footings with straight reinforce- 
ment bars, nor 0.03 f’c for footings in which the reinforcement bars are an- 
chored at both ends by adequate hooks or otherwise as specified in Section 140. 


133. Critical Section for Soil Footings. The critical section for diagonal 
tension in footings on soil shall be computed on a vertical section through the 
perimeter of the lower base of a frustum of a cone or pyramid which has a base 
angle of 45 degrees, and which has for its top the base of the column or pedestal 
and for its lower base the plane at the centroid of longitudinal reinforcement. 


134. Critical Section for Pile Footings. The critical section for diagonal 
tension in footings on piles shall be computed on a, vertical section at the inner 
edge of the first row of piles entirely outside a section midway between the face 
of the column or pedestal and the section described in Section 133 for soil 
footings, but in no case outside of the section described in Section 133. The 
critical section for piles not arranged in rows shall be taken midway between 
the face of the column and the perimeter of the base of the frustum described 
in Section 133. 


E. Bond and Anchorage 


135. Bond Stresses by Beam Action. Where bar reinforcement is used to 
resist tensile stresses developed by beam action, the bond stress shall be taken 
as not less than that computed by Formula 34, 


V 
C= Soja" (34) 


For continuous or restrained members, the critical section for bond for the 
positive reinforcement shall be assumed to be at the point of inflection; that 
for the negative reinforcement shall be assumed to be at the face of the support, 
and at the point of inflection. For simple beams or freely supported end 
spans of continuous beams, the critical section for bond shall be assumed to: 
be at the face of the support. 

Bent-up longitudinal bars which, at the critical section, are within a distance 


f from horizontal reinforcement under consideration, may be included with 


the straight bars in computing Zo. 

In footings only the bars specified in Section 177 as effective in resisting 
bending moment shall be considered as resisting bond stresses. Special in- 
vestigation shall be made of bond stresses in footings with stepped or sloping 


1 In special cases, where supported by satisfactory engineering analysis, 
diagonal tension reinforcement may be used and increased shearing stresses 
allowed in accordance with Sections 127 to 130. 
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upper surface, as maximum bond stresses may occur at the vertical plane of 
the steps or near the edges of the footing. 


136. Bond Stress for Ordinary Anchorage. In beams where the ordinary 
anchorage described in Section 139 is provided, the bond stress computed by 
Formula 34 at any section shall not exceed the following values: 


For! plain barse.. aap terse eee er eee tt kaka eee u = 0.04 f’c 
For deformed bars meeting the requirements of Section 23. wu = 0.05 f'c 


137. Bond Stresses for Special Anchorage. In beams where special an- 
chorage of the bars is provided as specified in Section 140, bond stresses ex- 
ceeding those specified in Section 136 may be used, provided the total tensile 
stress at a point of abrupt change in stress or at the point of maximum stress, 
does not exceed the value of F given by Formula 35, 


F = Qudoy + uzox (35) 


where /F = total tension in the bar; 

the perimeter of the bar under consideration; 

Q = ratio of the average to the maximum bond stress computed by 
Formula 34 within the distance y; 


M 
S 
ll 


u = permissible bond stress = 0.04 f’, for plain and 0.05 f’; for 
deformed bars meeting the requirements of Section 23; 
x =the length of bar added for anchorage, including the hook, 


if any; 
y = distance from the point at which the tension is computed to the 
point of beginning of anchorage. 


The length of bar added for anchorage may be either straight or bent. The 
radius of bend shall not be less than four bar diameters. 


138. Bond Stress for Reinforcement in Two or More Directions. The 
permissible bond stress for footings and similar members in which reinforce- 
ment is placed in more than one direction shall not exceed 75 per cent of the 
values in Sections 136 and 137. 


139. Ordinary Anchorage Requirements. In continuous, restrained or 
cantilever beams, anchorage of the tensile negative reinforcement beyond the 
face of the support shall provide for the full maximum tension with bond 
stresses not greater than those specified in Section 136. Such anchorage shall 
provide a length of bar not less than the depth of the beam. In the case of 
end supports which have a width less than three-fourths of the depth of the 
beam, the bars shall be bent down toward the support a distance not less than 
the effective depth of the beam. The portion of the bar so bent down shall 
be as near to the end of the beam as protective covering permits. (See Fig. 
9.) In continuous or restrained beams, negative reinforcement shall be 
carried to or beyond the point of inflection. Not less than one-fourth of the 
area of the positive reinforcement shall extend into the support to provide an 
embedment of ten or more bar diameters. 

In simple beams or freely supported end spans of continuous beams at least 
one-fourth of the area of the tensile reinforcement shall extend along the 
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tension side of the beam and beyond the face of the support to provide an 
embedment of ten or more bar diameters. 


140. Special Anchorage Requirements. Where increased shearing stresses 
are used as provided in Sections 128 and 132 or increased bond stresses as 
provided in Section 137, special anchorage of all reinforcement in addition to 
that required in Section 139 shall be provided as follows: 


(a) In continuous and restrained beams, anchorage beyond points of in- 
flection of one-third the area of the negative reinforcement and beyond the 
face of the support of one-third the area of the positive reinforcement, shall 
be provided to develop one-third of the maximum working stress in tension, 
with bond stresses not greater than those specified in Section 136. 

(6) At the edges of footings, anchorage for all the bars for one-third the 
maximum working stress in tension shall be provided within a region where 
the tension in the concrete, computed as an unreinforced beam, does not 
exceed 40 Ib. per sq. in. 

(c) In simple beams or freely supported end spans of continuous beams, 
at least one-half of the tensile reinforcement shall extend along the tension 
side of the beam to provide an anchorage beyond the face of the support for 
one-third of the maximum working stress in tension. 


141. Anchorage of Web Reinforcement. Web bars shall be anchored at 
both ends by: 


(a) providing continuity with the longitudinal reinforcement; or 

(b) bending around the longitudinal bar; or 

(c) a semi-circular hook which has a radius not less than four times the 
diameter of the web bar. 


Stirrup anchorage shall be so provided in the compression and tension 
regions of a beam as to permit the development of safe working tensile stress 
in the stirrup at a point 0.3 d from either face.! 

The end anchorage of a web member not in bearing on the longitudinal 
reinforcement shall be such as to engage an amount of concrete sufficient to 
prevent the bar from pulling out. In all cases the stirrups shall be carried 
as close to the upper and lower surfaces as fireproofing requirements permit. 
(For typical designs see Appendix C, Figs. 8 and 12.) 


F. Flat Slabs 
(Two-Way and Four-Way Systems with Rectangular Panels) 


142. Moments in Interior Panels. The moment coefficients, moment dis- 
tribution and slab thicknesses specified herein are for slabs which have three 
or more rows of panels in each direction, and in which the panels are approxi- 
mately uniform in size. Slabs with paneled ceiling or with depressed paneling 
in the floor shall be considered as coming under the requirements herein given. 


1 Generally a properly-anchored stirrup whose diameter does not exceed 35 
of the depth of the beam will meet these requirements. 
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The symbols used in Formulas 36 to 41 are defined in Appendix C except as 
indicated in Sections 142, 145 and 155. 

In flat slabs in which the ratio of reinforcement for negative moment in the 
column strip is not greater than 0.01, the numerical sum of the positive and 
negative moments in the direction of either side of the panel for which tension 
reinforcement must be provided, shall be assumed as not less than that given 
by Formula 36, 


2 cN?2 
M, = 0.09 W1 ( —is (36) 


where M,) = sum of positive and negative bending moments! in either 
rectangular direction at the principal design sections of a 
panel of a flat slab; 

base diameter of the largest right circular cone, which lies 
entirely within the column (including the capital) whose 
vertex angle is 90 degrees and whose base is 13 inches below 
the bottom of the slab or the bottom of the dropped panel 
(see Fig. 14); 

1 = span length ? of flat slab, center to center of columns in the 

rectangular direction in which moments are considered; 

l, = span length ? of flat slab, center to center of columns perpen- 
dicular to the rectangular direction in which moments are 
considered; and 

total dead and live load uniformly distributed over a single 
panel area. 


° 
lI 


Ww 


Il 


143. Principal Design Sections. In computing the critical moments in 
flat slabs subjected to uniform load the following principal design sections 
shall be used: 


(a) Section for Negative Moment in Middle Strip: The section beginning 
at a point on the edge of the panel 1, /4 from the column center and extending 
in a rectangular direction a distance 1,/2 toward the center of the adjacent 
column on the same panel edge. (See Fig. 15, Appendix C.) 


1 The sum of the positive and negative moments provided for by this 
equation is about 72 per cent of the moment found by rigid analysis based 
upon the principles of mechanics. Extensive tests and experience with exist- 
ing structures have shown that the requirements here stated will give adequate 
strength. See ‘Statical Limitations upon the Steel Requirement in Rein- 
forced Concrete Flat Slab Floors,” by John R. Nichols, Transactions, Am. Soe. 
Civil Engrs., Vol. LXXVII (1914), and “ Moments and Stresses in Slabs,”” by 
Westergaard and Slater, Proceedings, Am. Concrete Inst., Vol. XVII (1921). 

> The column strip and the middle strip to be used when considering mo- 
ments in the direction of the dimension / are located and dimensioned as shown 
in Fig. 15. The dimension 1, does not always represent the short length of 
the panel. When moments in the direction of the shorter panel length are 
considered, the dimensions / and |, are to be interchanged and the strips corre- 
sponding to those shown in Fig. 15 but extending in the direction of the shorter 
panel length are to be considered. 
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TABLE VI 
Moments TO BE Usep 1n Desian or Frat Suass } 


Flat Slabs without Flat Slabs with 


; Dropped Panels Dropped Panels 
Strip 
Negative Positive Negative Positive 
SiaBs wiTH 2-way REINFORCEMENT 
oe ERT Dees of SOKO ROEe SE oe Ree 0.23 Mo 0.11 Mo 0.25 Mo 0.10 Mo 
hy, GUSIGTT See 0.46 Mo 0.22 Mo 0.50 Mo 0.20 Mo 
IRC LENT ys Sle saae he SO CaS oe URE 0.16 Mo 0.16 Mo 0.15 Mo 0.15 Mo 
Stass wirH 4-way REINFORCEMENT 
Column strip. Re Rack jets dia Gatien /sictte cic lapiciows an aies 0.25 Mo 0.10 Mo 0.27 Mo 0.095 Mo 
PACOMMMN ATID Loe 6. cleo ne eee noah ee 0.50 Mo 0.20 Mo 0.54 Mo 0.190 Mo 
Li SPS PRES TK 2 teagan gs ea gn ee 0.10 Mo 0.20 Mo 0.08 Mo 0.190 Mo 


1 These are approximately the values which would be obtained by con- 
sidering one-third of the total moment, Mo; as positive and two-thirds of 
it as negative moment. 


(b) Section for Negative Moment in Column Strip: The section beginning 
at a point on the edge of the panel I,/4 from the center of a column and extend- 
ing In a rectangular direction toward the column to a point c/2 therefrom and 
thence along a one-quarter circumference about the column center to the 
adjacent edge of the panel. 

(c) Section for Positive Moment in Middle Strip: The section of a length 
1,/2 extending in a rectangular direction across the center of the middle strip. 

(d) Section for Positive Moment in Column Strip: The section of length 1,/4 
extending in a rectangular direction across the center of the column strip. 


144. Moments in Principal Design Sections. The moments in the prin- 
cipal design sections shall be those given in Table VI, except as follows: 

(a) The sum of the maximum negative moments in the two column strips 
may be greater or less than the values given in Table VI by not more than 


0.03 Mo. 

(b) The maximum negative moment and the maximum positive moments 
in the middle strip and the sum of the maximum positive moments in the two 
column strips may each be greater or less than the values given in Table VI 


by not more than 0.01 Mo. 

145. Thickness of Flat Slabs and Dropped Panels. The total thickness,! 
t,, of the dropped panel in inches, or of the slab if a dropped panel is not used, 
shall be not less than: 


ty = 0.038 (1 — 1.445)! Rw rt (37)2 


1 The thickness will be in inches regardless of whether / and w’ are in feet 
and pounds per square foot or in inches and pounds per square inch. 
2 The values of R used in this formula are the coefficients of Mo for negative 


moment in two column strips in Table VI. 
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where & = ratio of negative moment in the two column strips to Mo; 
w’ = uniformly distributed dead and live load per unit of area of 
floor; and : 
b, = dimension of the dropped panel in the direction parallel to h, 


For slabs with dropped panels the total thickness! in inches at points 
beyond the dropped panel shall be not less than 


ts = 0.02 IV'w' +1, (38) 


The slab thickness {; or ¢2 shall in no case be less than 1/32 for floor slabs, and 
not less than 1/40 for roof slabs. In determining minimum thickness by 
Formulas 37 and 38, the value of J shall be the panel length center to center of 
the columns, on long side of panel, J; shall be the panel length on the short side 
of the panel, and 6; shall be the width or diameter of dropped panel in the 
direction of l;, except that in a slab without dropped panel b; shall be 0.5 1). 


146. Minimum Dimensions of Dropped Panels. The dropped panel shall 
have a length or diameter in each rectangular direction of not less than one- 
third the panel length in that direction, and a thickness not greater than 1.5 te. 


147. Wall and Other Irregular Panels. In wall panels and other panels in 
which the slab is discontinuous at the edge of the panel, the maximum nega- 
tive moment one panel length away from the discontinuous edge and: the 
maximum positive moment between shall be increased as follows: 


(a) Column strip perpendicular to the wall or discontinuous edge, 15 per 
cent greater than that given in Table VI; 

(b) Middle strip perpendicular to wall or discontinuous edge, 30 per cent 
greater than that given in Table VI. 


In these strips the bars used for positive moments perpendicular to the dis- 
continuous edge shall extend to the edge of the panel at which the slab is dis- 
continuous. 


148. Panels with Marginal Beams. In panels having a marginal beam on 
one edge or on each of two adjacent edges, the beam shall be designed to carry 
at least the load superimposed directly upon it, exclusive of the panel load. 
A beam which has a depth greater than the thickness of the dropped panel 
into which it frames, shall be designed to carry, in addition to the load super- 
imposed upon it, at least one-fourth of the distributed load for which the 
adjacent panel or panels are designed, and each column strip adjacent to and 
parallel with the beam shall be designed to resist a moment at least one-half 
as great as that specified in Table VI for a column strip.? 

Each column strip adjacent to and parallel with a marginal beam which 
has a depth less than the thickness of the dropped panel into which it frames 


1 The thickness will be in inches regardless of whether J and w’ are in feet 
and pounds per square foot or in inches and pounds per square inch. 

2 In wall columns, brackets are sometimes substituted for capitals or other 
changes are made in the design of the capital. Attention is directed to the 
necessity for taking into account the change in the value of c in the moment 
formula for such cases, 
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shall be designed to resist the moments specified in Table VI for a column 
strip. Marginal beams on opposite edges of a panel and the slab between 
them shall be designed for the entire load and the panels shall be designed as 
simple beams. 


149. Discontinuous Panels. The negative moments on sections at and 
parallel to the wall, or discontinuous edge of an interior panel, shall be deter- 
mined by the conditions of restraint. 


150. Flat Slabs on Bearing Walls. Where there is a beam or a bearing wall 
on the center line of columns in the interior portion of a continuous flat slab, 
the negative moment at the beam or wall line in the middle strip perpendicular 
to the beam or wall shall be taken as 30 per cent greater than the moment 
specified in Table VI for a middle strip. The column strip adjacent to and 
lying on either side of the beam or wall shall be designed to resist a moment 
at least one-half of that specified in Table VI for a column strip. 


151. Point of Inflection. The point of inflection in any line parallel to a 
panel edge in interior panels of symmetrical slabs without dropped panels shall 
be assumed to be at a distance from the center of the span equal to three-tenths 
of the distance between the two sections of critical negative moment at oppo- 
site ends of the line; for slabs having dropped panels, the coefficient shall be 
Oa: 


152. Reinforcement. The reinforcement bars which cross any section and 
which fulfill the requirements given in Section 153 may be considered as 
effective in resisting the moment at the section. The sectional area of a bar 
multiplied by the cosine of the angle between the direction of the axis of the 
bar and any other direction may be considered effective as reinforcement in 
that direction. 


153. Arrangement of Reinforcement. The design shall include adequate 
provision for securing the reinforcement in place so as to take not only the 
critical moments but the moments at intermediate sections. Provision shall 
be made for possible shifting of the point of inflection by carrying all bars in 
rectangular or diagonal directions, each side of a section of critical moment, 
either positive or negative, to points at least 20 diameters beyond the point 
of inflection as specified in Section 151. Lapped splices shall not be permitted 
at or near regions of maximum stress except as described above. At least 
four-tenths of all bars in each direction shall be of such length and shall be so 
placed as to provide reinforcement at two sections of critical negative moment 
and at the intermediate section of critical positive moment. Not less than 
one-third of the bars used for positive reinforcement in the column strip shall 
extend into the dropped panel not less than 20 diameters of the bar, or in case 
no dropped panel is used, shall extend to a point not less than one-eighth of 
the span length from the center line of the column or the support. 


154. Reinforcement at Construction Joints. See Section 72. 


1 The committee is not prepared to make a more definite recommendation 
at this time. 
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155. Tensile Stress in Reinforcement. The tensile stress fs in the rein- 
forcement in flat slabs shall be taken as not less than that computed by Formula 


39, 
_ RMo 


IN and (39) 


where RM, = moment specified in Section 144 for two column strips or for 
one middle strip; and 
As = effective cross-sectional area of the reinforcement which 
crosses any of the principal design sections and which meets 
the requirements of Section 153. 


The stress so computed shall not at any of the principal design sections 
exceed the values specified in Section 194. 


156. Compressive Stress in Concrete. The compressive stress in the 
concrete in flat slabs shall be taken as not less than that computed by Formulas 
40 and 41, but the stress so computed shall not exceed 0.4 f’c. 

Compression due to negative moment, RM, in the two column strips, 


3.5 RM c 
f= (1 — 1.2 9) (40) 
.67 V/ pn bid? 
where b; is as specified in Section 145. 
Compression due to positive moment, Mo, in the two column strips, or 
negative or positive moment in the middle strip, 
6 RM 
ik FE eer ral 41 
“0.67 +/pn hd? o 
In special cases where supported by satisfactory engineering analysis, 
approved by the Engineer, compression reinforcement may be used to increase 
the resistance to compression in accordance with other provisions of these 
specifications. 


157. Shearing Stress. See Section 181. 


158. Unusual Panels. For structures having a width of one or two panels, 
and also for slabs having panels of markedly different sizes, an analysis shall 
be made of the moments developed in both slab and columns, and the values 
given in Sections 142 to 157 modified accordingly. 


159. Bending Moments in Columns. See Section 171. 


G. Reinforced Concrete Columns 


160. Limiting Dimensions. The following sections on reinforced concrete 
columns are based on the assumption of a short column. Where the unsup- 
ported length is greater than 40 times the least radius of gyration (40 R), the 
safe load shall be determined by Formula 47. Principal columns in buildings 
shall have a minimum diameter or thickness of 12 in. Posts that are not 
continuous from story to story shall have a minimum diameter or thickness 
of 6 in. 
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161. Unsupported Length. The unsupported length of reinforced concrete 
columns shall be taken as: 


(a) In flat slab construction the clear distance between the floor and under 
side of the capital; 

(6) In beam-and-slab construction, the clear distance between the floor 
and the under side of the shallowest beam framing into the column at the next 
higher floor level; 

(c) In floor construction with beams in one direction only, the clear distance 
between floor slabs; 

(d) In columns supported laterally by struts or beams only, the clear 
distance between consecutive pairs (or groups) of struts or beams, provided 
that to be considered an adequate support, two such struts or beams shall 
meet the column at approximately the same level and the angle between the 
two planes formed by the axis of the column and the axis of each strut respec- 
tively is not less than 75 degrees nor more than 105 degrees. 


When haunches are used at the junction of beams or struts with columns, 
the clear distance between supports may be considered as reduced by two- 
thirds of the depth of the haunch. 


162. Safe Load on Spiral Columns. The safe axial load on columns rein- 
forced with longitudinal bars and closely spaced spirals enclosing a circular 
core shall be not greater than that determined by Formula 42. 

The symbols used in Formulas 42 to 49 are defined in Appendix C, except 
as indicated in Sections 162, 165, 168, 170, 176 and 182. 


P = Ade oe nfcpA (42) 


where 

P = total safe axial load on column whose h//R is less than 40; 

A = area of the concrete core enclosed within the spiral; the diameter 
of the core (or of the spiral) shall be taken as the distance center 
to center of the spiral wire; 

p = ratio of effective area of longitudinal reinforcement to area of the 
concrete core; 

A, = A(1 — p) = net area of concrete core; and 

fc = permissible compressive stress in concrete = 


300 + (0.10 + 4 p) f’c. (43) 
The longitudinal reinforcement shall consist of at least six bars of minimum 


diameter of 3 in., and its effective cross-sectional area shall not be less than 1 
per cent nor more than 6 per cent of that of the core. 


163. Spiral Reinforcement. The spiral reinforcement shall be not less than 
one-fourth the volume of the longitudinal reinforcement. It shall consist of 
evenly spaced continuous spirals held firmly in place and true to line by at 
least three vertical spacer bars. The spacing of the spirals shall be not 
greater than one-sixth of the diameter of the core and in no case more than 3 
in. The spiral reinforcement shall meet the requirements of the Tentative 
Specifications for Cold-Drawn Steel Wire for Concrete Reinforcement, 
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164. Protection of Spirally Reinforced Column. Reinforcement shall be 
protected everywhere by a covering of concrete cast monolithic with the core, 
which shall have a minimum thickness of 1} in. in square columns and 2 in. in 
round or octagonal columns. 


165. Safe Load on Columns with Lateral Ties. The safe axial load on 
columns reinforced with longitudinal bars and separate lateral ties shall be 
not greater than that determined by Formula 44, 


jes (A’, ate Asn) tc (44) 


where <A’, = net area of concrete in the column (total column area minus 
area of reinforcement); 

effective cross-sectional area of longitudinal reinforcement; and 

permissible compressive stress in concrete and shall not exceed 
0.20 f’c. 


As 
fe 


ll 


The amount of longitudinal reinforcement considered in the calculations shall 
be not more than 2 per cent nor less than 0.5 per cent of the total area of the 
column. The longitudinal reinforcement shall consist of not less than four 
bars of minimum diameter of } in., placed with clear distance from the face 
of the column not less than 2 in. 


166. Lateral Ties. Lateral ties shall be not less than } in. in diameter, 
spaced not more than 8 in. apart. 


167. Bending in Columns. Reinforced concrete columns subject to bend- 
ing stresses shall be treated as follows: 


(a) With Spiral Reinforcement. The compressive unit stress on the con- 
crete within the core area under combined axial load and bending shall not 
exceed by more than 20 per cent the value given for axial load by Formula 43. 

(b) With Lateral Ties. Additional longitudinal reinforcement may be 
used if required and the compressive unit stress on the concrete under com- 
bined axial load and bending may be increased to 0.30 f’;. The total amount 
of reinforcement considered in the computations shall be not more than 4 per 
cent of the total area of the column. 


Tension in the longitudinal reinforeement due to bending of the column 
shall not exceed 16,000 lb. per sq. in. 


168. Composite Columns. The safe load on composite columns in which 
a structural steel or cast-iron column is thoroughly encased in a circumferen- 
tially reinforced concrete core shall be based on a certain unit stress for the 
steel or cast-iron core plus a unit stress of 0.25 f’< on the area within the spiral 
core. 

The unit compressive stress on the steel section shall be not greater than 
that determined by Formula 45, 


fr = 18,000 — 764/R (45) 


but shall not exceed 16,000 lb. per sq. in. 
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The unit stress on the cast-iron section shall be not greater than that deter- 
mined by Formula 46, 


fr = 12,000 — 60h/R (46) 


but shall not exceed 10,000 Ib. per sq. in. 
In Formulas 45 and 46, 


jr = compressive unit stress in. metal core, and 
R = least radius of gyration of the steel or cast-iron section. 


The diameter of the cast-iron section shall not exceed one-half of the diam- 
eter of the core within the spiral. The spiral reinforcement shall be not less 
than 0.5 per cent of the volume of the core within the spiral and shall conform 
in quality, spacing and other requirements to the provisions for spirals in 
Section 163. 

Ample section of concrete and continuity of reinforcement shall be provided 
at the junction with beams or girders. The area of the concrete between the 
spiral and the metal core shall be not less than that required to carry the total 
floor load of the story above on the basis of a stress in the concrete of 0.35 f’c, 
unless special brackets are arranged on the metal core to receive directly the 
beam or slab load. 


169. Structural Steel Columns. The safe load on a structural steel column 
of a section which fully encases an area of concrete, and which is protected by 
an outside shell of concrete at least 3 in. thick, shall be computed in the same 
manner as for composite columns in Section 168, allowing 0.25 f’; on the area 
of the concrete enclosed by the steel section. The outside shell shall be rein- 
forced by wire mesh, ties or spiral hoops weighing not less than 0.2 lb. per sq. 
ft. at the surface of the mesh and with a maximum spacing of 6 in. between 
strands or hoops. Special brackets shall be used to receive the entire floor 
load at each story. The safe Joad in steel columns calculated by Formula 45 
shall not exceed 16,000 lb. per sq. in. 


170. Long Columns. The permissible working load on the core in axially 
loaded columns which have a length greater than 40 times the least radius of 
gyration of the column core (40 #) shall be not greater than that determined 
by Formula 47, 

1ee h 


=5 = 138 — oe (47) 
where P’ = total safe axial load on long column; 
P = total safe axial load on column of the same section whose h/R 
is less than 40, determined as in Sections 162 and 165; and 


R = least radius of gyration of column core. 


171. Bending Moments in Columns. The bending moments in interior 
and exterior columns shall be determined on the basis of loading conditions 
and end restraint, and shall be provided for in the design. The recognized 
methods shall be followed in calculating the stresses due to combined axial 
load and bending. In spiral columns the area to be considered as resisting 
the stress is the area within the spiral. 
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H. Footings 


172. General. The requirements for tension, compression, shear and bond 
in Sections 103 to 141, inclusive, shall govern the design of footings, except 
as hereinafter provided. 


173. Soil Footings. The load per unit of area on soil footings shall be 
computed by dividing the column load by the area of base of the footing. 


174. Pile Footings. Footings on piles shall be treated in the same manner 
as footings on soil, except that the load shall be considered as concentrated at 
the pile centers. 


175. Sloped or Stepped Footings. Footings in which the thickness has 
been determined by the requirements for shear as specified in Sections 133 and 
134 may be sloped or stepped between the critical section and the edge of the 
footing, provided that the shear on no section outside the critical section 
exceeds the value specified, and provided further that the thickness of the 
footing above the reinforcement at the edge shall not be less than 6 in. for 
footings on soil nor less than 12 in. for footings on piles. Sloped or stepped 
footings shall be cast as a unit. 


176. Critical Section for Bending. The critical section for bending in a 
concrete footing which supports a concrete column or pedestal, shall be con- 
sidered to be at the face of the column or pedestal. Where steel or cast-iron 
column bases are used, the moment in the footing shall be computed at the 
middle and at the edge of the base; the load shall be considered as uniformly 
distributed over the column or pedestal base. 

The bending moment at the critical section in a square footing supporting 
a concentric square column, shall be computed from the load on the trapezoid 
bounded by one face of the column, the corresponding outside edge of the 
footing, and the portions of the two diagonals. The load on the two corner 
triangles of this trapezoid shall be considered as applied at a distance from the 
face equal to six-tenths of the projection of the footing from the face of the 
column. The load on the rectangular portion of the trapezoid shall be con- 


sidered as applied at its center of gravity. The bending moment is expressed 
by Formula 48, 


Mea 5 (a + 1.2 ce? (48) 


where M = bending moment at critical section of footing; 

a = width of face of column or pedestal; 

¢ = projection of footing from face of column; and 

w = upward reaction per unit of area of base of footing. 


ll 


For a round or octagonal column, the distance a shall be taken as equal to 
the side of a square of an area equal to the area enclosed within the perimeter 
of the column. (For typical footing designs, see Appendix C, Figs. 16 and 17.) 


177. Reinforcement. The reinforcement in each direction in the footing 
shall be determined as for a reinforced concrete beam; the effective depth 
shall be the distance from the top of the footing to the plane of the reinforce- 
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ment. The sectional area of reinforcement shall be distributed uniformly 
across the footing unless the width is greater than the side of the column or 
pedestal plus twice the effective depth of the footing, in which case the width . 
over which the reinforcement is spread may be increased to include one-half 
the remaining width of the footing. In order that no considerable area of the 
footing shall remain unreinforced, additional reinforcement shall be placed 
outside of the width specified, but such reinforcement shall not be considered 
as effective in resisting the calculated bending moment. For the extra 
reinforcement a spacing double that within the effective belt may be used. 


178. Concrete Stress. The extreme fiber stress in compression in the con- 
erete shall be kept within the limits specified in Section 189. The extreme 
fiber stress in sloped or stepped footings shall be based on the exact shape of 
the section for a width not greater than that assumed effective for reinforce- 
ment. 


179. Irregular Footings. A rectangular or irregularly shaped footing shall 
be computed by dividing it into rectangles or trapezoids tributary to the sides 
of the column, using the distance to the center of gravity of the area as the 
moment arm of the upward forces. Outstanding portions of combined foot- 
ings shall be treated in the same manner. Other portions of combined footings 
shall be designed as beams or slabs. 


180. Shearing Stresses. See Sections 132 to 134. 
181. Bond Stress. See Sections 135 to 141. 


182. Transfer of Stress at Base of Column. The compressive stress in 
longitudinal reinforcement at the base of a column shall be transferred to the 
pedestal or footing by either dowels or distributing bases. When dowels are 
used, there shall be at least one for each column bar, and the total sectional 
area of the dowels shall be not less than the sectional area of the longitudinal 
reinforcement in the column. The dowels shall extend into the column and 
into the pedestal or footing not less than 50 diameters of the dowel bars for 
plain bars, or 40 diameters for deformed bars. 

When metal distributing bases are used, they shall have sufficient area and 
thickness to transmit safely the load from the longitudinal reinforcement in 
compression and bending. The permissible compressive unit stress on top of 
the pedestal or footing directly under the column shall be not greater than 
that determined by Formula 49, 


3 
1, = 0.25 ra/4 (49) 


where 7a = permissible working stress over the loaded area; 
A = total area at the top of the pedestal or footing; 
A’ = loaded area at the column base; 
f’c = ultimate compressive strength of concrete. (See Section 120.) 


In sloped or stepped footings A may be taken as the area of the top hori- 
zontal surface of the footing or as the area of the lower base of the largest 
frustum of a pyramid or cone contained wholly within the footing and having 
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for its upper base the loaded area A’, and having side slopes of 1 vertical to 
2 horizontal. 


183. Pedestals Without Reinforcement. The allowable compressive unit 
stress on the gross area of a concentrically loaded pedestal or on the minimum 
area of a pedestal footing shall not exceed 0.25 f’c, unless reinforcement is 
provided and the member designed as a reinforced concrete column. 

The depth of a pedestal or pedestal footing shall be not greater than three 
times its least width and the projection on any side from the face of the sup- 
ported member shall be not greater than one-half the depth. The depth of 
a pedestal whose sides are sloped or stepped shall not exceed three times the 
least width or diameter of the section midway between the top and bottom. 
A pedestal footing supported directly on piles shall have a mat of reinforcing 
bars having a cross-sectional area of not less than 0.20 sq. in. per foot in each 
direction, placed 3 in. above the top of the piles 


I. Reinforced Concrete Retaining Walls 


184. Loads and Unit Stresses. Reinforced concrete retaining walls shall 
be so designed ! that the permissible unit stresses specified in Sections 186 to 
197 are not exceeded. The heels of cantilever, counterforted and buttressed 
retaining walls shall be proportioned for maximum resultant vertical loads, 
but when the foundation reaction is neglected the permissible unit stresses 
shall not be more than 50 per cent greater than the normal permissible stresses. 


185. Details of Design. The following principles shall be followed in the 
design of reinforced concrete retaining walls: 


(a) The unsupported toe and heel of the base slabs shall be considered as 
cantilever beams fixed at the edge of the support. 

(b) The vertical section of a cantilever wall shall be considered as a canti- 
lever beam fixed at the top of the base. 

(c) The vertical sections of counterforted and buttressed walls and parts 
of base slabs supported by the counterforts or buttresses shall be designed in 
accordance with the requirements for a continuous slab in Section 110. 

(d) The exposed faces of walls without buttresses shall preferably be given 
a batter of not less than } in. per ft. 

(e) Counterforts shall be designed in accordance with the requirements for 
T-beams in Sections 113 to 115. - Stirrups shall be provided in the counter- 
forts to take the reaction when the tension reinforcement of the face walls 
and heels of bases is designed to span between the counterforts. Stirrups 
shall be anchored as near the exposed face of the longitudinal wall and as close 
to the lower face of the base as the requirements for protective covering 
permit. 

(f) Buttresses shall be designed in accordance with the requirements 
specified for rectangular beams. 


1 Tn proportioning retaining walls consideration should be given to: 
(a) Bearing value of soil; 
(0) Stability against sliding, 
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(g) The shearing stress at the junction of the base with counterforts or 
buttresses shall not exceed the values specified in Sections 120 to 130. 

(h) Horizontal metal reinforcement shall be of such form and so distributed 
as to develop the required bond. To prevent temperature and shrinkage 
cracks in exposed surface not less than 0.25 sq. in. of horizontal metal rein- 
forcement per foot of height shall be provided. 

(i) Grooved lock joints shall be placed not over 60 ft. apart to care for 
temperature changes. 

(7) Counterforts and buttresses shall be located under all points of con- 
centrated loading, and at intermediate points, as may be required by the 
design. ; 

(k) The walls shall be cast as a unit between expansion joints, unless 
construction joints formed in accordance with Sections 69 and 73 are 
provided. 

() Drains or “ weep holes’’ not less than 4 in. in diameter and not more 
than 10 ft. apart, shall be provided. At least one drain shall be provided for 
each pocket formed by counterforts. 


, 


J. Summary of Working Stresses 
186. General. The following working stresses shall be used: 


where /’c = ultimate compressive strength of concrete at age of 28 days, 
based on tests of 6 by 12-in. or 8 by 16-in. cylinders made 
and tested in accordance with the Standard Methods of 
Making and Storing Specimens of Concrete in the Field 
and the Tentative Methods of Making Compression Tests 
of Concrete. 


Direct Stress in Concrete 


187. Direct Compression. 
(a) Columns whose length does not exceed 40 R: 
(Dye With spirals... varies with amount of longitudinal reinforce- 


ment. (See Section 162.) 
(2) Longitudinal reinforcement and lateral ties. (See Section 165.) 


eT DUIS COMI oie aM oa oi lal dho oe wha e oe core n ed Biase (See Section 170.) 
EEE MMATIN PRACSLGIE oie a a 02 4h opeerain's ole Diese acini 2:8 RnIh pK 0.25 f’. 
(See Section 183.) 


188. Compression in Extreme Fiber. 


(oy eaveure fiber stress i Mee. oii ints code been canes 0.40 f’. 
(b) Extreme fiber stress in flexure adjacent to supports of con- 
ATUL O UGH CHES A WAM ene Mariel scare haute ial ols tase eel wtesoue 0.45 f’c 


120sevension. in Concrete “Members: 2.5.00 c1c oe een cis cele None 
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Shearing Stresses in Concrete 


190. Longitudinal Bars without Special Anchorage. 


(a) Beams without web reinforcement........--.---+++++++: 0.02 f’c 
(b) Beams with stirrups or bent-up bars or combination of the 
WO: oie Re eve auletcttd aR uae eee Eat 0.06 f’c 
191. Longitudinal Bars Having Special Anchorage. 
(a) Beams without web reinforcement..........-.....++++-- 0.03 f’c 
(b) Beams with stirrups or bent-up bars or a combination of the 
Tf Ene a aOr Eonar en Recreate ard picsrme cht Dion 0.12 f’c 
192. Flat Slabs. 
(a) Shear at distance d from capital or dropped panel........ 0.03 f’c 
(b) Other limiting cases in flat slabs................ (See Section 131.) 
193. Footings. 
(a) Longitudinal bars without special anchorage............- 0.02 f’c 
(b) Longitudinal bars having special anchorage.............. 0.03 f’c 
Stresses in Reinforcement 
194. Tension in Steel. 
(a) Billet-steel bars: 
(1) Structural steel grade......:.......... 16,000 lb. per sq. in. 
(2) WMntermediateveradem yan. a annem 18,000 lb. per sq. in. 
(3) Hardrora dene ance erase eras 18,000 Ib. per sq. in. 
(Db) mRacl-steel bast. Scturataces oe heise ce nr ee 18,000 Ib. per sq. in. 
(Cis Structural steels epent. crt eile errs neler eee 16,000 lb. per sq. in. 


(d) Cold-drawn steel wire: 


(d) 7 Spirals arp sian orci re ere eee 
(2) Elsewhere 


Stress not calculated 


Aa RE BOS Bese ate Moe Se 18,000 lb. per sq. in. 

195. Compression in Steel. 

(@) M Bate rs. cha ok a eee anes same as Section 194 (a) and (b) 

(b) Structural steel core of composite column...... 16,000 Ib. per sq. in. 
reduced for slenderness ratio............... (see Section 168) 

(c) Structural: steel column. 6.4 cc. cee ee 16,000 Ib. per sq. in. 


196. Compression in Cast Iron. 


Composite cast-iron column 
reduced for slenderness ratio 


Mae SOO oe 10,000 Ib. per sq. 


Nit ce RAR SEE (see Section 169) 


in. 


bahia ote eae (see Section 168) 
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197. Bond Between Concrete and Reinforcement. 


(a) Beams and slabs, plain bars..............0.0.0c000-., 0.04 f’c 
(6) Beams and slabs, deformed bars...................... : 0.05 f’c 
(c) Footings, plain bars, one way...............-.......... 0.04 f’c 
(d) Footings, deformed bars, one way...................... 0.05 f’c 


(e) Footings, bars two ways......... (c) or (d) reduced by 25 per cent 


APPENDIX C! 
NOTATIONS AND FIGURES 


All symbols used in the Standard Specifications for Concrete and Reinforced 
Concrete have been collected here for convenience of reference. The symbols 
are in general defined in the text near the formulas in which they are used. 
In a few instances the same symbol is used in two distinct senses; however, 
there is little danger of confusion from this source. 


NOTATION 


= width of face of column or pedestal; 
a = angle between inclined web bars and longitudinal bars; 
A = total net area of column, footing, or pedestal, exclusive of fireproofing; 
A’ = loaded area of pedestal, pier or footing; 
= A(1 — p) = net area of concrete core of column (core area minus 
reinforcement) ; 
A’. = net area of concrete in columns with lateral ties (total column area 
minus area of reinforcement); 
= effective cross-sectional area of metal reinforcement in tension in 
beams or compression in columns; and the effective cross-sectional 
area of metal reinforcement which crosses any of the principal 
design sections of a flat slab and which meets the requirements of 
Section 153; 
Ay = total area of web reinforcement in tension within a distance of s 
(si, S2, 83, etc.) or the total area of all bars bent up in any one 
plane (see Fig. 9); 
b = width of rectangular beam or width of flange of T-beam; 
b’ = width of stem of T-beam; 
b; = dimension of the dropped panel of a flat slab in the direction parallel 
to 1; 2 
c = base diameter of the largest right circular cone which lies entirely 
within the column (including the capital) whose vertex angle is 
90 degrees and whose base is 13 in. below the bottom of the slab 
or the bottom of the dropped panel (see Fig. 14); 
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1 Appendix I of the 1924 Joint Committee Report. 

2 In flat slab design, the column strip and the middle strip to be used when 
considering moments in the direction of the dimension / are located and di- 
mensioned as shown in Fig. 15. The dimension /, does not always represent 
the short length of the panel. When moments in the direction of the shorter 
panel length are considered, the dimensions / and 1, are to be interchanged and 
strips corresponding to those shown in Fig. 15 but extending in the direction 
of the shorter panel length are to be considered. 
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¢ = projection of footing from face of column; 

C = total compressive stress in concrete; 
C’ = total compressive stress in reinforcement; 

d = depth from compression surface of beam or slab to center of longi- 


d' 


Ee 
Es 
fe 


7 
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tudinal tension reinforcement; 

depth from compression surface of beam or slab to center of com- 
pression reinforcement; 

modulus of elasticity of concrete in compression; 

modulus of elasticity of steel in tension = 30,000,000 Ib. per sq. in.; 

compressive unit stress in extreme fiber of concrete; 

ultimate compressive strength of concrete at age of 28 days, based 
on tests of 6 by 12-in. or 8 by 16-in. cylinders made and tested in 
accordance with the Standard Methods of Making and Storing 
Specimens of Concrete in the Field and the Tentative Methods of 
Making Compression Tests of Concrete; 

compressive unit stress in metal core; 

tensile unit stress in longitudinal reinforcement; 

compressive unit stress in longitudinal reinforcement; 

tensile unit stress in web reinforeement; 

total tension in a bar; 

unsupported length of column; 

moment of inertia of a section about the neutral axis for bending; 

ratio of lever arm of resisting couple to depth d; 

d — z = arm of resisting couple; 

ratio of depth of neutral axis to depth d; 

span length of beam or slab (generally distance from center to center 
of supports; for special cases, see Sections 106 and 145); 

span length of flat slab, center to center of columns, in the rect- 
angular direction in which moments are considered; 1 

span length of flat slab, center to center of columns, perpendicular 
to the rectangular direction in which moments are considered; ! 

bending moment or moment of resistance in general; 

sum of positive and negative bending moments in either rectangular 
direction, at the principal design sections of a panel of a flat slab; 

E;/E; = ratio of modulus of elasticity of steel to that of concrete; 

sum of perimeters of bars in one set; 

ratio of effective area of tension reinforcement to effective area of 
concrete in beams = As/bd; and the ratio of effective area of 
longitudinal reinforcement to the area of the concrete core in 
columns; 

ratio of effective area of compression reinforcement to effective area 
of concrete in beams; 

total safe axial load on column whose h/f is less than 40; 

total safe axial load on long column; 

ratio of the average to the maximum bond stress computed by 
Formula 34 within the distance y; 

ratio of cross-sectional area of negative reinforcement which crosses 


1 See footnote regarding 6; in foregoing notation, p. 374. 
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entirely over the column capital of a flat slab or over the dropped 
panel, to the total cross-sectional area of the negative reinforce- 
ment in the two column strips; 

= permissible working stress in concrete over the loaded area of a 
pedestal, pier or footing; 

= ratio of positive or negative moment in two column strips or one 
middle strip of a flat slab, to Mo; 

= least radius of gyration of a section; 

= spacing of web members, measured at the plane of the lower rein- 
foreement and in the direction of the longitudinal axis of the beam; 

= thickness of flange of T-beam; 

= thickness of flat slab without dropped panels or thickness of a dropped 
panel (see Fig. 14); 

= thickness of flat slab with dropped panels at points away from the 
dropped panel (see Fig. 14); 

= total tensile stress in longitudinal reinforcement; 

= bond stress per unit of area of surface of bar; 

= shearing unit stress; 

= total shear; 

= uniformly distributed load per unit of length of beam or slab; 

= upward reaction per unit of area of base of footing; 

= uniformly distributed dead and live load per unit of area of a floor 
roof; 

= total dead and live load uniformly distributed over a single panel 

area; 

= length of bar added for anchorage, including the hook, if any; 

= distance from the point at which the tension is computed to the 
point of beginning of anchorage; 

= depth from compression surface of beam or slab to resultant of 
compressive stresses. 
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FIGURES 


For explanation of symbols used in figures, see the foregoing Notation. 


Fig. 2 — Nomenclature for Concrete Beam Reinforced for Tension 
and Compression. 


Fic, 3 — Nomenclature for Reinforced Concrete T-Beam, 
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Allowable Shear = 0.02 fe 


Fig. 4 — Typical Reinforced Concrete Beam; Principal Longitudinal Bars 
Without Special Anchorage. 


Fig. 5. — Typical Reinforced Concrete Beam; Special Anchorage of Longi- 
tudinal Bars. 


1 ordtirrups. 


Fic. 6.— Typical Reinforced Concrete Beam without Special Anchorage; 
Web Reinforced by Means of Series of Vertical Stirrups; or Series of In- 
clined Bars or Stirrups. 


Bars Bent up 
in Single Plane. 


Fig. 7.— Typical Reinforced Concrete Beam; Principal Longitudinal Bars 
Bent Up in Single Plane. 
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Fic. 8. — Typical Reinforced Concrete Beam with Anchored Longitudinal 
Bars and Vertical Stirrups. 


Must be Carried at least 
to Point of Inflection---. 


S- S1 PE S2 AS Ss AC 54 >| 


Maximum Spacing (5;, 52, etc.) permitted for #=45° 
Smaller Spacing generally is preferable. 


Fic. 9. — Typical Beam with Web Reinforced by Means of Series of 
Inclined Bars, 
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| j----V must not exceed 
g 0.02 fe on this Section. 
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| 
Not less than 15 ° 
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Section of Inclined Bars 
Determined by Maximum 
Shear at Edge of Support. 
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Fie. 10. — Typical Beam with Web Reinforced by Means of Bars Bent Up 
in a Single Plane. 


a theese Anchored for 4 of 
Working Stress 


Fic. 11. — Typical Web Reinforcement for Continuous Beams with 
Special Anchorage. 


Fia. 13. — Typical Reinforced Concrete Beam-and-Tile Construction, 
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“Critical 
Sections 
for Shear. 


Fie. 14. — Typical Column Capital and Sections of Flat Slab with 
Dropped Panel. 
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{ Negative Moment ----.., 
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Fia. 15. — Principal Design Sections of a Flat Slab, 
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Width of Section 
Times this Distance 
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Critical Section 
” for Diagonal 

Tension in Pile 
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Elevation. Elevation. 


Fic. 16. — Typical Sloped Reinforced Fie. 17. — Typical Sloped Reinforced 
Concrete Footing on Piles. Concrete Footing on Soil. 


APPENDIX D 
RANKINE’S THEORY OF EARTH PRESSURE 


Rankine’s analysis of the earth pressure problem assumes a 
uniform mass of dry granular material, without cohesion and 
without limit in extent. Consider the forces that must act upon 
the small element abcd shown in Fig. 127, whose weight (W) is 
equal to wh dA, where w is the unit weight of the material and dA 
is the area of a horizontal cross-section. Since the mass is of 
infinite extent the state of stress on face ad must be identical with 
that on bc, and so P; is equal and parallel to Pz and both cut the 
vertical planes on which they act at the same distance from the 


Fig. 127 


surface. Since the horizontal components of P; and Pz: are equal 
and since W acts vertically, the pressure F# on the face cd can have 
no horizontal component and so must act vertically. Since the 
intensities of pressure on cd at c and d must be equal, this force, 
R, acts at the center of cd, and its line of action coincides with 
that of W. Therefore, for equilibrium, the lines of action of P; 
and P, must coincide, and since they both act at the same distance 
from the surface they are both parallel to it. So it may be con- 
cluded that on a vertical plane through any point, as c, the result- 
ant pressure is parallel to the surface, and on any plane parallel 
to the surface through the same point, the stress is vertical. 
383 
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That is, these are conjugate stresses and the expression for the 
relation between the intensities of conjugate stresses, derived in 
the texts on strength of materials, may be used: 


ps. cos 0 V cos? 6 — cos? > 
P: cos@+ Vcos? 6 — cos? d 


where p is less than p;. If p is greater than p; obviously the 
relation is the same with the signs in numerator and denominator 
interchanged. Here 


@ = the common angle of obliquity of the stresses, 7.e., that 
between the stress and the normal to the plane on 
which it acts; in this case equal to angle made by 
earth surface with the horizontal. 

¢@ = the maximum possible angle of obliquity; in this case 
the angle of internal friction of the material, generally 
taken as the angle of repose, the steepest angle of 
surface slope the loose material will maintain. 


The intensity of pressure upon plane cd equals 


Wa whdA 


Pi ™ Area cd dA/cos 0 UR. 


The intensity of pressure (p) at the same point upon a vertical 
plane, then, is given by the following: 
p = Cuh (38) 


where © 


(39) 


eee oe 6 = Vcos? 6 — cos? ¢ 
cos 6 + V cos? 6 — cos? d 


The pressure actively exerted by earth upon a support is far 
less than the passive resistance that may be developed by pushing 
the support against the earth. Accordingly the value of C (Equa- 
tion (39)) with the negative sign in the numerator and the positive 
in the denominator may be considered to give the value of the 
active pressure and the same equation, with signs reversed, the 
passive resistance, 


APPENDIX E 


ANALYSIS OF THE HINGELESS ARCH 


The following outline of the common theory of the hingeless 


arch, based on the 


flexure of a curved bar, is that presented by 


Professors Turneaure and Maurer in their ‘“ Principles of Rein- 
forced Concrete Construction.” Abridgement and a few changes 


in order have been 
in large part. 


made but the same words have been retained 


Fig. 128 vo 


Notation. (See Fig. 128.) 


Hy = 


Vo= 


Mo oS 
N, V,and M = 


R= 


6s = 


NS 
| 


l| 


P 
v,Y 


m= 


thrust at the crown; 

shear at the crown; 

bending moment at the crown; 

thrust, shear, and moment at any other 
section; 

resultant pressure at any section = resultant 
of N and V; 

length of a division of the arch ring measured 
along the arch axis; 

number of divisions in one-half of the arch; 


= moment of inertia of any section = Loncrete 


+ (n — 1) Istee; where n = E,/E,; 
any load on the arch; 
co-ordinates of any point on the arch axis 
referred to the crown as origin, and all to be 
considered as positive in sign; 
bending moment at any point in the canti- 

lever, Fig. 128, due to external loads. 
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In order to obtain the three additional equations necessary for 
its solution the arch is considered to be cut at the crown and the 
moment, thrust and shear exerted by each part upon the other 
represented as My, Ho and Vo, Fig. 128. For convenience of 
analysis the arch is divided into an even number of divisions 
(ten to twenty usually) so proportioned that the ratio of length, 
measured along the axis, to average moment of inertia, is the same 
for all divisions. 

“Consider the left-hand cantilever of Fig. 128. Under the 
forces acting the point C will deflect and the tangent to the axis 
at this point will change direction (the abutment at A being fixed). 
Let Ay, Az, and A¢ be, respectively, the vertical and horizontal 
components of this motion and the change in angle of the tangent. 
Then according to the principles relating to curved beams! we 
have the values 


6s 
ET’ 


os 


Ay = =Mz El’ (a) 


| Ac = 2My =, and A¢@ = 2M 
“Tn like manner, referring to the right cantilever, let Ay’, Az’, 
and Ad’ represent the components of the movement of C and the 
change of angle of the tangent. These may be expressed in terms 
similar to Eq. (a). 
“ Now evidently 


Ay = Ay’, Av = —Az’, and Ag = —A¢’. (b) 


Furthermore, since és/J is constant and likewise EH, the quantity 
6s/EI may be placed outside the summation sign. 

“ Using the subscript / to denote left side and R to denote right 
side we then derive the relations 


YMrz = Mee, 


ZMyy = —UMpy, (c) 
IM, =. — De 


“The moment M may in general be expressed in terms of known 
and unknown quantities thus: 


Mr =m_+ Mo + Hoy + Vor for the left side. 
and Mr=mpr+ Mo+ Hoy — Vor for the right side. 


* “Modern Framed Structures,” Johnson, Bryan, Turneaure: Part II, 
pages 112-119. 
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Hence, substituting in (c) and combining terms, and noting that 
2M for one half is equal to nMo, we have 


Zmpex — Tmrx + 2 Vora? = 0, (d) 
Zmry + Zmry + 2 MoLty + 2 Hory? = 0, (e) 
Smz + Umr + 2nMo+ 2 Hody = 0. Cf) 


“The solution of these equations gives: 


_ n&imy — Zmzy 1 

© 2[(y)? — nBy3]’ » 
=(mr — mz)x 

eC ecesers @) 

_ 2m + 2 Aory 


2 (3) 


My = 

“In these equations the summations Ly, Ly?, and Lz? are 
for one-half of the arch only; the summation Ym is for the entire 
arch and is equal to 2mg+2mz; the summation Y(mpz — 
mz)x is a summation of the products (mr — mz)x, in which mez 
and my are the bending moments at corresponding points in the 
right and left halves which have equal abscissas x; and the sum- 
mation Zmy is for the entire arch, but since symmetrical points 
have equal y’s this quantity may be calculated as (mr + mz)y. 
A positive result for Vo indicates action as shown in Fig. 128. 

“The loads and their points of application have been con- 
sidered apart from the divisions of the arch ring, as the two 
things are in no wise related. Where no spandrel arches are 
used and the entire load is applied continuously along the arch 
ring, the load may for convenience be divided to correspond with 
the arch divisions and applied at the center points, 1, 2, 3, etc. 
This division is, however, of no importance, the only requirement 
being a sufficiently small subdivision of the arch ring and of the 
load so that the errors of approximation will be negligible. Where 
spandrel arches are used, the live load and a large part of the dead 
load wili be applied at the centers of the arch piers. The weight 
of the main arch ring may also be considered as concentrated at 
these same points. 

“Tf calculations are to be made for more than one loading 
it will be noted that the denominators of the values for Ho, Vo, 
and M> do not change. The quantities involving m are the only 
ones requiring recalculation, and if the load on but one-half of 
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the arch is changed, then the values of m for that half only need 
be recalculated. In the case of a symmetrical loading, or a load 
on one-half only, the calculation of m is also necessary for one- 
half the arch only. For symmetrical loads, Vo = 0.” 

Division of Arch Ring to Give Constant 6s/I. “ In most cases 
the depth of the arch ring increases from crown towards springing 
line, giving a variable moment of inertia. Considering the 
concrete only, the moment of inertia will increase as d* so that 
a comparatively small change in depth will cause a large change 
in moment of inertia. To maintain és/ZJ constant, the value of 
ds will therefore be much greater near the springing line than at 
the crown, and hence to secure the desired accuracy the length of 
division at the crown will need to be made fairly short. The value 
of 6s/I to adopt so that there will be no fractional division may 
be determined as follows: 


5 1 . 

= 55 

7g = mean value of 7; 

s = half length of the arch ring measured along the 
AXIS; 

n = desired number of divisions in one-half the arch. 


“Let 7 


“ Calculate first the mean value of 7 for the half arch ring by 
determining several values at equal intervals along the arch. 
Then the desired value of 6s/J is 


OSMES?: 
ee ~ 


“ The value of 6s/I being known, the proper length of és for 
any part of the arch ring can readily be determined. Begin- 
ning at the crown, the length of the first division is determined, 
then the second, third, etc., to the end. The length of a division 
not being exactly known beforehand, the value of J for that 
division will not be exactly known, but the necessary adjustment 
is very simple. 

“In determining the value of J the steel reinforcement must 
be duly considered.”’ 

A graphical method of making this division proceeds thus. 
Lay off the length of the half axis on a horizontal line and plot 
as ordinates a sufficient number of values of the moment of inertia 
to draw the curve of J variation. Construct by trial a continuous 
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series of similar isosceles triangles with bases on the horizontal 
line and vertices on the I curve, the series beginning and ending 
as closely as possible at the crown and springing line points. The 
ratio of base to altitude will be the same for all triangles and so 
the several base lengths give the required lengths of the divisions 
of the arch axis. 

Temperature Stresses. For temperature stresses, Ad of Eq. (a), 
above, is zero and Az is equal to the change in length of the half- 
span, = ; ctl where ¢t is the temperature rise in degrees, c is the 
coefficient of expansion and / the span. Therefore 


6s 


and 
DG — 05 


Since there are no external loads m = 0; from symmetry 
Vo = 0; hence M = M,+ Avy. Substituting this value of M 
in the above equations there results 


oy 2 = ctl . EI 
migaye aie ee QOS” 
and 
nM o + Hyozy = 0. 
Whence 
EL ctln 
ome indy? — aa) © 
Mose (7) 
n 


The summations refer to one-half the arch. The bending moment 


at any point is 
M = Mo+ Ay. (8) 


Graphically, the true equilibrium polygon-is a horizontal line 
drawn a distance below the crown equal to Mo/ Ho = Zy/n. 
Stresses Due to Shortening of Arch from Thrust. A thrust 
throughout the arch producing an average stress on the concrete 
equal to f, pounds per square inch would shorten the arch span 
an amount equal to f,l/H if unrestrained. This action develops 
horizontal reactions in the same manner as a lowering of tempera- 
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ture. The value of the resulting reactions, or the crown thrust, 
may then be found by substituting f,l/E for ctl of Eq. (6). There 
results 
I S.ln 
Ho = ~ 55° 21nd? — Gu)" 2 

The moments at crown and elsewhere are given by Eqs. (7) 
and (8), using the value of Ho from Eq. (9). 

The thrusts and moments due to arch shortening will not 
usually be large. They may be applied as corrections to the 
thrusts and moments found before. 

Deflection of the Crown. The downward deflection of the crown 
under a load is given by Eq. (a), above. It is 


Ay = — = 2Ma. (10) 


If M is not determined for all points, use the value of M from 
Eq. (4), deriving 


Ay = S [max + Morx + Holaxy + Vorzx?I. (11) 


SoH 

The summations are for one-half only. 

The rise of crown due to an increase of temperature is obtained 
from Eq. (11) by substituting from Eqs. (6) and (7). There 
results 
ctl nday — Lardy 


mee} nzy — (2y)?- 


(12) 
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(See Chapter VIII for illustration and explanation of the use of these data.) 
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1 Reproduced by permission from “Principles of Reinforced Concrete Con- 
struction” by Turneaure and Maurer. 


APPENDIX F 393 


f;= 16,000 
| a we 0,2 t| 8 0,4 0.5 | 
fo 
oS Values o a rant 
a Ie .98 
96 
Ste Sete + LI aes 
92 : 
.90 “s! a L=400 | 4 = | 
88 | ec avis : =I Sarum 2 S 
es hes = Le = 600 31.88 
8 = Jet goo 4/86 
co casa >| 84 
ss 82 
=~ -80 | 
190 
i a 
h 170 
| 160_| 
= le 150 
140 / 140 
ac | iL | 130 
/ 
a2 | 120 
110 je 110 
100 | Bu | 100 | 
7 / a 
90 =| ; Lead =|8 90 
u A j I 
80 |p y; or |_80 
i® : 
70 ) | {<0 1_&, 6 70 | 
ai | | ; ha 3 
60 ee tes En 60 
3c aly a 
50 | = 4090 =O >| 50 
& 
40 1 Aad 40 
80 oy £300 uC |_| .80 
ae 
20 rac) 20 
f-=200_ [-T >I 
10 = 10 | 
0 0 
00 0,1 02 ; 0.3 0,4 0,5 
Values of a and |k 


Coefficients of Resistance of Tee Beams (m = 15) 
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1 Reproduced by permission from “Principles of Reinforced Concrete Con- 
struction” by Turneaure and Maurer. 
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Beam with Steel in Top 
and Bottom 
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Moments of Resistance for Doubly Reinforced Beams (f; = 750) 
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Beam with Steel in 
Top and Bottom 
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Moments of Resistance for Doubly Reinforced Beams (f; = 650) 
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P/a (/bs, per sq. in.) 


Average Unit Load 


For both Tied and Spiral Columns: 1916 and 1924 Joint Committees. 

Pys=f.[1t(n-1)p] _ for short Columns, 
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1600 S Loy024" 1600 
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Fireproofing: “ou _ 
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Mp JO ei s Sut. Co 


inside spiral: see Torta 


s= Steel area: 


1100 pm Ae +A==steel ratio: 1100 
=Ultimate compressive 
es Md concrete 

po = ae oui stress 1000 

For square col. in concrete. a 
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z Dato ce Be hsuncupported length 
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i sabato perenne 70000 ¥ m Safe axial load 
a Ebr preaecc || abi] [PP 99-99) | 5 
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Flexure and Direct Stress (Compression over Whole Section) n = 15 
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Values of Eccentricity, eh 


p=p’ 
PLATE XIIt 


1 Reproduced by permission from “Principles of Reinforced Concrete Con- 
struction” by Turneaure and Maurer. 
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Values of M=-bh f, 
tees we re 
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p=p’ 


PLATE XII? 


1 Reproduced by permission from “ Principles of Reinforced Concrete Con- 
struction’’ by Turneaure and Maurer. 
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M = bending moment (inch-lbs.); 
= direct load p = ratio of total s Se 
£ iP 
ay ES SS bac’ fs = c 


VE d 
Area (As = pbd) f, 
Senin? | 
: el 
ea 
7 


a 3 


aie Sa | 
al: ilies SSN 


ston. 


Bo. 


PLATE XIV! 


1.2 1.3 
Flexure and Direct Stress 
1 Devised by Mr. S. G. Roeblad, Consulting Engineer, 
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0.17 
0.16 
0.15 
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0.09 
0.08 
0.07 
0.06 
0.05 
0.04 
0.03 
0.02 
0.01 
0.00 


APPENDIX F 


f 


0.5 7.0 1.5 
Eccentricity = ; 


Flexure and Direct Stress (Tension on Part of Section), » = 12 
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Weight in ]bs. of Capitals: in lbs. per ft. of Columns 
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TABLE 9 
SLABS AND SIMPLE BEAMS 
(Bending moments in pound feet and area of steel per foot of width) 


R = 107.5 fs = 16,000 n= 15 
p = 0.00769 fc = 650 
_ Pe 
Depth, Depth, Depth, 
in |Moment]| Area in |Moment] Area in |Moment] Area 
inches inches inches 
1 108 | 0.09 | 10 10,750 | 0.92 28 84,300} 2.58 
1 168 | 0.12 2 | 11,290 | 0.95] 29 90,400} 2.68 
4 242 | 0.14 4 11,850 | 0.97 30 96,700 | 2.77 
4 330 | 0.16 3 12,420 | 0.99 31 103,000} 2.86 
2 430 | 0.18 il 13,010 | 1.02 sy) 110,000 | 2.95 
1 544 | 0.21 2 | 13,610 | 1.04] 33 | 117,000] 3.05 
a 672 | 0.23 i | 14290 | 1.06] 34 | 124,000] 3.14 
3 813 | 0.25 3 14,840 | 1.08 35 132,000 | 3.23 
3 968 | 0.28 12 15,500 iil 36 139,000} 3.32 
4 1,136 | 0.30 4 16,800 | 1.15 37 147,000} 3.41 
4 1,317 | 0.32 13 18,200 | 1.20 38 155,000} 3.51 
4 | 1,512 | 0.35 a | 19,600 | 1.25] 39 | 164,000] 3.60 
4 1,720 | 0.37 | 14 21,100 | 1.29 40 172,000} 3.69 
2 | 1,940 | 0.39 2 | 22600 | 1.34] 41 | 181,000] 3.78 
3 2,180 | 0.42] 15 24,200 | 1.38 42 190,000} 3.88 
3 | 2430 | 0.44 2 | 25,800 | 1.42] 43 | 199,000] 3.97 
5 2,690 | 0.46] 16 27,500 | 1.47 44 208,000] 4.06 
i 2,960 | 0.48 4 29,300 | 1.51 45 218,000} 4.15 
i | 3,250 | 0.51 | 17 31,100 | 1.56 | 46 | 227,000] 4.24 
3 | 3,550 | 0.53 1 132,900 |1.61] 47 | 287,000] 4.34 
6 3,870 | 0.55 | 18 34,800 | 1.65 48 248,000 | 4.43 
+ 4,200 | 0.58 4 36,800 | 1.70 49 258,000} 4.52 
PS 4,540 | 0.60] 19 38,800 | 1.75 50 269,000] 4.61 
3 4,900 | 0.62 $ 40,900 | 1.79 51 280,000} 4.71 
7 5,270 | 0.65 | 20 43,000 | 1.84 2 291,000} 4.80 
t 5,650 | 0.67 4 45,200 | 1.88 53 802,000} 4.89 
4 6,050 | 0.69 21 47,400 | 1.93 54 313,000] 4.98 
2 6,460 | 0.72 4 49,700 | 1.98 55 325,000} 5.08 
8 6,880 | 0.74} 22 52,000 | 2.02 56 337,000} 5.17 
4 | 7,320 | 0.76 1 | 54400 | 2.07] 57 | 349,000] 5.26 
4 7,770 | 0.78 23 56,900 | 2.11 58 362,000} 5.35 
3 8,230 | 0.81 4 59,400 | 2.16 59 374,000} 5.44 
9 8,710 | 0.838 | 24 61,900 | 2.21 60 387,000} 5.54 
1 9,200 | 0.85} 25 67,200 | 2.31 61 400,000} 5.63 
4 9,700 | 0.88 26 72,700 | 2.40 62 413,000 | 5.72 
3 10,220 | 0.90 27 78,400 | 2.49 63 427,000 | 5.81 


From Thomas & Nichols’ Reinrorcep Concrete Design TABLEs. 
[Abridged.] 
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TABLE 10 


: SLABS AND SIMPLE BEAMS 
(Bending moments in pound feet and area of steel per foot of width) 


oi—aosos fs = 16,000 (py Alls} 
p = 0.00967 jc = 750 
Depth, Depth, Depth, 
oe Moment] Area in Moment} Area in {Moment} Area 
inches inches inches 
1 136 -| O12) 10 13235046 28 105,000 | 3.25 
4 209 | 0.15 4 14,030 | 1.19 29 112,000 | 3.37 
4 300 | 0.17 4 14,720 | 1.22 30 120,000} 3.48 
3 409 | 0.20 2 15,400 | 1.25 31 128,000} 3.60 
2 534 | 0.23 11 16,200 | 1.28 By 137,000} 3.71 
. 676 | 0.26 L 16,900 | 1.31 33 145,000} 3.83 
3 834 | 0.29 4 1 COOM pleas 34 154,000} 3.95 
3 1,010 | 0.32 3 18,400 | 1.36 35 164,000 | 4.06 
3 1,201 | 0.35 12 19,200° | 1.39 36 173,000] 4.18 
A 1,410 | 0.38 4 20,900 | 1.45 Sy 183,000 | 4.29 
4 | 1,640 | 0.41] 13 22,600 | 1.51] 38 | 193,000] 4.41 
3 1,880 | 0.44 4 24,300 | 1.57 39 203,000} 4.53 
4 2,140 | 0.46] 14 26,200 | 1.62 40 214,000} 4.64 
2 2,410 | 0.49 3 28,100 | 1.68 41 224,000} 4.76 
4 2,700 | 0.52 15 30,000 | 1.74 42 235,000} 4.87 
3 3,010 | 0.55 4 32,100 | 1.80 43 247,000 | 4.99 
5 3,340 | 0.58 16 34,200 | 1.86 44 258,000} 5.11 
z 3,680 | 0.61 3 36,300 | 1.91 45 270,000 | 5.22 
4 4,040 | 0.64] 17 38,600 | 1.97 46 282,000 | 5.34 
3 4,410 | 0.67 4 40,900 | 2.03 47 295,000} 5.45 
6 4,810 0.70} 18 43,300 | 2.09 48 308,000} 5.57 
4 5,210 | 0.73 4 45,700 | 2.15 49 321,000} 5.69 
4 5,640 | 0.75 | 19 48,200 | 2.20 50 334,000 | 5.80 
3 6,080 | 0.78 3 50,800 | 2.26 51 347,000 | 5.92 
7 6,540 | 0.81 20 53,400 | 2.32 52 361,000} 6.03 
1 7,020 | 0.84 4 56,100 | 2.38 53 375,000 | 6.15 
4 POs Ouse We 2k 58.900 | 2.44 54 389,000 | 6.27 
3 8,020 | 0.90 ZB 61,700 | 2.49 55 404,000} 6.388 
8 8,540 | 0.93 | 22 64,600 | 2.55 56 419,000] 6.50 
4 9,090 | 0.96 3 67,600 | 2.61 57 434,000] 6.61 
4 9,650 | 0.99] 23 70,600 | 2.67 58 449,000] 6.73 
2 | 10,220 | 1.02 4 73,700 | 2.73 59 465,000} 6.85 
9 10,810 | 1.04 | 24 76,900 | 2.78 60 481,000 | 6.96 
1 11,420 | 1.07 | 25 83,400 | 2.90 61 497,000} 7.08 
3 12/050 | 1.10 | 26 90,200 | 3.02 62 513,000} 7.19 
3 12,690 | 1.13 | 27 97,300 | 3.13 63 530,000] 7.31 


From Thomas & Nichols’ Reryrorcep Concrete Dusicn TasBues. 
[Abridged.] 
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TasBie 11 
TEE BEAMS 
(Bending moment in pound feet and area of steel per foot width) 
fs = 16,000 fe = 650 Demo 


4 »| 34-in. Slab 4-in. Slab 4t-in. Slab 5-in. Slab 5}-in. Slab 6-in. Slab 
ae 
ag 
ia Moment! Area Moment] Area |Moment] Area |Moment} Area Moment} Area {Moment} Area 
10 NAC OMe: Bauasobe Gamera boaooted pores. jereoood poudda| bodtvop | letoe a6) Poo vec=2| (a5 009 
11 | 12.870] -0.99 } 13,000} 1.01 fo... 02 [... | eee ee fee net fe ce ce ce ee af sabe ner tale 
12 14,850 | 1.05 15,300 | 1.09 TEPC. Ne Ui A) Retort: Ibamnes| Sadeueics| poco jade ooo coo 5 
13 17,000 | 1.10 17,700 | 1.16 ESC ie eee Bes onine! iecbied hocadios lacoste odio) Sco : 
14 19,100 | 1.14 20,100 | 1.21 20,700-|. 1.26 | 21,000 | 1.29 |........]..2-. Jee ee eee fe ee ees 
15 | 21,300] 1.18 ] 22,500 | 1.26 23,400 | 1.32 | 23,900 | 1.36 | 24,200] 1.38 ]........]...... 
16 | 23,400} 1.21 25,000 | 1.31 26,100 | 1.38 | 26,900 | 1.48 27,400 | 1.46 27,500 | 1.48 
17 | 25,600 | 1.24 } 27,400] 1.34 | 28,800} 1.43 | 29,900 } 1.49 30,600 | 1.54 | 31,000 | 1.56 
18 | 27,800 | 1.27 29,900 | 1.38 | 31,600} 1.47 | 32,900) 1.54 33,800 | 1.60 | 34,500 | 1.64 
19 | 30,000} 1.29 | 32,400} 1.41 34,400 | 1.51 35,900 | 1.59 37,100 | 1.65 38,000 | 1.71 
20 | 32,200 | 1.31 ] 34,900 | 1.43 | 37,200] 1.54 | 39,000 | 1.63 40,500 | 1.71 | 41,600 | 1.77 
21 | 34,500] 1.33 | 37,400 | 1.46 39,900 | 1.57 42,100 | 1.67 | 48,800 | 1.75 45,200 | 1.82 
22 | 36,700 | 1.35 | 39,900 | 1.48 42,800 | 1.60 | 45,200 | 1.71 47,200 | 1.80 | 48,800 | 1.87 
23 | 38,900} 1.36 | 42,500] 1.50 | 45,600 1.63 | 48,300 | 1.74 50,600 | 1.83 52,500 | 1.92 
24 | 41,100} 1.38 | 45,000] 1.52 48,400 | 1.65 51,400 | 1.77 54,000 | 1.87 56,200 | 1.96 
25 | 43,400 | 1.39 | 47,500 | 1.54 } 51,200 | 1.67 | 54,500 | 1.79 57,400 | 1.90 | 59,800 | 2.00 
26 | 45,600} 1.40 | 50,000] 1.55 | 54,100} 1.69 57,700 | 1.82 60,800 | 1.93 63,600 | 2.03 
27 | 47,800} 1.41 52,600 | 1.57 57,000 | 1.71 60,800 | 1.84 64,300 | 1.96 67,300 | 2.07 
28 | 50,100 | 1.42 | 55,200 | 1.58 59,800 | 1.73 64,000 | 1.86 67,700 | 1.99 71,000 | 2.10 
29 | 52,300] 1.43 57,700 | 1.59 | 62,700} 1.74 | 67,100 | 1.88 71,200 | 2.01 74,800 | 2.13 
30 | 54,600 | 1.44 | 60,200] 1.61 ] 65,500 | 1.76 | 70,300 | 1.90 74,600 | 2.03 | 78,500 | 2.15 
31 | 56,800] 1.45 62,800 | 1.62 } 68,400 | 1.77 73,500 | 1.92 78,100 | 2.05 82,300 | 2.18 
32 | 59,100] 1.46 65,400 | 1.63 71,300 | 1.79 76,700 | 1.93 81,600 | 2.07 86,100 | 2.20 
33 | 61,300 | 1.47 68,000 | 1.64 74,200 | 1.80 | 79,800 | 1.95 85,100 | 2.09 89,800 | 2.22 
34 | 63,600 | 1.47 70,500 | 1.65 77,000 | 1.81 83,000 | 1.96 | 88,600} 2.11 93,600 | 2.24 
35 | 65,800 | 1.48 73,100 | 1.66 79,900 | 1.82 86,200 | 1.98 92,000 | 2.12 97,400 | 2.26 
36 | 68,100 | 1.49 75,700 | 1.66 82,800 | 1.83 | 89,400] 1.99 95,600 | 2.14 | 101,000 | 2.28 
Bis | eee |e 78,300 | 1.67 85,700 | 1.84 | 92,600 | 2:00 99,100 | 2.16 | 105,000 | 2.30 
SSRs steers below 80,900 | 1.68 | 88,500] 1.85 | 95,800 | 2.01 103,000 | 2.17 | 109,000 | 2.32 
BO ayes crt Gites te 83,400 | 1.69 91,500 | 1.86 | 99,000 | 2.02 | 106,000 | 2.18 | 113,000 | 2.33 
AQM en icc<ccllineieran 86,000 | 1.69 | 94,300 | 1.87 | 102,000 | 2.04 | 110,000 | 2.19 }| 116,000 | 2.35 
ALVIN ise sNintevsrstere 88,600 | 1.70 | 97,300 | 1.88 } 105,000 | 2.05 4 113,000 2.21 | 120,000 | 2.36 
A Dial weve ays ate taco 91,100 | 1.71 | 100,000 | 1.88 } 109,000 | 2.05 } 117,000 | 2.22 124,000 | 2.37 
Pe Ee ee ee oe OPPS) loos Midos.cconl ta5 soe 112,000 | 2.06 | 120,000 | 2.23 | 128,000 | 2.39 
Ade |e hse | aN Be) ER ac, tod ree ae tee oman | Seer 115,000 | 2.07 | 124,000 | 2.24 | 132,000 | 2.40 
AM hie ene lite tere ed Sree coke sevoacl ere seers | Soke teeeeers [lteter 118,000 | 2.08 | 127,000 | 2.25 | 135,000 | 2.41 
VY Md ee eee eo ISR Oe metal (eta teat) Dnt a 121,000 | 2.09 | 131,000 | 2.26 | 139,000 | 2.42 
77 bal Voth See BES Boe) Weg MSE Al ah Oi Al lees OCOTh faco. ar 125,000 | 2.10 | 134,000 | 2.27 | 143,000 | 2.43 
ASSAM ce eet i claee CLLR encseilhee detan Ieee rier Serene 128,000 | 2.10 | 138,000 | 2.28 } 147,000 | 2.44 
7: eee eee eramepe val) Sane) pee areal ieee Pecans minjotad Sconast lage. 3 151,000 | 2.45 
BQ wl tie se sede. cil ek cocteeceol ls diocoes Soll chetare Pears asteiee shes Raehthayt ll xexers Huh lind] Se fice Re ave ete See 155,000 | 2.46 
9 (ey es eae | Unni (eregeiisany)| (See neon |b: Bate] Oy tee! (hee, Brees ee.A| Koo Gogo aloe ais 2 159,000 | 2.47 
Fe) eens Re nearer [one BAS lene ae Ibe don) freee nag |okecloRdl aoe Sod. allbdina. 163,000 | 2.48 
BS We sy dose Allesonvace, Pe hl dtusbocle dtehennee 4G aehotine tore l lame lem Nb loves chee tied ubitertce: [= tefeetersyn Gt | hile ee 166,000 | 2.49 
|W (es a OS eam fee ree el ee el Ponce | Maaoaaoed Ssecds| Wastocgu alas seo 170,000 | 2.50 


From Thomas & Nichols’ Rrinrorcep Concrete Design TABLEs. 
[Abridged and rearranged.] 
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TABLE 12 
BEAMS WITH COMPRESSION REINFORCEMENT 


(Moments of resistance of 1 sq. in. of compression steel) 


ts = 16,000 Tow, 
(d’ = depth of compression steel from top of beam) 

i -D fe 
og 
pole og wv y wt 
S g qd’ = 2 a 3 
¥ 
RS) 650 | 750 | 800 | 900 | 650 | 750 | s00 | 900 


12 | 4,240 5,220 5700 6,680 | 2,320 3,110 | 3,500 | 4,290 
13 | 4,950 6,040 | 6,580 7,670 | 2,960 | 3,860 4,310 | 5,200 
14 | 5,670 6,870 | 7,470 | 8,670 | 3,620 4,630 | 5,130 | 6,140 
15 | 6,390 7,700 8,360 | 9,670 | 4,290 | 5,410 | 5,970 | 7,090 
167), Z,116 8,540 | 9,250 | 10,680 | 4,980 6,210 | 6,820 | 8,060 


40 | 25,000 | 29,200 | 31,300 | 35,500 | 22,500 | 26,500 | 28,500 | 32,500 
41 | 25,800 | 30,100 | 32,300 | 36,600 | 23,300 | 27,400 | 29,400 | 33,500 
42 | 26,500 | 31,000 | 33,200 | 37,600 | 24,000 | 28,200 | 30,300 | 34,600 
43 | 27,300 | 31,800 | 34,100 | 38,700 | 24,700 | 29,100 | 31,300 | 35,600 
44 | 28000 | 32,700 | 35,000 | 39,700 | 25,500 | 30,000 | 32,200 | 36,600 


45 | 28,800 | 33,600 | 36,000 | 40,800 | 26,200 | 30,800 | 33,100 | 37,700 


From Thomas & Nichols’ Rervrorcep Concrete Design TaBEs. 
[Abridged and rearranged.] 
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TaBLe 13 
SQUARE COLUMNS 
(Total load in pounds on net area) 
Jc = 450 


$a 


n= 15 n= 12 


g oy 3% of vertical steel 1% of vertical steel 13% of vertical steel 
a} 
a| 4 ; 
Ete 
g a| Load Load 
o19°" | Area 
oO o 
G5 |/Ret of 
8 8 steel 
RDi_ 


1.00 51,300 49,900 | 1.50 54,400 52,400 
1.21 62,100 60,400 } 1.82 65,900 63,400 
1.44 73,900 71,900 | 2.16 78,400 75,500 
1.69 86,700 84,400 | 2.54 92,000 88,600 
1.96 | 100,500 97,900 | 2.94] 106,700 102,800 


10 100} 0.50 48,100 47,500 
11 121] 0.61 58,300 57,400 
12 144] 0.72 69,300 68,400 
13 169 | 0.85 81,400 80,200 
14 196 | 0.98 94,400 93,100 


15 225] 1.13] 108,300 106,800 
16 | 256} 1.28] 123,300 121,500 
17} 289] 1.45] 139,200 137,200 
18 324] 1.62] 156,000 153,800 
19 361} 1.81] 173,800 171,400 


2.25 | 115,400 112,400 | 3.88] 122,500 118,000 
2.56} 181,300 127,900 | 3.84] 139,400 134,200 
2.89} 148,300 144,400 | 4.34] 157,400 151,500 
3.24} 166,200 161,800 | 4.86] 176,400 169,900 
3.61 | 185,200 180,300 | 5.42} 196,600 189,300 


20 400 | 2.00} 192,600 189,900 
21 441} 2.21] 212,300 209,400 
22 484] 2.42 | 233,000 229,800 
23 529] 2.65 | 254,700 251,100 
24 | 576) 2.88) 277,300 273,500 


4.00 | 205,200 199,800 | 6.00] 217,800 209,700 
4.41} 226,200 220,300 | 6.62} 240,100 231,200 
4.84] 248,300 241,800 } 7.26] 263,500 253,700 
5.29} 271,400 264,200 | 7.94] 288,000°} 277,300 
5.76 | 295,500 287,700 | 8.64} 313,600 | 302,000 


25 625 | 3.13] 300,900 296,700 
26 676 | 3.38] 325,500 320,900 
27 729 | 3.65] 351,000 346,100 
28 784 | 3.92} 377,500 372,200 
29 841] 4.21] 404,900 399,300 


6.25 | 320,600 312,200 | 9.38 | 340,300 327,700 
6.76 | 346,800 337,700 |.10.14 | 368,100 354,400 
7.29 | 374,000 364,100 | 10.94] 396,900 382,200 
7.84 | 402,200 391,600 } 11.76} 426,900 411,000 
8.41] 431,400 420,100 | 12.62 | 457,900 440,900 


30 900-} 4.50) 433,300 427,300 
31 961] 4.81] 462,700 456,200 
82 | 1,024] 5.12] 493,100 486,100 
33 | 1,089 | 5.44} 524,000 517,000 
34 | 1,156] 5.78] 557,000 549,000 


9.00} 461,700 449,500 | 13.50 | 490,000 471,800 
9.61 | 493,000 480,000 | 14.42 | 523,000 504,000 
10.24 | 525,000 | 511,000 | 15.36] 558,000 537,000 
10.89 | 559,000 544,000 | 16.34] 593,000 571,000 
11.56 | 593,000 577,000 | 17.34 | 629,000 606,000 


35 | 1,225] 6.13} 590,000 582,000 
36 | 1,296] 6.48] 624,000 615,000 
37 | 1,369} 6.85} 659,000 650,000 
38 | 1,444] 7.22) 695,000 686,000 
39 | 1,521} 7.61] 732,000 722,000 


12.25 628,000 612,000 | 18.88 | 667,000 642,000 
12.96 | 665,000 647,000 | 19.44 | 706,000 679,000 
13.69 | 702,000 684,000 | 20.54 | 745,000 718,000 
14.44 | 741,000 721,000 | 21.66 | 786,000 757,000 
15.21 | 780,000 760,000 | 22.82 | 828,000 797,000 


40 | 1,600} 8.00} 770,000 760,000 
41 | 1,681] 8.41] 809,000 798,000 
42 | 1,764 | 8.82] 849,000 837,000 
43 | 1,849] 9.25} 890,000 878,000 
44 | 1,986] 9.68} 932,000 919,000 


16.00} 821,000 799,000 | 24.00} 871,000 839,000 
16.81 | 862,000 840,000 | 25.22 | 915,000 881,000 
17.64} 905,000 881,000 | 26.46 | 960,000 925,000 
18.49 | 949,000 924,000 | 27.74 | 1,007,000 969,000 
19.36 | 993,000 967,000 | 29.04 | 1,054,000 | 1,015,000 


45 | 2,025 | 10.13 | 975,000 961,000 
46 | 2,116 | 10.58 | 1,019,000 | 1,005,000 


20.25 | 1,039 000 | 1,011,000 | 30,38 | 1,103,000 | 1,062,000 
21.16 | 1,086,000 | 1,057,000 } 31.74 | 1,152,000 | 1,109,000 


From Thomas & Nichols’ Retnrorcep Concrete Design TABLES. 
[Abridged.] 


APPENDIX F 407 


Point of maximum 
positive moment 


TABLE 14 
D=XLVz 


Point of inflection 
| XL | 


Maximum Distance of Point of Bend from 


TABLE SHOWING Point of Maximum Positive Moment = D 
WHERE BOTTOM (POSITIVE) 
RODS CAN BE BENT UP 


Maximum Positive Moments 


Total No. of Rodsin Bottom of Beam z a ‘a a| 6 
% wL? wl? wL? wl? 
Rods 8 12 16 10 


1 10 0.16L 0.13L 0.111 0.142 
== 5 ae 1 12.5 | 0.18L 0.141 0.13L 0.16L 
de ie al pee 1 16.7 | 0.20L 0.17L 0.14L 0.18L 

pigs Pinas (eee 1 Ai RS Ie et 20 0.22L 0.18L 0.16L 0.20L 
3 Pe Ae ona eal ees 25 0.25L 0.20L 0.18L 0.22L 

3 30 0.27L 0.22L 0.19L 0.241 
(ee ee ral sncest oh, 1 33.3 | 0:29L 0.241 0.20L 0.26L 
BESEN pee G3 37.5 | 0.311 0.25L 0.22L 0.27L 

Al Reese dy Hee ee eee 40 0.32L 0.26L 0.22L 0.28L 
GLUES) 441, 3 2 ys Yes 0.35L 0.29L 0.25L 0.32L 
REPELS Van cnsaly po OD 0.39L 0.32L 0.27L 0.35L 
Sie eee. ocelie. s..-1 06.7 | O41 0.33L 0.29L 0.36L 
Distance Max. Pos. Mom. to a a a a <8 

Inflection Point = XL 0.5L 0.408L | 0.3540 | 0.447L 


@ End moments assumed equal. Maximum positive moment at center of beam. 
® One end moment assumed 0. Maximum positive moment 0.447 L from zero moment end. 


INFLECTION POINTS FOR VARIOUS NEGATIVE MOMENTS 


Distance Inflection Distance Inflection 


Moment at ; i Moment at 
Point from Point from ; 
Left Support Left Support Right Support Right Support 
wL?/12 0.21L 0.21L wL?/12 
RAE aa a bo 
wL2/12 0.221 0.26L wL*/10 


a ee ee ee eee 
Note: In computing camber points it is safe and convenient to consider 
the negative part of the moment curve as a straight line. 


| 

“ee 

7 = 
iM 

P 

’ 


> 
4 
hor 
—— 
= 
Pts 
i =~. 
, 
. 
a 
‘ 


a Piata 


2 


el 


a 
OP 46 
Bel 


ie! Baa 
: te cr 
eee hn. 
al, 
4 
oy ; 
~~ Sa 
‘ SY Mi tad’ 
abt Sen Sr 
cS Pat yan] 
Nae ae) 
= rie > ae fi 
Pay fe 
TA eae ae 
as ‘ y = 
| Pe 
ie 
ae, Cert arg 
tah) 
} eur 
7 oS uP 
Becwea to 
: ee 
A add fics: = 
La a 
5 2 
4 hae 
ar - a oy 
1G cael wr. aaa 
y a 
Vln 
4 ty ® 1 OF: 7 
j P \ 
aharead 
4 vl weg! 
aa - kaa 
by S ' ce 
rR} ~ : 
s 4 H 
¥ * 
A Le oe . e 
Wg AS 5 ie an 
: 4 
LS < a - 
‘ ‘ i Sn, 
=A F a 
iv Fs, 
ae : Pcp 
ae We = 
‘} s 
e: i 
a 
oe ha 
*. i i 
i 
' is 
<<. Lae 7 
ao is a) 
eka Pa er 
U 
adi ie 
2) sed 
Pe | j he A 
= ree 
? —_ pe. Z 
a Fs. et) aS 
tg oe 
= ~ Ls 
3-7 : 
es vs 
\ ? = + 
i srs : 
eae te vo 
1 == 
. rr [ 7 Va erie 
=f 
x 
am : ea te 
j oe < 
4 a) x * a 
=J 
' 4 ’ ; 
es > a= 
7 : F 
hee 
“6 - a 
~~ a fe ar ed | 
— 7 
, = 
: /_ 
‘ ie ity 
Me 
_ a)? 
q 
ao 
| 
> Ww, 


a 


; 


INDEX 


Ageregates 
bulking of, 27 
coarse, 9 
fine, 7 
fineness modulus, 21 
Anchorage of bars, 93, 138, 142, 358 
Arbitrary proportions, 14 
Arches 
axis of, 316 
hinges in, 324 
least work method, 308 
loads on, 293 
ring of, 316 
shortening of, 297 
spandrels of, 290 
temperature stresses in, 293, 312, 
322 
Turneaure & Maurer method, 385 
Whitney’s method, 294, 315 


B 


Beams 
balanced design of, 74 
bending moments in, 169, 174, 199, 
352 
bridges, 150 
compression below flange, 68 
continuous, 169, 353 
details of, 337 
diagonal tension in, 82 
for flat slab, 237 
flexure theories, 55, 58 
formulas for, 121 
rectangular, 61 
reinforced for compression, 73 
spandrel, 242 
tee, 67, 354 
Bearing capacity of soils, 272 


Bending and direct stress 
columns, 100, 119, 255, 264 
367 
diagrams for, 397 
Bending bars, 77, App. F., Table 14 
Bond, 46 
effect of anchorage, 98, 138, 142, 
358 
in footings, 276, 358 
stress, 93 
Bridges 
arch, 289 
beam, 150 
slab, 147 
Buildings, see Contents 


C 


Caisson footings, 282 
Camber, 231, App. F., Table 14 
Cantilever retaining wall, 127 
Cement 
Portland, 6 
quick hardening, 7 
Columns 
bending in, 100, 119, 255, 364 
costs of, 345 
reduction of loads on, 255 
reinforcement of, 98 
schedule of, 339 
size limitation of, 238 
Combination floors, 226 


, Combined footings, 280 


Combined stresses, 100 


Concentrated loads on slabs, 144 


Concrete 
compressive strength, 18, 20, 24, 
26, 43 
curing, 36 
cyclopean, 9 
durability, 39 


409 


INDEX 


410 
Concrete Footings 
elasticity, 44 bond in, 276 
freezing, 36 combined, 271, 280 
mixing, 34 costs, 346 
placing, 35 diagonal tension in, 275 


proportioning, Chap. IT 
quantities, 30 
rubble, 9 
shearing strength, 44 
tensile strength, 44 
weight, 47 
Construction joints, 340 
Continuous beams, 169 
Costs, Chap. XVIII 
Curves, see Diagrams 


D 


Deflection, 231 
Detailing, Chap. XVII 
Diagonal tension, 82, 162, 355 
reinforcement for, 84 
Diagrams 
for arch design, 303-307 
for beams, slabs and column de- 
sign, App. F, 391 
Double reinforced beams, 73 
Drawings, 332 


E 


Earth pressure, 124 

Rankine’s theory of, 383 
Earthquake-proof construction, 230 
Economical proportions, 156 


F 


Field mix, 28 
Fineness modulus, 21 
Fireproofing, 199 
Floors 
beam and girder, Chap. XII 
flat slab, Chap. XIII 
live loads on, 194 
surfaces for, 196 
tile and concrete, 226 


plain concrete, 274 
punching shear in, 275 
single column, 278 
specification for, 368 
wall, 275 

Forms, Chap. V 
construction, 50 
design, 50 
influence on detailing, 336 
materials, 50 
time of removal, 52 


G 


Girders, 212 
bridge, 144 
Granolithic floor, 196 


H 


Hand mixing, 35 

Hinges, arch, 324 
Historical sketch, 3 

Hooks in reinforcement, 94 


I 


Inflection, points of, 199, App. F, 
Table 14 
Interior columns 
bending in, 102, 264 


J 


Joint Committee, 2 
design recommendations, 351 
notation, 374 


L 
L beams, 164 
Loads, building, 194 
bridge, 147, 293 


INDEX 411 
Loads Reinforcement 
reduction of cover, 41, 134 
on beams, 197 girder, 212 
on columns, 255 grade of, 11 


soil, 272 
Least work, 176 

in arch design, 308, 318 
Long span arches, 324 


M 


Machine mixing, 34 
Modulus of elasticity, 44 
Moisture protection, 158 
Moment coefficients 
in beams, 174 
in columns, 255 
Moving loads, diagonal tension for, 
160 
Motor trucks, loads of, 144 


N 


Notation, 374 
Nominal mix, 26 
Nomenclature of arches, 289 


E 


Partitions, 195 

Pedestals and piers, 251 

Pile footings, 280 

Portland cement, 6 

Proportioning concrete, 12-33, 348 


R 


Rankine’s theory of earth pressure, 383 
Real mix, 25, 28 
Reinforced concrete, 6 
advantages, 3, 6 
Reinforcement 
anchorage, 94, 138 
areas, 10 
bars, 10 
beams, 201, 208 
bending, 77, 161, 214 
coefficient of expansion in, 46 


modulus of elasticity of, 44 
placing, 38, 158 
slab, 200, 206 
spacing, 158, 336 
spacers, 338 
splices, 338 
temperature, 150, 200 
units, 39, 230 
Retaining walls, Chap. IX, 370 
factor of safety in, 134 
pressure on, 123 | 
temperature reinforcement in, 142 
Rigid frames, Chap. XI 
Roofs, 229 


s 


Sand, 7 
Sea water, concrete in, 7 
Shearing stress, 79, 81, 237, 355 
Slabs 
concentrated loads on, 144 
flat, Chap. XIII 
minimum thickness of, 201 
reinforcement in, 200, 335 
supported on four sides, 195 
Slope deflection, 179 
Slump test, 24 a 
Soil loads, 272 
Stairs, 286 
Steel, see Reinforcement 
Steel forms, 49 
Strap footings, 282 
Strength ratio 7-day to 28-day, 26 
Surcharge on wall, 126 


a 


Tables 
arch design, 298-302 
arch thickness, 318 
bar areas, 10 
beam, column and slab design, 402- 
407 


412 INDEX 


Tables W 

slope deflection constant, 184 Walls 
Tee beams, 67, 202, 354 basement, 284 
Temperature steel, 142, 200 retaining, Chap. IX 
Temperature stresses, arch, 293, 312, Water, 10 

322 Water cement ratio theory, 19-31 

Tile weights, 228 Waterproofing, 41 
Three moment equation, 169 Web reinforcement, 84, 355 
Trial mixes, 18 Weight structural materials, 194 


Wind loads, 259 
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